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j/;i5 PREFACE. 



THE OpinioDs of the Moderns concerning the Author of th^ 
Elements of Geometry which go under Euclid's Name, are 
very diflferent and contrary to one another. Peter Ramus afcribes 
the Proportions, as well as their Demon ftrations, to Theon ; others 
think the Propofitions to be Euclid's, but that die Demonflrations 
are Theon 's ; and others maintain that all the Propofidons and their 
Demonflrauons are Euclid's own. John Buteo and Sir Henry Savile 
^rc the Authors of greateft Note w^ho affert this laft, and the greater 
part of Geometers have ever fince been of this Opinion, as they 
thought it the moft probable. Sir Henry Savile, after the fcveral 
Arguments he brings to prove it, makes this Conclufion ( Pag. 1 3 . 
Praeleft.) *' That excepting a very few Interpolations, Explicad- 
*' ons and Additions, Theon altered nothing in Euclid." But, by 
often confidering and comparing together the Definitions and De- 
monArations as they are in the Greek Editions we now have, I 
found that Theon, or whoever was the Editor of the pre fen t Greek 
Text, by adding fome things, fupprcfllng others, and mixing his 
own with Euclid's Demonflrations, had changed more things to the 
worfc than is commonly fuppofed, and thofe not of fmall moment, 
efpecally in the Fifth and Eleventh Books of the Elements, which 
this Editor has greatly vitiated, for inftance, by .fublHtuting a 
fhorter, but infufficient Demonilration of the i 8 th Prop, of the 
5 th Book, in place of the legitimate one which Euclid had given ; 
and by taking out of this Book, befides other things, the good De- 
finition which Eudoxus or Euclid had given of Compound Ratio, 
and giving an abfurd one m place of it in the 5 th Definition of the 
6th Book, which neither Euclid, Archimedes, ApoUonius, nor any 
Geometer before Theon's Time, ever made ufe of, and of which 
(here is not to be found the Icaft appearance in any of their Writ- 
ings, and as this Definition did much embarrafs Beginners, and is 
quite ufelefs, it is now thrown out of the Elements, and another 
which without doubt Euclid had given, is put in its proper place 
amotig the Definitions of the 5 th Book, by which the Doftrine of 
Compound Rados is rendered plain and eafy Befides, among the 
Definitions of the 1 1 th Book, there is this, which is the i oth, viz. 
'' Equal and fimilar folid figures are thofe which arc contained by 

** fimilar 
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** fimilar planes of thfe fame number and magnitude." Now this 
Propofition is a Theorem, not a Definition, becaufe the equality of 
figures of any kind muft be dcmonftrated, 'and not aflumed. and 
therefore, tho* this were a true Propofition, ir ought to have been 
•dcmonftrated. But indeed this Propofition, which makes the loth 
Definition of the 1 1 th Book, is not true tjniyerfally, except in the 
cafe in which each of the folid angles of the figures is contained by 
no more than three plane angles ; for, in other cafes, two folid fi- 
gures may be contained by fimilar planes of the fame number and 
magnitude, and yet be unequal to one another; as (hall be made 
evident in the Notes fubjoined to thefe Elements. In like maa- 
ner, in the Demonllration of the 26th Prop, of the 1 1 th Book, it 
is taken for granted, that thofe folid angles are equal to one ano- 
ther which are contained by plane angles of the fame number and 
magnitude placed in the fame order ; but neither is this univerfelly 
true, except in the cafe in which the folid angles are contained by no 
more than three plane angles ; nor of this cafe is there any Demon- 
ftration in the Elements we now have,- tho* it be qui^e neceifary 
there fhould be one. Now upon the i oth Definition of this Book 
depend the 2 5th and 2 8th Propofitions of it ; and upon the 2 5th 
and 26th depend other eight, viz. the 27th, 31ft, 3 :d, 33d, 
34th, 36th, 37 th, and 40 th of the fame Book, and the i 2th • 
of the 1 2th Book depends upon the 8th of the fame, and this 8th, 
and the Corollary of Propofition 1 7 th, and Prop, i 8th of the i 2th 
Book depend upon the 9 th Definition of the i ith Book, which is 
not a right Definition, becaufe there may be folids contained by the 
fame number of fimilar plane figures, which are not fimilar unto 
one another, in the ti'ue fenfe of fimilarity received by all Geome- 
ters, and all thefe Propofitions have, for thefe reafons, been infiiffi- 
ciently demonftratcd fince Theon's time hitherto. Bcfidcs, there 
are feveral other things, which have nothing of Euclid's accuracy^ 
and which plainly (hew that his Elements have been much cor- 
rupted by unfkilful Geometers, and tho* thefe arc not fb grofs as 
the others now mentioned, they ought by no means to remain un- 
Cdrrefted. 

t^n thefe Accounts it appeared neccflary, and I hope will prove 
acceptable to all Lovers of Accurate Reafoning and of Mathemati- 
cal Learning, to remove fuch blemifhes, and reftorc the principal 
Books of the Elements to their original Accuracy, as far as I was 
abl^ ; efpecially fince thefe Elements are the foundation of a Sci- 
ence 
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cncc by which the Inveftigation and Difcovery of ufeful Truths, at 
leaft in Mathemadcal Learning, is promoted as far as the limited 
Powers of the Mind allow; and which likewife is of the greateft 
Ufc in the Arts both of Teace and War, to many of which Geome- 
try is abfblntely i\eceflary. This I have endeavoured to do by tak- 
ing away tke inaccurate and falfe Reafonings which unfkilful Edi- 
tors have put into the place of fome of the genuine Demonftrations 
of Euclid, who has ever been juftly celebrated as the moft accurate 
of Geometers, and by reftoring to him thofc Things which Theon 
or others have fupprefled, and which have tliefe many ages been 
buried in Oblivion. 

In this fecond Edition Ptolomy's Propofition concerning a pr6- 
perty of quadrilateral figures in a circle is added at the end of the 
ilxth Book. Alfo the Note on the 29th Prop. Book i ft is altered, 
and made more explicit. And a more general Demonftration is gi- 
ven jnftead of that which was in the Note on the i oth Definition of 
Book 1 1 th. befides the Tranflation is much amended by the 
friendly afCAance of a learned Gentleman. 



ERRATA, 



Page 1 80. line 9. for that, read, thiiii. 
P. 243. 1. 19. for fold, read, folid. 
P. 318. 1, 29. for as, read, at. 
P. 320. 1. 30, for it, read, its. 
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BOOK I: 



DEFINITIONS. 

At 
PotQt is that whkh hath oo parts, or which hath no magaituik. Set Kotlj. 

A fine is length ivitfaout breadth. 

in. 

The extrteiities of a line are points. 

IV. 
A ftnught line Is that which lies evenly between its extreme poiilts. 

V. 
A fnperfides is that which hath only length ^d breadth. 

VI4 
The extremities of a fupierficies are lines; 

vn. 

A plane fuperfides is that in which any two points being taken, the ^ ^ 
flraight line between them lies wholly in that fuperficies. 

vni. 

** A plane ang^ is the inclination of two lines to one another ^^^ ^ c^ %^ 
** plane, which meet together, but are not in the fame dire£tion." 

IX. 
A plane redtilifleal angle is the inclination of t^vo flraight lines to one 
aQother,whjch meet together, but are not in the Cime ftraight line. 

A 
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' K. B. WhcQ feverd angles are at one point B, anyoneof diemll 
expreded by thfee letters, <^ which the letter that is at the yertex 
of the angle, that is at the point in which the ftraight lines that 
contain the angle meet one another, is put between the other tivo 
letters, and one of thefe two is ibmewhere upon one of thofe ftraight 
lines, and the other upon the other Une. thus the angle which is 
contmned by the ftraight lines AB, CB is named the ad^ ABC» 
or CBA; that which is ccntained by AB,1>B is named the ang^ 
ABD, or DBA ; and that which is contained by DB, CB is called 
the angle DBC, or CBD. but if there be only one angle at a point, 
it may be exprefled by a letter placed at that point) as the an{^ 
at E/ 



X* 



When a ftraight line ftanding on another 
fhtiight line makes the adjacent angles 
equal to one another, each of the an- 
gles is called a right angle; and the 
ftraight line which ftands on the other 
is called a perpendicular to it, — _ 

Xt. 

An obtufe angle is that which is greater thsin a right ang^^ 




XII. 
An acute angle is that which is lefs than a right ang^«. 

xm. 

** A term or boundary, is the extremity crf'any tfamg/* 

XIV. 
A figure is that which is indofed by one or more boundaricd* 
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XV. Book I. 

Adrde bajtee figure contained by one line, ^ich is called the 
circnmfereiicey and is fnch that all ftraight fines drawn fix»n a cer* 
lain point within the figure to the drciunfcrenoe^ arc e^nal to 
ODeanother. 




XVI. 
And this point is called the center of tiie drde. . 

xvn. 

A diameter of a circle is a ftnught line drawn thro* the center, alldsee Mi 
terminated both ways by the drcomfierence. 

xvm. 

A iemicircle is the jSgnie contain^ by a diameter and thepart of the 
draunference cvt off by the diameter. 



'* A figment of a circk is the fignre contained by a flrai^t line and 
*' the circumference it cnts off." 

XX. 
Redilineal fibres are thofe which are contathed by iOraigHt lines. 

XXL 
Tribteral figores, or triangles^ by three flraight lilies. 

xxn. 

Qnidritateral, by four ftndg^t lines. 

xxm. 

Multilateral figures, or Polygons, by more than four ftraight lines. 

XXIV. 
Of three fided figures, an equilateral triangle is that which has three 
equal fides. 

Aa iibfbekt triangjle, is that trhkh has only ttvo fidet equal. 

A 2 
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XXVI. 
A fcalene triangle^ is that which has three'iuiequal' fides. 

XXVII. 
A right aagled triangiey is that which lias a right angle, 

xxvni. 

An obtufe aagled triangle, is that which has an obtnfe angle. 





XXIX. 

An acute angled triangle, is that which has three acute angles* 



Of four fided figures, a fquare b that whkh has aU its fides equal, 
and all its angles right angles. 





XXXI. 

An oblong is that which has all its angles right angles, but has not 
" all its fides equal. 

xxxn. 

A rhombus is that which has all its fides equal, but its ai^es are 
not right angles. 




xxxm. 

A rhomboid is that which has its oppofite fides equal to one ado* 
ther, but all its fides are not equal, nor its angles right angles. 
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XXXIV. Book I. 

iUl other fear ikied figoits beiides thefe, art ca^ \^rY\J 

XXXV. 
PanUd Arajght lines, are fach as are in the feme plane^ and whicii 
bdog pnxluced ever {6 hr both ways, do not meet. 



POSTUI^ATES, 

It 

LET it be granted that a ftraJght line may be drawn from.any 
one point to any other point. 

n. 

That a temunated ftrajght line piay be produced to any length in a 
Arajght line. 

m. 

And that a ciide may be defcribed from any centck*, at any diftance 
from that ceoter. 

AXIOMS. 

I 

THINGS wluch are equal to the fame are equal to one an« 
other. 

n. 

If equals be added to equals, the wholes are equal. 

m. 

If equals be taken from equals, the remainders are equal. 

IV. 
If equals be added to unequals, the wholes are unequal. 

V. 
If equals be taken from unequals, the remainders are unequal. 

VI, ^ 
Things which are double of the fame, are equal to one another. 

VII. 
Things which are halves of the fame, are equal to one anotlier. 

vm. 

Magnitades which coindde with one another, that 13 which exa^y 
fill the fame fpace> are equal to one another. 

A3 



6 THEELEMENTS 

ft 

Bookl* IX. 

^/V\J The irbole is greftter than its part. 

X. 
Ttvo ilnlgbt lines omnot indofe a fpaoe. 

XI. 
All right angles are equal to one another. 

xn. 

f If a (iraight line meets two ftraight lines, lb as to make the two 
** interior angles on the fame fide of it taken together lefs than 
** two right ang^y thefe ftraight lines Mng cojotinually produc* 
^* ed (hall at length meet upon that fide on which are the angles 
** which arje lefs than two right an^es. See the notes on Prop, 
" 29. of Book I,*^ 
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a. ad Poftii- 
hte. 



OF EUCLID. 
PROPOSITION!. PROBLEM. 

TO defcribe an equilateral triangle upon a given fi- 
nite firaight line. 

Let AB be the fgtvcxi ftraig^t linci it is required to defcribe an e- 
qnilaterai triangjb upon it. 

From the center A, at the <&- 
ifamce AB defcribe * .the circle 
BCD. and from the center B, at 
the diftanoe B A ddcribe the circle 
ACE; and from the point C in 
vhidi the cirdes cut one another 
dwrthe ftraight lines ^ CA, CB 
to Ae points A, B. ABC (hall be 
ao equilateral triaogle. 

Becanle the point A b the center of the circle BCD, AC is equal 
' to AB. and becanfe the pcnut B is the center of the drde AC£» c. 15th D«- 
BC is equal to 6A. bnt it has been proved that CA is equal to fiaitioo. 
AB; therefore CA, CB are each of them equal to AB. but things 
wbkti are equal to the fame are equal to one another^' ; therefore a. ift An* 
CA is equal to CB. wherefore CAj, AB, BC are equal to one ano^ 
ther. and the triangle ABC is thearefore equilateral, and it b defcribe 
•d upon the ^ven ftnught line AB« Whi/ch Svas requbed to be done. 




b. xd Poft. 



onii 



F 



PROP. n. PROB. 

R O M a given point to draw a ftraight line equal to 
a given ftraight line. 

Let A be the given point, and BC the given ftraight line; it is re- 
qnired to draw from the point A a ftraight line equal to BC. 

From the point A to B draw * the 
ftraight line AB ; and upon it de- 
icribe ^ the equilateral triangle DAB, 
and produce ^ the ftraight Ibes DA, 
DB to E and F ; from the center B, 
at the diftance BC defcribe <> the 
drde CGH, and from the center D, 
at the ^ftance DG defcribe the 
ckde GKL. AL Ihall be equal to 
BC. 

A 4 




a. z Poft. 

b. I. r. 

c. ft. Poft. 

6, %. Poft. 
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Book r. Becaufc the point B is the center of the drdc CGH, PC is equal ' 

V>^v>J to EG. and becaufc D is the center of the drclc GKL, DL is equal 

f . IS. Dcf. (Q jyQ^ ^^ j)^^ £)g p^j^g ^£ ^^jjj ^g ^q^ ^ therefore the remainder 

f. |. Ax. AL is equal to the remainder f EG. but it has been fhewn ths^t pC 
is equal to EG ; wherefore AL and EC arc each of them equal to EG. 
and things that are equal to the fame are equal to one another ; there- 
fore tl^ ftraight line AL is equal to EC. Wherefore from the given 
po|nt Aa ftraight line AL has been drawn equal to the pvcn ftraight 
line EC. Which was to be done. ^ 



F 



a. 1. 1. 




b. 3. 



9. 1. As. 



PROP. lU. PROB. 

ROM the greater of two given ftraight lines to cvli 
off a pare equal to the lefs. 

Let AB and C be the two g^- 
ycn ftraight lines, whereof AB is 
the greater. It is required to cut off 
from AB, the greater, a part equal 
to C the lefs. 

From the point A draw • the 
ftraight line AD equal to C ; and 
from the center A, and at the di- 
Poft- ftancc AD defcribe ^ the drcle DE^. and becaufe A is the center of 
the circle DEF, A£ ftiall be equal to AD. but the ftraight line C is 
llkevdfe equal to 'AD. whence A£ and C are each of them equal to 
AD. wherefore the ftraight line AE is equal to ^ C, and from AB the 
greater of two ftraight lines, a part AE has been cut off equ^l to C. 
the lefs. Which was to be done. 

PROP. IV. THEOREM. 

IF two triangles have two fides of the one equal to two 
fide§ of the other, each to each; and have likewife the 
angles contained by thofe fides equal to one another: they 
fliall likewife have their bafes, or third Jides, equal; and 
the two triangles fliall be equal; and their other angles 
flxall be equal, each to each, viz. thofe to which the equal 
fides are oppofitc. 

Let ABC, DEF be^Jwo triangles which have the two fides AB^ 
AC equal to the two fides D£, DF, each to each, viz. AB to I>£,* 
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and AC to DF; and the angle ^ -pi Book I. 

BAG equal to the^igleEDF. 

fhe bafe BC fhall be equal to 

the baie £F; aod the triangle 

ABC to the triangle DEF; 

and the other angles, to which 

the equal fides are oppofite, 

ihall be equal, each to each, -^ r* i? m 

viz, the angle ABC to the » ^^ * 

angle DEF, and the angle ACB to DFE. 

For if die triangle ABC be applied to DEF fb that the pdnt A 
jmay be on D, and the ftraight line AB upon DE ; the point B fhall 
coindde \rith the point E, becaufe AB k equal to DE/and AB coin- 
dding ^th DE, AC fhall coincide vn± DF, becaufe the angle B AC 
b equal to the an^e EDF/wherefore alfo the point C fhall coindde 
ynth the point F, becaufe the ffa^ight fine AC is equal to DFy<^ but 
the pdnt B cobddes with the point E ; wherefore the bafe BC fhall 
coindde with the bafe EF^becaufe the point B coindding with E, 
and C with F, if the bafe BC dpes not coindde with the bafe EF, 
two ftraight lines would indofe a fpace, which is impoffible*. There- *• to. A& 
fore the bafe BC fhall coindde with the bafe EF, and be equal to it. 
Wherefore the whole triangle ABC fhall coincide with the whole^i- 
angle DEF, and be equal tq it ; and the other angles of the one' fhall 
coindde with (he remaining angles of the other, an|d be equal to 
them, m. the angle ABC to the angle DEF^ and the angle ACB to 
DFE. Therefore if two triangles have two fides of the one equal to 
two fides of the other, each to each, and have likewife the'an^cs 
oontamed by thofe fides equal to one another ; their bafes fhall like- 
wife be equal, and the triangles be equal, and their other angles to 
/which the equal fides are oppofite, fhall be equal, each to each. 
Which was to be demonftrated. 

PROP. V. THEOR. . 

THE angles at the bafe of an Ifofceles triangle are e- 
qual to one another ; and if the equal (ides be pro- 
duced, the angles upon the other fide of the bafe fhall be 
^quah 

Let ABC be an Ifpfceies triangle, of which the fide AB is equal 



Xm 
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Book I. to AC, and let the ftraight lines AB, AC be produced to D^and E» 
VVNJ the angle ABC fliall be equal to the angle ACB, aud the angle CBI> 
to the angle BCE* 

In BD take aay pcMOt F, and from AE, the greater, cut off A& 

a. 3' I- equal * to AF, the lefs, and join EC, GB. 

Becauie AF is equal to AG, and AB to AC; the two fides FA« 
AC are equal to the twoGA, AB, each to each; and they contain the 
angle FAG common to the two tri* 
angles AFC, AGB ; therefore the baie 

k. 4. 1. FC is equal ^ to the bafe GB, and the 
triangle AFC to the triangle AGB; 
and the remaining angjks of the one 
are equal ^ to the remaining an^es 
of the other, each to each, to which 
the equal fides are oppofite; viz. the 
angle ACF to the anc^ ABG, and the 
angle AFC to theangle AGB. and be- 

caufe the whole AF is equal to the j^/ " ^_ 

whole AG, of which the parts AB, AC 1^ 

c. 3' Ax. are equal ; the remainder BF ihall be equal ^ to the remainder* CG. 
^nd FC was proved to be equal to GB ; therefore th^ two fides BF, 
FC are equal to the two CG, GB, each to each ; and the angle BFC 
is equal to the angle CGB ; and the bafe BC is common to the two 
triangles BFC, CGB ; wherefore the triangles are equal^^ and their 
remaining angles, each to each, to which the equal fides are oppofite, 
therefore the angle FBC is equal to the angle GCB,and the angle BCF 
to the angle CBG. and finceit has been demonftrated that the whole 
angle ABG is equal to tlie whole ACF, the parts of which, the angles 
CBG, BCF are alfo equal ; the remaining adgle ABC is therefore 
equal to the remaining ang^e ACB, which are the angles at the bafe 
of the triangle ABC. and it has alfo been proved that the angle FBC 
is equal to the angle GCB, which are the angles upon the other fide 
of the bale. Therefore the angles at the bafe, &c. Q^E. D. 

CoROt L ART. Hence every equilateral triangle is alfo equiangular. 

PROP. VI. THEOR, 

IF two anglts of a triangle be equal to one another, the 
fides alfo which fubtend, or are ofpofite to, the equal 
wgles ihall be equal to one another. 




O P E U C L I p. IX 

Lee ABC be a triangle having the angle ABC equal to the aogk Bpolil. 
ACB ; the fide AB is alfo Cv]ual to the fide AC. o^/n^ 

Forif AB be not equal to AC^ one of them is greater than the o<t 
thcr. let AB be the greater, and from it cut* off DB equal to AC, the*, i^i. 
lefs, and join DC. therefore becaufe in the 
tri^igjles DBC, ACB, DB is equal to AC, 
and BC <yxcmon to both, the two fides 
DB, BC are equal to the two AC, CB, 
each to each ; and the angle DBC is equal 
to the angle ACB ; therefore the bafe DC 
is equal to the bafe AB, and the triangle 

DBC is equal to the triangle ^ ACB, the q / \r^. ^* ^* '* 

le(s to the greater; which is abfurd. There- 
fore AB is not unequal to AC, that is, it is equal to it. Wherefore 
if two angles, &c. C^E. D. 

CoR. Hience every equiangular triangle U alfo equilateral. 

PROP. Vn. THEOR. 

UPON the fame bafe, and on the fame fide of it,sccN. 
there cannot be two triangles that have their fides 
which arc terminated in one extremity of the bafe equal 
to one another, and likewife thofe which arc terminated 
in the other extremity. 

If it be poffible, let there be two triangles ACB, ADB upon the 
&4pe bafe AB, and upon the fiuAe fide of it, which have their fides^ 
CA, DA, terminated'ih the extremity A of the baft," equal to one' 
another, and likewife tb^^des CB, 
DB that are terminal^ mB. ; , 

Join CD; then, in the cafe in w^ch 
die Vertex of each of tiie triangles is 
URthout the other triangle, becaufe AC 
is equal to AD, the ai^ ACD is 

equal ■ to the ang^ ADC. but the // N^ •• ^ '• 

ai^ ACD is greater than the angle 
BCD.diereforethcaiiglcADC is great- AT 
cr alio than BCD; much more then is 

ilie angle BDC greater than the angle BCD. agsdn, becaufe CB is 
equal to DB, the ao^ BDC is equal « to the an^ BCD; butit has 
been dearaiflrated to be greater than it; which is impoiEble. 





iz THEELEMENTS 

Book U But if one of the Vertices^ as D, be M^thin the other triangle 

^•vv-r ACB; produce AC, AD lo'E, F. therefore 
becaufe AC is eqval to AD in the triangle 
ACD, the angles ECD, FDC upon the o- 

a. i. I. ther fide of the bafe CD are equal * to 
one another ; but the angle ECD is great- 
er than the ai^le BCD, wherefore the angle 
FDC is likewife greater than BCD ; much 
more then is the angle BDC greater than 
the angle BCD. again, becaufe CB is e? ^ 
qual to DB, the angle BDC is equal ' to 
the angle BCD ; but BDC has been proved to be greater than the 
fame BCD, which is impoffible. The cafe in which the Vertex of 
one triangle is upon a fide of the other, needs no demonftration. 

Therefore upon the lame bale, and on the fame fide of it, there 
cannot be two triangles that have thdr fides which are teiininated 
in one extremity of the bafe equal to one another, and likewife 
thofe which are terminated in the other e&trenuty. Q^E, D. 

PROP. Vni. THEOR, 

IF two triangles have two fides of the oi^e equal to two 
fi Jcs of the other, each to each, and have likewife their 
bafes equal; the angle which is contained by the two fides 
of the one fhall be equal to the angle contained by tl^e two 
fides equal to them, of the other. 

Let ABC, DEF be two triangles having the two fides AB, AC ^- 
qual to the two fides DE, DF, feadi tp e^h, v)z. AB to DE, and AC 
toDF;andalfothe p^ T\ C ' 

bafe BC equal to ^ ^ 

the bafe EF. The 
angle BAC is e- 
qual to the angle 
EDF. 

For if the tri- 
angle ABC be ap- 
plied to DEF fo 
that the point B be on E, and the fh^ght line BC upon EF; the point 
C ihall alfo coincide with the point F, becaufe BC is equal to EF. 
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tiKftforeBCcoinddSng vdth EF, BAand AC fhall coincide with £D Book r. 
and DF. for if the bafc EC coincides with the bafe EF, but the fides v>>o^ 
BA, CA do not coincide vdth the fides ED, FD, but have a different 
fitoation, as EG, FG; then upon the fame bafe EF and upon the fame 
fide of it there can be two triangles that liave thetr fides which are 
terminated in one extremity of the bafe equal to one another, and 
fike^fe their fides terminated in the other extremity, but this is im- 
poflibk*. dierefore if the bafe BC coincides with the bafe EF, the«. 7. t. 
fides BA, AC cannot but coincide with the fides ED, DF; where- 
fore likewife the angle BAC coincides with the an^e EDF, and is 
equal ^ to it. therefore if tWb trilui^ds, &c. (^E. D. b. 8. As. 

PROP. lit. PROB. 

TO bifed a giren rcAilineal angle, chat is, to divide 
it into two equal angles. 

Let BAC be the given reAilineal atigle, it is required to bifefl it. 

Take any pcnnt D in AB, and from AC cut ■ off AE equal tot. 
AD; joiki DE, and upon it defoibe ^ an 
equilateral triangle DEF, then join AF. 
the ftraight line AF bifefts the angle 
BAC. 

Becaufe Al) is 6qual to A£, and AF 
is Gommoh to the tWo triangles DAF, 
EAF; the two fides DA, AF are equal to 
the two fides E A,' AF, each to each ; and 
the bafe DF is equal to the bafe EF; 

therefore the angle DAF is equal ^ to the angle EAF, wherefore the c 
giveii reftilineal angle feAC is bifefted by the fbaight line AF. 
Which was to be done. 




b. 



3 »• 
1. 1. 



8. I. 



T 



.PROP. X. PROB. 
O bifcft a given finite ftraight line, that is, to divide 
it into two equal parts. 



Let AB be the given ftraight line ; it is required to divide it into 
two equal parts, ^ 

Defcribe * upon it an equilateral triangle ABC, and bifeft ^ the a. r. t: 
ang^e ACB by the ftraight Ijne CD. AB is cut into x\vo equal parts b. 9. i- 
in the point D« >\ 



M 

B!)okT. 



c. 4. I. 



SecN. 



a. 9. I. 

b. I. X. 



C. 8. X. 




THE ELEMENTS 

Beamre AC b equal to CB, and. CD 
common to the two triangles ACD, BCD; 
the two fidea AC, CD are equal to EC, 
CD, each to each; and the angle ACD b 
equal to the angle BCD ; therefore the 
bafe AD is equal to the bafe * DB, and 
the ftraight line AB is divided into two 
equal parts in the point D. Which was to 
be done* 

PROP, XI. PROB. 

TO draw a ftraighc line at right angles to a gireii 
firaighc line, from a given point in the fame. 

Let AB bea g^ven ftraight line, and C a point given in it; !t it 
required to draw a ftraight line from the pbint C at right angles to 
AB. 

Take any point Din AC, and make * CE equal to CD, and npoa 
DE defcribe *> the equilateral tri- 
angle DFE, and join FC. the 
ftraight line FC drawn from 
the given point C, is at right 
angles to the given ftraight line 
AB. 

Becaafe DC is equal to CE, 
and FC common to the two tri- A S" 
angles DCF, ECF ; the two fides 

DC, CF arc equal to the two EC, CF, each to each; and the bafe 

DF is equal to the bafe EF ; therefore the angle DCF is equal ^ to the 

angle ECF ; and they are adjacent angles, but when the adjacent 

an^es which one ftraight line makes with another ftraight line are e- 

.qual to one another, each of them is called a right ^ ang^e ; therefore 

i, 10. Def. *^ ^^ *^ angles DCF, ECF is a right angle, wherefore from the 

I. ff^^cn point C in the given ftraight line AB, FC has been drawn at 

right angles to AB. Which was to be done. 

Cor. By help of this Problem it may be demonftrated that twx> 
ftraight lines cannot have a common fegment. 

If it be poffible, let the two ftraight lines ABC, ABD have die 
fegment AB common to both of them, from the point B draw BE 
at right angles to AB ; and becanie ABC is a ftraight linei the ang^ 
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CBfi is equal * to die aa^e EBA; 
1& the fame tnanner, becauie ABD 
is a ftraight line, the angle DBE b 
cqiial to the angle EBA, vherefbre 
tiac angle DBE is equal to the 
angle CBE, the lefs to the great- 
er; which b iBipoffit>le« therefore 
two firaigbt lines cannot have a a 
<y^m"^^ fqjment. 



BookT. 



a. io» Dcf. 
i. 1 



X> 




B 



C 




PROP. Xn, PROB. 

To draw a firaigbt line perpendicular to a gircn 
ftraight line of an unlimited length, from a given 
point without it* 

Let AB be the gitcn ftraigfat line, iiriiich may be produoed to ahy 
iengdi both ways, and let C be a point without it. It is lequired to 
dnnr a ftraight line perpendica- 
lar to AB from the point C. 

Take any point D upon the 
dtfacr fide of AB, and from the 
center C, at the diAanoe CD, 
defcribe ^ the drde £GF meet- 
ing AB in F, G ; and bifeft ^ 
• FG in H, and join CF, CH, 
CG. the ftraight line CH drawn fix>m the ^ven point C, is per- 
pendicular to the ^ven ftraight line AB. 

Becaufe FH b equal to HG, and HC ccnnmon to the two triangles 
FHC, GHC, the two fides FH, HC are equal to the two GH, HC, 
each to each; and the bafe CF b equal ^ to the bafe CG ; therefore d. 
die angle CHF b equal ^ to the angle CHG ; and they are adjacent 
9Dfjies, but when a ftraight line ftanding on a ftraight line makes the 
adjacent angles equal to one another, each of them is a right angle, 
and the ftraight line which ftands upon the other is called a perpen- 
dknlar to it. therefore from the ^ren pc»nt C a perpendicular CHha$ 
bce^t drawn to the g^ven ftraight line AB. Which was to be done. 

PROP. Xm. THEOR. 
'TPHE angles which one ftraight line makes with ano- 
•*• thcr upon one fide of it, arc cither two right angles, 
or arc together equal to two right angles. 



b. 3. Tort. 



c. ro. 1. 



c. 



15. Dcf. 
r. 

8. X. 
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Book h Let the ftraight Une AB make ^th CD, upon one fide of i^ the 
K^irrxJ angles CBA, ABP; thefe are dther two lig^t angles, or are toge* 

ther eqnal to two right an^es. 
•.Def. 10. For if the angle CBAbeequal to ABD, eadiof themis arig|it ^ 

E 



D 



B 



-C 




B 






K II. I. angle, but if not, from the point B draw BE at ]%ht angles *> to CD/ 
therefore the angles CBE, EBD are two ri^t angles*, and becauftf 
CBE h eqnal to the two angles CBA, ABE together ; add the an^ 
EBD to each of thefe equals, therefore the angles CBE, EBD are 

e. %. Ax. equal <^ to the three angles CBA, ABE, EBD. agsdn, becaufe the 
angle DBA is equal to the two angles DBE, EBA, add to thefe e* 
quals the ^gle ABC ; therefore the ang^ei DBA, ABC are equal toi 
the three angles DBE, EBA, ABC. but the angled CBE, EBD have 
been demonftrated to be equal to the fiune thrde angles; and diings 

J. X. Ax. that are equal to the (ame aire equal ^ to one another ; therefore the 
angles CBE, EBD are equal to the angles DBA, ABC. but CBE, 
EBD are two right angles ; therefore DBA, ABC are together equal 
to tw6 right angles. Wherefore when a ftrajghtline, &c. Q^E. D. 

PROP. XiV. THEOR. 

IT at a point in a ftraight line, two other ftraight lincs^ 
tip6n the oppdfite ildes of it, make the adjacent angles 
together equal to two right angles, thefe two ftraight linee 
ihall be in one and the fame ftraight line. 

At the point B in the ftraight 
line AB, let the two ftraight lines, 
BC, BD upon the oppofite fides 
of AB, make the adjacent angles 
ABC, ABD equal together to two 
right angles. BD is in the £une 
ftraight line with CB. 

For if BD be not in the fame 
ftrught line with CB^ let BE be 
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to the fame ftraight line iwth it. therefore bccaufe the ftralght line Book I. 

4B makes angles with the ftraight line CBE, upoif one fide of it, v>^"vS^ 

the angles A BC, ABE are together equal' to two right angles; but the a. 1 3 . < « 

angles ABC, ABD are likewife together equal to two right angles; 

therefore the angles CBA, ABE are equal to the angles CBA, ABDi 

taice away the common angle ABC ; the remaining angle ABE is 

equal *> to the remaining ^ngle ABD, the lefs to the greater, whicHb. 3. M 

fa impoi&ble. therefore BE is not in the fame ftraight line with BC: 

And in like manner, it may be demonftrated that no other can be 

in the fame ftraight line with it but HD, which therefore is in the 

iame ftrsoght line with CB, Wherefore if at a point, Sec: (^E; Dj 



I 



PROP. XV. THEOR. 

F two ftraight lines cut one another, the vertical, ct 
oppofitc, angles fliall be equal. 

. Let the two ftr^ht lines AB, CD cut one another in the point 
E. the angle AEC fliall be equal to the angle DEB, and CEB to 
AE0. 

Becaufe the ftraight line AE makes with CD the angles C£A; 
AED, thefe angles dre together 

equal • to two right angles, again, a. 13, 1, 

becaufe the ftraight line DE 
inakes with AB the angles AED, 
DEB ; thefe alfo are together e- 
qual * to two right angles, and 
CEA, AED have been demon- 
ftrated to be equal to two right 
angles ; wherefore the angles 
CEA, AED ire equal to the angles AED, DEB. take away the 
common angle AED, and the remaining angle CEA is equal ^b. 3. Au* 
to the remainiag ai^Ie DEB. In the fame manner it can be de- 
monftrated that the angles CEB^ AED are equal, therefore if two 
ftraight lines, &c. Q^E. D. 

CoR. I i Froml this it is manifeft that if two ftraight lines cut 
one another, the angles they make at thfe point where they cut, arc 
together equal to four right angles. 

CoR. 2. And confequently that all the angles made by any num- 
ber of lines meeting in one point, are together equal to four rii^ht 
angles. ' P R O P- 

B 
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Bookl. PROP. XVI. THEOR, 

^^"""^^^^ TF one fide of a triangle be produced, the cxtcrictf 
X angle is greater than either of the interior oppofittf 
angles. 

Let ABC bo a triangle, and let its fide BC be ptx>dQoed to D^^ 
the exterior ang^ ACD is greater than eifher of the interior opv 
pofite angles CBA, BAG. 

M.t:u Bifeft • AC in E, join BE 
^ and produce it to F, and make 
EF equal .to BE ; join alfo 
FC, and produce AC to G. 
Becaufe AE is equal tOr 
£C, and BE to EF ; AE, EB 
are equal to CE, EF, each 
to each ; and the angle AEB 

1. 1/. I. is equal *> to the angle CEF, 
becaufe thcy.areoppofite ver- 
tical angl^. therefore the 

e. 4. 1. bafe AB is equal ^ to the 

bafe CF, and the triangle AEB to the triangle CEF, and the re- 
niaining angles to the remaining angles, each to each, to wiuch the 
equal fides are oppofite. wherefore the angle BAE is equal to the 
angle ECF. but the angle ECD is greater than the angle ECF, 
therefore the angle ACD* is greater than BAE. in the fame man- 
ner, if the fide BC be bifefted, it may be demonftrated that the 
angle BCG, that is j, the angle ACD, is greater than the ang^e 
ABC. therefore if one fide, &c. Q^E. D. 

PROP. XVn. fHEOR. 

ANY two angles of a triangle ate together Icfs than 
two right angles. 

Let ABC be any triangle; any 
two of its angles together are left 
than two r%ht angles^ 

Produce BC to D; and be-^ 

caufe ACD is the exterior angle 

of the triangle ABC, ACD is 

». i#. X. greater ■ than the interior and 

oppofite angle ABC ; to each of 



4. 1*5 . I. 
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ngfe add dM^ «!^e ACT, therefore the angles ACD, ACB are great- Bcd\ I. 
er thto the angles ABC, ACB. bat ACD, ACB are together equal«> ^y^V\J 
fo two right angles; dierefore tTie ang^ ABC, BCA are lefs than^. 13. <' 
two right angles, in like manner it may be demonftrated that BAC, 
ACT, as aifo CAB, ABC are lefs than two right angles* therefori 
any two angles, ftc. Q^E; D; 

PROP. XVin. THE OR; 

THE greater fide of every triangle is oppbfitc to thd 
greater angle. 

Lek ABC be a trian^e of 
which the fide AC is gfe^ttr 
dun the fide AB ; the . angle 
AftC Is alio greater than the 
ai^ BCA. 

Becanfe AC is greater than 

AB, make • AD eqnal to AB^ ^ " lis^, «• J. U 

and join BD. and becaufe ADB ^ 

h the exterior angl6 of the tri' 

afi^ BDC, it is greater »> than the Interior ai\d oppofite angle h. i6. f . 

DCB. bat ADB is cqnal "" to ABD, becaufe the fide AB is e- c. |. ii 

qnal to the fide AD; therefore the angle ABD is likewife greater 

than the angle ACB ; wherefore much more is the angle ABC great- 

tr thin ACB; therefore the greater fide, &c. Q^E. D. 

PROP. XIX. THEOR. 

THE greater angle of every triangle is fubtcnded by 
the greater fide. Or has the greater fide oppoftte to it. 

Let ABC be a triangle of which the angle ABC is greater thari 
Ae ai^ BCAi the fide AC is likewife greater than the fide AB. 

For if it be not greater, AC 
moft either be equal to AB, or lefs 
Albi it. tt is not eqnal, becaufe 
then the angle ABC would be e- 

qnai • to the angle ACB 5 but ft / "S^ t. 5. i, 

IS not; therefore AC is not equal 
ft>AB. ndther is it lefs; becaufe 
tUn the angle ABC would be lefs 

B % ^thod 




M, J. I. 
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'Book I. ^ than the angle ACB ; but it is not; therefore the fide AC i^ QOI 
v-^<w^ leis than AB. and it has been fliewn that it is not equal to Afi^ 
b 1 8. 1, therefore AC is greater than AB. wherefore the greater ang^e, &c# 
q,. E. D. 

PROP. XX. THEOR. 

^ ^' ANY two fides of a triangle arc together greater thao 
JHL the third fide. 

Let ABC be a triangle ; any two fides of it together are great- 
er than the third fide, viz. the fides BA, AC greater than the fide 
BC; and AB, BC grater than AC ; andBC, CA greater than AB. 

Produce BA to the pcHUt D, 
and make * AD equal to AC, and 
join DC. 

Becaufe DA is equal to AC, 

the angle ADC is likewile equal 

^. 5. u ^ to ACD. but the angle BCD 

is greater than the angle ACD ; 

therefore the angle BCD is great* 

er than the angl« ADC. and becaufe the angle BCD of tlie tri- 
angle DCB is greater than its angle BDC, and that the greater ^ 
fide is oppofite to the greater angle, therefore the fide DB is greater 
than the fide BC< but DB is equal to BA and AC ; therefore the 
fides BA, AC are greater than BC. in the fame manner it may be 
demonfirated that the fides AB, BC are greater than CA ; and BC^ 

CA greater than AB. therefore any two fides, &c. Q^E. D. 

« 

PROP. XXI- THEOR. 

IT from the ends of the fide of a triangle there be drawn 
two ftraight lines to a point within the triangle, thefe 
{hall be lefs than the other two fides of the triangle, but 
jQiall contain a greater angle. 

Let the two ftraight lines BD, CD be drawn from B, C, the ends 
of the fide BC of the triangle ABC, to the point D within it. BD 
and DC are lefs than the other two fides BA, AC of the tiiai^ley 
but contain an angle BDC greater than the angle BAC. 

Produce BD to E ; and becaufe two fides of a triangle are great- 
€r than the third fide, the two fides BA. AE of the triang^ ABE 

are., 
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Ire greater than BE. to each of thefe add EC, therefore the fides Book I. 
BA, AC are greater than BE, 
EC. again, becauie the two 
fides C£, £t) of the triangle 
CED are greater than CD, add 
DB to each of thefe ; therefore 
the fides CE, £B are greater 
than CD, DB. but it hgs been 
(hewn that BA, AC, are greater 

than BE, EC ; much more then are BA, AC greater than BD, DC. 
AgajQ becauie the exterior angle of a triangle is greater than, 
the interior and oppofite angle, the exterior angle BDC of the tri- 
SDgle CDE is greater than CED. for the fame reafon, the exterior 
angle CEB of the triangle ABE is greater than BAC. and it has 
been demonftrated that the angle BDC is greater than the angle , 
CEB ; much more then is the angle BDC greater Az^ the angl^ 
BAC. therefpre if from the ends of, &c. (^E. D. 

PROP. XXII. PROB, 

* 

'T* O naakc a triangle of which the fides fhall be equal 
•"^ to three given ftraight lines ;. but any two whatever 
of thefe muft be greater than the third*. • . »o. i 

Let A, B, C be the three given ftraight lines, of which any two 
whatever are greater than the third, viz. A and & greater than C ; 
A and Cgreater than B ; and B and C than A. It is required to make 
a triangle of which the fides (hall be equal to A, B, C, each to each. 

Take a ftr^ght line DE terminated at the point D, but unlimited 
towards E, and make * DF «. 3* '• 

equal to A, FG to B, and 
GH equal to C ; and fi-om 
the center F, at the dif- 
tance FD dcfaibe *► the 
drde DKL. and from the 
ccDter G, at the diftance 
GH defcribe ^ another 
drde HLK, and join KF, 
KG. the triangle KFG 
has its fides equal to the three ftraight lines A, B, C. 

Becaafe the point F is the center of the circle DKL, FD is e* 

B 3 qual 




b. 3. Foft. 
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Book I. qnal ^ toTK; but FD is equal to the ftr^jight line A; thertfim 
V/VXj FK is equal to A. ^galo, becaufe G is the coKesr of d^e circle LKH^ 
p, i^. pcf.GH is equal "? to GK; but GH is equal to Q, therefor^ alfo Gl^ 
is equal to C. and FG is equal to B ; tihcrefore the three ftralgh^ 
lines KF, FG, GK are equal to the three A, Bi, C, and therefore 
the triai^ KFG has its three fide^ KF» FG, GK equal tQ ih^ 
^ee given ftraight Uaes A, B, C. Which vras to bb dpoc. 

PROP. XXra, PROB. 

AT a given point in a given ftraight Kne to make ^ 
refiilineal angle equal to a given rectilineal angle. 

Let A6 be the given ftraight line, and A the g^ven point iu it^ 
and DC£ the given re£lilirieal angle ; it is required to 92^ an 
angle at the given point 
A in, the given ftraight 
line AB that Oiall b# 
equal to the given rec- 
tilineal angle DCE. 

Take b CD, CE, a-, 
ny points D, E, and join 
t. %%. z. DE ; and make ^ the 
triangle AFG the fides 
pf vrhich {tiaH be equal 
to the three ftraight lines CD, DE, EC, fo that CD be equal to AF» 
CE to AG, and DE to FG. and becaufe DC, CE are equal to 
FA, AG, each to each, and the bafe DE to the bafe FG ; the 

b. 8. t. ^gl^ ^^^ '^ ^^ ^ ^o ^e ^glfi FAG. therefore at th^ given 
point A in the given ftraight line AB, the angle FAG is madi^ e-i 
qual to the given redtilineal angle DCE. Whkh was to be done. 

PROP. XXIV. THE OR. 
T F two triangles have two fides of the one equal to two 
fides of the other, each to each, but the angle con- 
tained by the two fides of one of them greater than the 
angle contained by the two ikies equal to them, of the o- 
ther; the bafe of that which has the greater angle (hall 
be greater than the bafe of the other. 

Let ABC, D£F be. two triangles wUchltaie the two iides ;4B» 

AC 





P E U C L I D. 23 

AC equal to llie two D£, DF, each to each, viz. AB equal to BE, Book I. 
nd AC to DF; hot the angle BAC g^ter than the angle £DF. v^./w^ 
the bafe BC is aUb greater than the bafe £F. 

Of the two fides DE, Df let DE be the fide whkh is not greater 
than the other, and at the point D b the ftraight line DE make* "• ^3- 1- 
the ang^ EDG equal to the ang^ BAC ; and nake DO equal i»b. 3. 1, 
to AC or DF» and join EG, GF. 

Becanfe AB is equal to DE, and AC to DG, the t^i^o fides 
BA, AC are equal to the two ED, DG, each to each, and th< at^le 
BAC is equal to die 

angk EDG ; thciefbre A 1) 

the bafe BC is eqoal Ny 
^tothebdeEG. and \ X 

becanfe DG b equal \ X * ^^ ^ *' ' 

ID DF, the angle DFG I N. 

is equal 4 to the angle I N. \ \^\^ <*• 5. i. 

DGF; but the angle 1 X ^| 

DGF is greater than B C 

the angle EGF, there- ^ 

fan the ang^ pFG is greater than EGF ; and much more is 
the angle EFG greater than the angle EGF. and becaufe the 
ang^ EFG of the triangle EFG is greater than its angle EGF, 
and that the greater ^ fide is oppofite to the greater angle; thee. ip. 1, 
fide EG b therefore greater than the fide £F* but EG is equal 
to BC; and therefore alfo BC is greater than EF. therefore if twq 
trian^ &c. Q^E. D. 

PROP. XXV. THEOR, 

IF two triangles have two fides of the one equal to two 
fides of the other, each to each, but the bafe of the one 
greater than the bafe of the other; the angle alfo con- 
tained by the fides of that which has the greater bafe, 
ihall be greater than the angle contahned by the fides 
equal to them, of the othen 

Let ABC, DEF be two triangles which have the two fides AB, 
AC equal to the two fides DE, DF, each to each, viz, AB equal 
to DE, and AC to DF; but the bafe CB greater than the bafe 
EF. tli6 aogk BAC is likewife greater than the angle EDF. 

B 4 For 
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Bpok L For if it be not greater, it mud either be equal to it, or leis. 
^<y>r\j but the angle ^AC is pot equal to the angle £DF, becaufe thea 

the bafe 6C would be 

?qual * to EF. bujt it A 

is not ; therefore th^ 

angle BAC is not e- 

qual to the angle 

£P]F. i^ither is it 

le6; becaufe then the 

bafe BC would be lefs 

^ than the bafe EF ; 

but it is not ; therefore 

fhe angle BAC is not lefs than the angje EDF. and it was fhewa 

that it is not equal to it ; therefore the angle BAC is greater thaa 

the angle CDF. Wherefore if two triangles, &c. Q^E. D. 



t. 
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PROP. XXVI. THEOR. 



T^* 



T F two triangles have two angles of one equal to twq 
. angles of the other; each to each, and one fide equal to. 
one fide, viz. cither the fides adjacent to the equal angles^ 
or the fides oppofite to equal angles in each ; then ftiall^ 
the other fides be equal> each to each, and HCo the third 
angle of the one to the third angle of the other. 

Let ABC, DEF be two triangles which have the angles ABC,^ 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and BCA 
to EFD ; alfo one fide equal to one fide ; and firft, let thofe fides be^^ 
equal wh|ch are adjacent to the angles that are equal in the two tii- 
arigics, viz. BC to EF. the other fides fliall be equal, each to each. 
viz. AB to DE, and . -^ 

AC to DF ; and the ^ *^ 

third angle BAC to Q 
the third angle EDF. 
- For if AB be not 
equal to DE, one of 
tliem muft be the 
greater. Let AB be 
the greater of the two, 

and make BG (x^ual to D£, and join GC. therefore becaufe BG b 

equal 
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^qual to DE, and BC to EF, the two fides GB, BC arc equal to the Book 
two D£, EF, each to each ; and the angle GBC is equal to the an^e 
DEF ; therefore the bafe GC is equal * to the bafe DF, and the txi->- 4- 1 
angle GBC to the triangle DEF, and the other angles to the.other 
angles, each to each, to which the equal fides are oppofite ; therefore 
the angle GCB is equal to the angle DFE ; but DFE is, by the hypo- 
thefis, equal to the angle BCA ; wherefore alfo the angle BCG is equal 
to the angle BCA, the lefs to the greater, which is impofliMe. there- 
fore AB is not unequal to DE, that is, it is equal to it. and BC is c- 
qual tp EF ; therefore the two AB, BC are equal to the two DE, 
EF, each to each ; and the angle ABC is equal to the angle DEF, 
the bafe therefore AC is equal • to the bafe DF, and the third angle 
BAC to the third angle EDF. 

Next, let the fides 
which are oppofite to A 
equal angles in each 
triangle be equal to 
one another, viz. AB 
to DE; likewiie in 
this cafe, the other 
fides (ball be equal, 
AC to DF, and BC to 
EF ; and alfo the third 
angle BAC to the third EDF. 

¥or if BC be not equal to EF, let BC be the greater of them, and 
make BH equal to EF, and jpin AH. and becaufe BH is equal to 
EF, and AB to DE ; the two AB, BH arc equal to the two DE, EF, 
each to each ; and they contain equal angles ; therefore the bafe AH 
is equal to the bafe DF, and the triangle ABH to the triangle D^F, 
and the other angles fhaU be equal, each to each, to which the equal 
fides are oppofite. therefore the angle BHA is equal to the angle 
EFD. but EFD is equal to the angle BCA ; therefore alfo the angle. 
BHA is equal to the angle BCA, that is, the exterior angle BHA of 
the triangle AHC is equal to its interior and oppofite angle BCA ; 
which is impofiible^. wherefore BC is not unequal to^F, that is,b. i<. i. 
it is equal to it ; and AB is equal to DE ; therefore the4wo AB, BC 
are equal to the t^ DE, EF, each to each ; and they contain equal 
angles ; wherefore the bafe AC is equal to the bafe DF, and the third 
angle BAC to the third angle EDF. therefore if two triangles, &c. 
%E. D. 

PROP. 
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Bookl/ PROP. XXVn, THEOR. - 

F a ftraigbt line falling upon two other ftraight lines 
makes the alternate angles equal to one another, thefe 
two ftraight lines ihall be parallel. 

Let the ftraight line EF which Ms upon the two ftraight liaet 
AB» CD make the alternate angles A£F> EfD equal to one another ^ 
AB b parallel to CD. 

For if it be not parallel* AB and CD bdng produced fhaQ meet ei- 
ther towards BD or towards AC. let them be produced and meet to- 
wards BD in the point G ; therefore GEF is a triangle, and its ex* 
a. itf. I. terior angle A£F is greater * than the interior and oppofite ^ngle 
EFG ; but it is alfo equal to 
it, which is impoflible. there- 
fore AB and CD being pro- A E / B 
duced do not meet towards 

BD. in like manner it may be / ^^O 

demonftrated that they do not q 
meet towards AC. but thofe 
ftraight lines which meet nei- 
K ssDef. ther way tho' produced ever fo far are parallel^ to one another. AB 
therefore is parallel to CD. wherefore if a ftraight line, &c. QJE. D, 

PROP, XXVin. THEOR. 

F a ftraight line falling upon two other ftraight lines 
makes the exterior angle equal to the interior and op- 
pofite upon the fame fide of the line; or makes the inte- 
rior angles upon the fame fide together equal to two right 
angles; the two ftraight lines ftiall be parallel to pne an- 
other. 

Let the ftraight line EF which fiills upon the two ftraight lioes 
AB* CD make the exterior angle jg 
EGB equal to the iftlerior and op- 
pofite saglc GHI> upon the (ame ^ __\G •» 
ftde; or make the imerkv aagks "- ^^^^ ^ 
on the fame fide BGH» GHD to* 

gedier equal to two right angles* f* \ jy 

AB is parallel to CD. 

Becanfe the aagle EGB is e- 
qual to the angle GHD, and the 

asg^e 



I 
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ai^ EGB ccpifll * to the angle AGH, tbe 4|Qfl^ AGH is eqii»l tip BookL 
liu angliQGHD; and tbey are the alternate angles; therefore AB is L^VN/ 
p uallel ^ to CD. again, becaufe the aqgles 9GH» GHO are equal^^* >s, i. 
t J two right angles, and that AGH, BGH are alfo equal ^ to two**- *^- '• 
right an^ ; the angles AGH, BGH are equal to the angles BGH.^' ^ "^' 
G^ID. take away the coounon angle BGH, therefore the remaining 
an^le AGH is equal to th^ renudning angle GHD ; and they are al* 
temate angles; therefore AB is parallel to CD. wherefore if % 
ftraight line &c. Qj^E, D. 

PROP. XXIX. T H E O IL 

IF a ftraight line falls upon two parallel ftraight lines, ««« ^ 
it makes the alternate angles equal to one ^^^o^^crjp^^*!!^^ 
and the exterior angle equal to the interior and oppofite 
upon the fame fide ; and likewife the two interior angles 
upon the fame fide tog^her equal to two right angles* 

Let the ftraight fine £F fall upon the parallel ftraight lines AB» 
CD. the alternate angles AGH, GHD are equal to one another s 
apd the exterior angle EGB is equal to the inte):ior and oppofitc^ 
upon the iame fide, GHD; and the 
two interior angles BGH, GHD upon 
the iame fide are t9gether equjit'to two 
rig^t angles. ^ . 4 

For if AGH bchot equal to GHD, ^ 
one of them muft be greater than the ^^ 
other ; let AGH be the greater, and be- C. 
caufe the angle AGH is greater tlian the 

angle GHD, add to each of them the 
angle BGH ; therefore the angles AGH, EGH are greater than die aa- 
S^BGH,GHD. but the angles AGH,BGHarcequal*totworighti. is.i- 
an^; therefore the angles BGH, GHD are left than two rig^t an- 
gles, but thofe ftraight lines which with another ftraight line falfing 
upon them make the interior angles on the iame fide left than two right 

an^, do meet * togedier if continually produced; therefore the. • i». Ax. 
flniight lines AB, CD if produced far enough ftiall meet, but they See the 
never meet, fince they are parailel by the Hypothefis. diereforethc"^"^^ 
an^Je AGH is not unequal to the aogle GHD, that is, it is equal to^^P******* 
it but the angle AGH is equal ** to the angle EGB ; thecefare like-b. i$. i. 
EGB is equal to G£D>. add to each of tbefe the angle BGH, 

there- 
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Book "I therefore the angles EGB, BGH are equal to the angles BGH, GHD{ 
yy>^\J but EGB, BGH are equal * to two right angles ; therefore alfo 
c. 13. I. BGH, GHD are equal to two right angles, wherefore if a flraight 
line&c. Q^E. D. 



PROP. XXX. T H E O R. 

CTraight lines which are parallel to the fame ftraighc 
line, arc parallel to one another. 

LetAB, CD be each of them parallel to £F ; AB is alfo parallel 
to CD. 

Let the ftraight line GHK cut AB, EF, CD ; and becaufe GHK 
cuts the parallel {baight lines AB, 
£F, the angle AGH is equal * to 
theanj^eGHF. again, becaufe the p 

ftrajght Ibe GK cuts the parallel A' 
Araight lines £F, CD, the angle __ 

GHF is equal » to the angle GKD. E *^ 

and it was (hewn that the angle ^ jw j^ 

AGK b equal to the angle GHF; ^ ^ ^ 

therefore alfo AGK is equal tq 
GKD. and they are alternate an- 
gles ; therefore AB is parallel ^ to CD. wherefore ftraight lines 
&c, Q^E. D. 

PROP. XXXI. P R O B. 

nnO draw a ftraight line thro' a given point parallel to 

a given ftraight line. 

« 

Let A be the given point, J^nd BC the g^ven ftraight line ; it is 
required to draw a ftraight line thro* p' A. F 

the point A , parallel to the ftraight — 
lineBC. 

In BC t^e any point D, and joinf 




k »7. I.' 



a. »3. 



AD ; and at the point A in the ftraight ^ n 
I. line AD make * the angle DAE equal 




D 



b. »7. 



to the angle ADC ; and produce the ftraight Ime EA to F. 

Becaufe the ftraight line AD which meets the two ftraight 
lines BC, EF, makes the alternate angles EAD, ADC equal to one 

X. another, EF is parallel ^ to BC. tberefoi^ the ftnUght line EAF h 

drawn 
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liiawn thro^ the given point A parallel to the ^Ten ftraight line BC« Book I; 
Which was to be done. 



PROP. XXXII. T H E O R, 

TF a fide of any triangle be produced, the exterior angle 
i$ equal to the two interior and oppofite angles ; and 
the three interior angles of every triangle are ec^al to 
two right angles^ 

Let ABC be a triangle, and let one of its fides BG be produced 
to D. the exterior angle ACD is equal to the two interior and op- 
pofite angles CAB, ABC ; and »the three interior angles of the tri- 
angle, Tiz. ABC, BCA, CAB are together equal to two right 
angles. 

Thro' the pcnnt C draw CE parallel ' to the ftraight Une AB. and 
becauie AB is parallel to CE, 
ismd AC meets them, t{ie al- 
ternate angles BAC, ACE are 
equal ^. again becaufe AB is 
parallel to GE, and BD falls 
upon them, the exterior angle 
ECD is equal to the interior 
and oppofite angle ABC. but 
the angle ACE was ftiewn to be equal to the angle BAC ; therefore 
the whole exterior angle ACD is equal to the nvo interior and op- 
pofite angles CAB, ABC. to thefe equals add the angle ACB, and 
the angles ACD, ACB are equal to the three angles CBA, BAC, 
ACB. but the angles ACD, ACB are equal * to two right angles ; 
• therefore alfo the angles CBA, BAC, ACB are equal to two right 
angles, wherefbreifafideof a triangle &c. Q^E. D. 

Cor. I • All the interior angles 
of any reffilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has fides. 
. For any re^ineal figure ABCDE 
can be dinded into as many trian- 
^es as the figure has fides, by 
drawing ftraight lines from a point 

F within the figure to each of its 

' angles. 





a. 31. 1. 



b. 19. I, 



C. X). I. 




so TFlEELEMENTS 

Book I* tnglleSi Attd, by the pftoeeding Propofitiofi, all the angjies of tl)e4 
Si^'^o^ triangles are equal to twice as many right angles as there are tri- 
angles, that is, as there are fides of the figure, and the fame angict 
are equal to the an^es of the figure, together vdth the angles at the 
^ ^, (-Qi. point F whkh is the commoQ Vertex of the triangles ; that is*, to-^ 
If . I . gether with four right angles. Therefore all the angles of the figure^ 
together ^ith four right angles, are equal to twice as many right 
angles as the figure has fides. 

Cor. 2. All the ealterior angles of any reftililieal figure are td^ 
gether equal to four right aog^. 
Becaufe every interior angle 
ABC with i& adjacent exterior 
i.if.K ABD is equal 1* to two right an- 
gles; therefcx'c all the interior 
together with all the exterior 
angles of the figure, are equal to 
twice as many r^t angles as 
there are fides bf the figure, that 
b, by the for^bg Corollary, 

they are equal to all the interior angles of the figute, together witif 
four right angles, therefore all the exterior angles are equal to kfwr 
right angles* ^ 

P R OP. XXXm. T H E O R. 
'T*^HE ftraight lines which join the extremities of tw» 
"*• equal and parallel ftraight lines, towards the fame 
parts, are alfo themfel?es -equal and parallel. 

Let AB, CD be equal add parallel ftraight lines, and j<nndd fid- 
wards the lame parts by the ftraight J^ Q 
lines AC, BD ; AC, BD are alfo ^ 
equal and parallel. 

Join BC, and becaufe AB is pa* 

wUel to CD, and BC meets them 5 

the alternate an^es ABC , BCD C JJ 

a.»^ I. are equal*; and becaufe AB is equal to CD, and BC common tat 
the two triangles ABC, DCB, the two fides AB, BC are equal tor 
the two DC, CB ; and the angle ABC is equal to the angle BCD 5 
%. 4. 1, therefore the bafe AC is equal ^ to the bafe BD, and the triangle 
ABC to the triangle BCD^ and the other angles to the other an^esb, 

each 
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•A loeadi, to ^Huchdw equal fides ireoppofite: tlKre&m Ae Book I 
•n^ACBis«qu«ltotheaiig^CBD. aadbecaufe Aeftrai^tJine «-or>j 
BC meets the two ftrwght lines AC, ED and makes the alteraate 
angles ACB, CBD equal to one another, AC is parallel « to BD, «. i 
•nd it was £hewa to be equal to it. therefore flraight lines &c, 

r\ 1? TV 



PROP* XXXIV. THEOH. 

^nPHE oppofite fides and angles of paralldograras arc 
equal to one another, and the diameter bifcfts them, 
that is, divides them into two equal parts. 

N. B. ^ Paralleiogram is afiurftdedfgure of which 
the oppofite fidts art paralM. and the diameter is the 
firaight line joining tivo of its oppofite angles. 

UtABCDbcaparaUelop^n, of ivhkhBC is a diameter, the 
«)ppofite fides and angles of the figure are equal to one another; and 
tlie diameter BC UfeAs it. 

Becaufe AB is paralW to CD, and BC meets them, thcaltcniatc 
an^ ABC, BCD are equal * to . ^ ^^^^ 

cue another, and becaqfe AC is ^ «• *•- 

paraUd to BD, and BC meets 
them, die alternate angles ACB, 
CBD are equal * to one another, 
therefore the two triangles ABC, 
CBD have t^o ang^ ABC, BCA 
in oae, equal to two ang^ BCD, CBD in the other, each to each, 
and one fide BC common to the two triangles, which is adjacent to 
thdr equal angles ; therefore their other fides fliall be equal, each 
to each, and tjie thirdanglc of the one to the third angle of the 
odle^^ viz. the fide AB to the fide CD, and AC toBD, and the fc.»«.t. 
tD^ BAC equal to the angk BDC. and becaufe the angle ABC js 
equal totbe angle BCD, and the angle CBD to the angle ACB; 
the whole ang^e ABD is equal to the whole angle ACD. and the 
<^ BAG has been Aiewn to be equal to the angle BDC; therefore 
the oppofite jQdes and angles of porallelpgrams are equal to oneano- 
ibet. alfe, their cfiuneter bifeds diem, for, AB be*mg equal to 
CD, and BC common; the two AB, BC are equal to the two DC; 
CB^caditoeachs and the angle ABC is equal to die angle BCD ; 

there- 
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Book I. therefore the triangle ABC is equal * to the triangle BCT>, and the 
^^"^^^^^^^^ diameter BC divides the parallelogram ACDB into two equal parts^ 
^*'- (^E. D. 

PROP, XXXV. THEOR. 
s«N. "PARALLELOGRAMS upoQ thc fame bafe and between 
thc fame parallels, arc equal to one another. 

See the »d ^^ ^^ parallelograms ABCD, EBCF be upon the fame baie BC 
tnd 3d Fi-and between the fame parallels AF, BC. the parallelogram ABCD 
pires. fhall be equal to the parallelogram EBCF. 

If thc fides AD, DF of the parallelograms ABCD, DBCF oppo- 
fite to the bafe BC, be terminated in 

the fame point D; it is plain that each ^ T) ^ 

of the parallelograms is double * of the 
triangle BDC ; and they are therefore 
equal to one another. 

But if the fides AD, EF oppofite to 
the bafe BC of the parallelograms ABCD» I 
EBCF be not terminated in the fame 

point ; then becaufe ABCD is a parallelogram, AD is equal * to 

BC ; for the fame reafon, EF is equal to BC ; wherefore AD is 

i. I. Ax. equal ^ to EF; and DE is oonmion; therefore the whole, or thc 

c. ». or 3. remainder, AE is equal ^ to the whole, or ch^ ronaikider DF ; AB 

Ax, dfo is equal to DC ; and the two E A, AB are therefore equal to 



t. 34. 1. 
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D F 
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the two FD, DC, each to each ; and the exterior angle FDC is e^ 
d. »p. f . q«al * to thc interior EAB ; therefore the bafe EB is equal to thc 
bafe FC, and the triangle EAB equal ^ to the triangle FDC. take 
the triangle FDC from the trapezium ABCF, and from the fame 
trapezium take the triangle EAB ; the remainders therefcMX are 
1 3. As. equal f , that is, the parallelogram ABCD is equal to the paralle- 
logram EBCF. therefore parallelograms upon the fame bafe &c 
<^E. D. PR O P. 
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PROP. XXXVI. THEOR. 

T^Arallelograms upon equal bafes and between the 
fame parallels, are equal to one another. 

Let ABCD, EFGH be parallelograms upon equal bafes BC^ 

FG, and between the fame I Tl TP TT 

parallels AH, EG; the -^ ±J MLi rX 

pbiUdognun ABCD is e- 
qual to EFGH. 

JiMn BE, CH ; and bc- 
dufe BC is ^quai to FG, 
and FG to * EH, BC is 
equal to EH; and they 
are parallels, and joined towards the fame parts by the f&aight lliles 
S£, CH. bitt ftraight lines which join equal and parallel ftraight line^ 
towards the fame parts, are themfelves equal and parallel^; there-" k jj. u 
fore EB, CH are both equal and parallel, arid EBCH is a parallelo- 
gram; and it is equal ^ to ABCD, becaufe it is upon the fame bafe c. u* <« 
BC, and between the fame parallels BC, AD. for the like reafon 
the parallelogram EFGH is ^ual to the fame EBCH. therefore alfo 
the parallelogram ABCD is equal to EFGH. Wherefore parallelo- 
grams, &c. Q^E. D. 

PROP. XXXVII. THEOR. 

T^RiAiJcrLEif updn the fame bafe, and between the 
fame parallels, arc equal to one another. 

Let the triangles ABC, I>BC be updn the fanle bafe BC and be^ 
tween the fame parallels AD; «n A T^ * 1}^ 

BC. the triangle ABC is equal *- A Xi 15 

to the triangle DBC. 

Produce AD both ways to 
the points E, F, and thro* B 
draw » BE parallel to CA; 
and thro* C draw CF parallel 
to BD. therefore each of the 
figures EBCA, DBCF is a parallelogram; and EBCA is equal ^ to b. 35. << 
DBCF, becaufe they are upon the fame bafe BC, and between the 
hoc parallels BC, BF j and the triangle ABC is the half of the pa- 

C rallelogram 
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Book I. ralTelogram EBCA, becaufe the diameter AB bifefts * it ; and tlie 
<>rv^^ triangle DEC is the half of the parallelogram DBCF, becaufe the 
c- 34. 1. diameter DC bifefts it. but the halves of equal things are equal «* ; 
i. 7. Ax. therefore the triangle ABC is equal to tjic triangle DBC* Where- 
fore triangles, &c* Q^E. D, 

PROP. XXXVIII. THEOR. 

^T^Rr ANGLES qpon equal bafes, and between the fame 
parallels, are equal to one another. 

Let the triangles ABC, DEF be upon equal bafes BC, EF, and 
fcetween the fame parallels BF, AD. the triangle ABC is equal to 
the triangle DEF. 

Produce AD both Ways to the points G, H, and thro* B draw BG 

«' i«. i. parallel ■ to CA, and thro' F draw FH parallel to ED. then each of 
the figures GBCA^ 
DEFH is a parallelo- 
gram ; and they are 

*• J*- 1- equal ^ to one ano- 
ther, becaufe they 
are upon equal bafes 
BC, EF and between 
the fame parallels BF, 

i. 34^ ». GH ; and the triangle ABC is the half* of the parallelogram GBCA,- 
becaufe the diameter AB bife^Sls it ; aiid the triangle DEF is the 
fialf *^ of the parallelogram DEFH, becaufe the diameter DF bifcfts 

A ?.Ax. it. but the halves of equal things are equal ^; therefore the tri- 
angle ABC is equal to the triangle DEF^ Wherefore triangles, &c. 
qTe. D- 

PROP. XXXIX. tHEOR.r 

'P' QtJ AL triangles upon the fame bafe, and upon the 
-*-^ fame fide of it, are between the fame parallels. 

Let the equal triangles ABC, DBC be upon the fame bafe BC, 
asid upon the fame fide of it ; they are bet\veen the fame parallels. 
Join AD J AD is parallel to BC ; for if it is not, thro* the poinC 
tf. >r. ^^ A draw * AE paraUel to BC, and join EC.^ the triangle AQC is 
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eqnaf*» to the triangje EBC, becaufe it is upon the feme bafe BC!, Book I. 

and between the fame parallels BC, AE. A £jj urvO 

but the triangle ABC is equal to the tri- IV -^= — y \ ^i 371 <i 

angle BDC ; therefore alfo the triangle 

BDC is equal to the triangle EBC, \ /V. \Y\ 

the greater to the lefs, which is im- 

poflible. therefore AE is not parallel 

to BC. in the fame manner it cah be B C 

demonftrated that no other line but A D ' is parallel to B C ; Arf 

is therefore parallel to it. Wherefore equal triangles upon, kci 

Q^E. D. 





PROP. XL. THEOR. 

17 QJJ AL triangles upon equal bafcs, and toWdfds tk4i 
fame parts, are between the fame parallels; . 

Let the equal triangles ABC, DEF be upoti equal bafes BC, EPj 
and towards the feme parts ; 
they are between the fame 
parallels. 

Join AD ; AD is paralld 
to BC. for if it is not, thro* 
A draw • AG parallel to BF, 
and join GF. the triangle -^" 
ABC is equal ^ to the triangle ^ 

GEE, becaufe they are upon equal bafes BC, EF, and berw'een the 
feme parallels BF, AG. but the triangle ABC is equal to the tri- 
angle DEF ; therefore alfo the triangle DEF is equal to the triangle' 

GEF, the greater to the lefs, which is impoffible. therefore AG is 
DOC parallel to BF. and in the fame manner it can be demonffa-ated 
that there is no other parallel to it but AD, AD is therefore parallej 
to BF. Wherefore equal triangles, &c. Q^ E. D. 

PROP. XLI/ THEOR. 

F a parallelogram and triangle be upon the fame bafdy 

and between the fame parallels; the parallelogram iliall 

be double of the triangle. 

C 9 L«t 
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Book I. Let the parallelogram ABCD and the triangje EBC be upoii tb 
Kjry\J fame bafe BC, and between the fame parallels EC, AE ; the paral 
lelogram ABCD is double of the tri- 
angle EBC. 

Join AC ; then the triangle ABC is 

a. 37. I. equal * to the triangle EBC, becaufe 
they are upon the fame bale BC, and 
between the fame parallels BC, A£. 

h, 34* I • but the parallelogram ABCD is double ^ 

of the triangle ABC, becaufe the dia- ^ ^ 

meter AC divides it into two equal . .'^ ^ 

parts ; wherefore ABCD is alfo double of the triangle EBC. there* 
fore if a parallelogram, &c. Q^E, D< 

PROP. XLli. PROB. 

T^O defcribe a parallelogram that (hall be equal to a 
': given triangle, and have one of its angles eqaal to a 

given reftilineal angle. 

Let ABC be the given triangle, and D the given reftilined angle. 
It is required to delcribe a parallelogram that (hall be equal to the 
given triangle ABC, and have one of its angles equal to D. 

Bifeft • BC in E, join AE, and at the point E in the ftraight 
line EC make «> the angle CEF equal to D ; and thro' A draw ^ AG 
parallel to EC, and thro* C draw ^ 
CG parallel to EF. therefore 
FECG is a parallelogram, and be- 
caufe BE is equal to EC, the tri- 

d. ^t. I. angle ABE is Hkcwife equal «» to 
the triangle AEC, fince they are 
/ »pon equal bafes BE, EC and be- 
tween the fame parallds BC, AG ; -^p-^ 1^ 
therefore the triangle ABC is dou- -O X!i 
ble of the triangle AEC. and the paraUelDgram FECG is likewife 

«. 41. X. double * of the triangle AEC, becaufe it is upon the fame bafe, and 
between the fame parallels, therefore the parallelogram FECG is 
tqual to the triangle ABC, and it has one of its angles CEF equal 
to the given angle D. wherefore thore has bceU defcribcd a paralle-* 

Ipgrao^ 

{ 



a. Id. i' 
b. %}. I* 
C. |i. I. 
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t 

logram FECG equal to a given triangle^ABC, having one of Its an- Boo2c I. 
gles CEF equal to the ^ven angle D. Which was to be done. V/VN,^, 

PROP, XLHI. THEOR. 

TTHE complements of the parallelograms which arc 
about the diameter of any parallelogram, are equal 
to one another. 

Let ABCD be a parallelogram, of which the diameter is AC, 
and EH, FG th? parallclo- 
grams about AC, t^t is, thro* 
notieh AC pafe^, and BK, KD 
the other parallelograms which 
make np the whole figure 
ABCD, which are therefore 
called the comjdements. the 
complement BK is equal to 
the axnplement KP. 

Becaufe ABCD is a parallelogram, and AC its di^neter, the tri- 
angle ABC is equal • to the triangle ADC. and becaufe EKHA is a a. 34. »; 
parallelogram, the diameter of which is AK, the triangle AEK is 
equal to the triangle AHK, by the fame reafon, the triangle KGC 
is equal to the triangle KFC. then becaufe the triangk AEK is 
equal to the triangle AHK, and the triangle KGC to KFC ; the tri- 
angle AEK together with the triangle KGC is equal to the triangle' 
AHK together with the triangle KFC. but the whole triangle ABC is 
equal to the whole ADC ; therefore the remaining complement BK 
is equal to the remaining complement KD. Wherefore the comple-^ 
naents, &c. Q^E. D, 

PROP. XLIV. PROB. 
np O a given ftraight line to apply a parallelogram ^ 
which (hall be equal to a given triangle, and have 
one of its angles equal to a given rectilineal angle. 

Let AB be the given ftraight line, and C the given triangle, and ' 
D At given rectilineal angle. It is required to apply to the ftraight 
line AB a parallelogram equal to the triangle C^ and having an angU 
equal to EU 

C J Make 



Bock I. 



THE ELEMENTS 



a. 4%. z. 
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d. XX. Ax 



Make * the 
parallelogram 
BEFG equal to 
^e triangle p 
and having the 
angle EBG e- 
qual to the an- 
gle D, fo that ^ ^-^ ._- . 

BE be in the Jtl ix 

iiiine Jh^ught line with AB, and produce FG to H ; and thro* h 
draw b AH parallel to BG'or EF, and join HB. then becaufe die 
ftraight line HF falls upon the parallels AH, EF, the angles AHF, 
j:. »^. f . HFE are together equal ^ to t\vo right angles ; wherefore the an^e^ 
BHF, HFE are lefler than two right angles, but ftraight lines which 
With an other ftraight line make the interior angles Upon the fame 
• fiJc iefs than two right angles, do meet ^ if produced far enough, 
therefore HB, FE ftiall meet, if produced ; let them meet in K, and 
thro* K draw KL parallel to EA or FH, and produce HA, GB to 
the points L, M. then HLKF is a parallelogram, of which the dia- 
meter is HK, and AG^ ME are the parallelograms about IflC ; and 
LB, BF are the complements ; therefore LB is equal ^ to BF. but 
BF is equal to the triangle C ; wherefore LB is eqi^al to the triangle 
C. and becaufe the angle GBE is equal f to the angle ABM, and 
likewife to the angle D; the angle ABM is equal to the angle D, 
therefore the parallelogram LB is applied to the ftraight line AB, is 
equal to the triangle C, and has the angle ABM equal to the angle D* 
\Vhich was to be done. 

PROP. XLV. PROB, 

^ I ^O defcribe a parallelogram equal to a given reftili- 
neal figure, and having an angle equal ^o a given 
rcftilincal angle. 

Let ABCD be the given re<^^ilineal figure, and E the given refti- 

lineal angle. It is lequirtd to defcribe a parallelogram equal to 

ABCD and having nn am/le equal to E. 

^, 4x. %, Join DB, and cVlci ibt ■ the parallelogram FH equal to the triangle 

ADB, and ha\1ng the angle HKF equal to the apgle E ; and to the 

l>. 44. X. iliuight line GH apply ^ the parallelogram GM equal to the triangle 

DBC 
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DBC having the angle G|HM equal to the angle ,E. and becaufe the Dook I. 
angle E is equal to each of the angles FKH, GHM, the angle FKH 
is equal to GHM; add to each of thefe the angle KHG ; therefore 




G L 



the angles FKH, 
KHG are equal to 
the angles KHG, 

GHM. but FKH, 

KHGare equal- \ / \ "T^ / / / c..,,u 

to two right an- 
gles ; therefore 

alfoKHG.GHM ^ ^ |^ tt v T 

are equal to two -D ^ J^ •"- ■'^ 

ri^t angles, and becaufe at the point H in the ifa^ght line GH, 
the two ftraight lines KH, HM upon the oppofite fides of it make 
the adjacent angles equal to two right angles, KH is in the fame 
ftraight ^ line with HM. and becaufe the ftraight line HG meets ^' '^* '• 
the parallels KM, FG, the alternate angles MHG, HGF are equal <^; 
add to each of thefe the angle HGL ; therefor^ the angles MHG, 
HGL arc equal to the angles HGF, HGL. but the angles MHG, 
HGL are equal ^ to two right angles ; wherefore alfo the angles 
HGF, HGL are equal to two right angles, and FG is therefore in 
the iame ftraight line with GL. and becaufe KF is parallel to HG, 
and HG to ML; KF is parallel ^ to ML, and KM, FL are paral- e. jio..^ 
leb ; wherefore KFLM is a parallelogram. ' and becaufe the triangle 
ABD is equal to the parallelogram HF, aiid the triangle DBC to 
die parallelogram GM ; the whole reflilineal figure ABCD is equal 
to die whole parallelogram KFLM. therefore the parallelogram 
KFLM has been defcribed; equal to the given reftiliheal figure 
ABCD, having the angle FKM equal to the given angle E. Which 
was to be done. 

.. CoR. From this it is m^ifeft how to a given fh-aight line to ap- 
ply a parallelogram, which fhall have an angle equal to a given recti- 
lineal angle, and fhall be equal to a given re^ineal figure, viz. by 
applying ^ to the given fbaight line, a parallelogram equal to the b. 44. 1/ 
firft triangle ABD^ and havtog an angle equal to the given angle. 

C 4 PROP. 
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T U E E I- E M EN T S 

PROP. XLVI. PROB. 
i I ^O defcribe a fquarc upon a g^Tcn ftraighc line. 

Let AB be the given ftrajght line ; it is required to defcribe a 
fquare upon AB. 

From the point A draw ■ AC at right angles to AB ; and make 
*> AD equal to AB, and thro' the point D draw DE parallel ^ to it, 
and thro' B draw BE parallel to AD, therefore ADEB is a paralle- 
logram ; whence AB is equal ^. to DE, and AD to BE, but B A is 
equal to AD ; therefore the four /^ 
ftraight lines BA, AD, DE, EB are e- 
qual to one another, and the parallelo- 
gram ADEB is equilateral, likewife all 
its angles are right angles ; becaufe the 
flraight line AD meeting the parallels 
Ap, DE, the angles BAD, ADE are e- 
qual * to two right angles; but BAD is 
a right angle, therefore alfp ADE is a 
right angle, but the ppppfite angles of 
parallelograms .are equal ^ ; therefore each of the oppofite angle? 
ABE, BED is a right angle; wherefore the figure ADEB is rectangu- 
lar, and it has been demonflrated that it is equilateral ; it is therefor^ 
a fquare, and it is defcribed upon the given ftraight line AB. Which 
was to be done. 

Cor. Hence every parallelogram th^t has one right angle has a!) 
its angles right angles. 
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PROP. XLVn. THEOR, 

TN any right angled triangle, the fquare which is dc- 
fcribed upon the fide fubtending the right angle, i$ 
equal to the fquares defcribed upoi^ Ih^ fides whigh coa7 
tain the right angle, 

^^t ABC be a right angled triangle having the right angle BAC; 
the fquare defcribed upon the fide BC, is equal to the fquares de- 
fcribed upon BA, AC. 
a. 4tf. I. On BC defaibe ' the fquare BDEC, and on BA, AC the fquarea 

GB, 
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b. 31. 1. 
c. 30. X>c£. 



4. 14. I. 



e. X. Ax. 



f. 4. 1. 



PB, HC; and Aro' A draw ^ AL parallel to BD or CE, and joia Book I, 

AD, FC./then becaufe each -of the angles BA0j BAG is a right 

angle*, the two ftraight lines 

ACy AG upon the oppofite 

ikies of AB, pake with it at 

the point A the adjacent angles 

equal to two right angles ; 

therefore C A is in the fame 

ftraight line ^ with AGv^ for 

the dime reafon, AB and x\H 

aie in the fame ftraight line./ 

and becaufe the angle DBC is 

eqcal to the angle FBA, each 

of thtm being a right angle, 

add to each the angle ABC, 

and the whole angle DBA is 

equal * to the whole FBC./ and becaufe the two fides AB, BD are 

equal to the two FB, BC, each to each, and the angle DBA equal 

to the angle FBC ; therefore the bafe AD is equal ^ to the bafe FC, 

and the tiiungle ABD to the triangle FBC.^ now the parallelogram 

BL is double * of the triangle ABD, becaufe they are upon the fame g. 41. i- 

bafe BD, and between the fame parallels BD, AL ; and tlie fquare 

GB is double of the triangle FBC, becaufe tliefe alfo are upon the 

fame bafe FB, and between the fame parallels FB, GC. but the 

doubles of equals are equal *» to one another, therefore the paralle- !»• tf- Ax. 

logram BL is equal to the fquare GB. and in the fame manner, by 

jdning A£, BK, it is demonftrated that the parallelogram CL is 

equal to the fquare HC, Therefore the whole fquare BDEC is equal 

to the two (quares GB, HC. and the fquare BDEC is defcribed 

upon the ftraight line BC, and the fquares GB, HC upon BA, AC. 

wherefore the fquare upon the fide BC is equal to the fquares upon 

the fides BA, AC. Therefore in any right angled triangle, &c. 

ft^E. D. 

PROP. XLVra. THEOR. 

TF the fquare defcribed upon one of the fides of a tri- 

angle, be equal to the fiquares defcribed upon the o- 

ther two fides of it; the angle contained by thcfc two 

fides is a right anglct 

If 
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THE ELEMENTS 

If the fijtiare defcribcd upon BC one of the fides of the triangfe 
ABC be equal to the fquares upon the other fides BA, AC ; the 
angle BAC is a right angle. 

From the point A draw * AD at right angles to AC, and mak^ 
AD equal tp BA, and join DC. then.becaufc DA is equal to AB, 
the fquare of DA is equal to the fquare 
of AB ; to each of thefe add the fquare of 
Ac, therefore the fquares of DA, AC are 
equal to the fquares of BA, AC. but the 
fquare of DC h equal^ to the fquares of DA, 
AC, becaufe DAC is a right angle ; and the 
fquare of BC, by Hypothefis, is equal to the 
fquares of BA, AC ; therefore the fquare of -^ ^ 

DC is equal to the fquare of BC; and there- ^ ^. 

fore alfo the fide DC is equal to the fide BC. and becaufe the fide 
DA is equal to AB, and AC common to the two triangles DAC» 
BAC, the two DA, AC are equal to the two B A, AC ; and the 
bafe DC is equal to the bafe BC ; therefore the angle DAC is er 
qual ^ to the angle BAC. but DAC is a right angle, therefore al£» 
BAC is a right angle. Therefore if the fquare, &c. (^^ E. D/ 
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DEFINITIONS. 

I. 

EVERY right angled parallelogram is faid to be contained bf 
anf two of the ftraight lin^ which contain one of the right 
angks. 

n. 

Id every parallelogram^ any of the parallelograms about a diameterii 
together with die two com- 
plements, is called a Gno- 
mon. * Thus the parallelo- 
'gram HG together with 

* the complements AF» FC 
' is the gnomon , which is 
' more briefly expreflcd by 

* the letters AGK, or EHC 

* which are at the oppofite 
' angles of the parallelograms i^hich make the gnomon.' 

PROP, I. THEOR. 

r there be two ftraight lines, one of which is divided 
into any number of parts; the reftangle contained hj 
the two ftraight lines, is equal to the reAangles contained 
by the undivided line, and the feveral parts of the divided 
line. 
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Let A and BC be two ftraight lines ; and let BC be divided inn^ 
any parts in the points D, E; the reAangle contained by the ftraight 
lines A, BC is equal to the reft- p r> TT /^ 

angle contained by A, BD ; and ** ^ ^ ^ 

to that contained by A, D£ ; and 
alfo to that contained by A, EC. 

From the point B draw ■ BF at 
rig^t angles to BC, and make BG vy 
equal *> to A ; and thro* G draw ^ 
GH parallel to BC; and thro' D, -p 
E, C draw <= DK* EL, CH paral- ' 
lei to BG. then the reftangle B H is equal to the reftangles B K^ 
DL, EH ; and BH is contained by A, BC, for it is contained by 
GB, BC, and GB is equal to A ; and BK is contained by A, BD» 
for it is contained by GB, BD, of which GB is equal to A ; and 
a. 34. 1. DL is contained by A, D^, becaufe DK, that is <* BG, is equ^ to 
A; and in like manner the reftangle EH is contained by A, EC. 
therefore the reftangle contained by A, BC is equal to the fever|l 
reftangles contained by A, BD, and by A, DE, and alfo by A, EG. 
Wherefore if there be two ftraight lines, &c. Q^E. D. 



a. II. X. 

b. 3. I. 

c. 51. X. 




b. 31. 



PROP. n. TllEOR, 

IF a ftraight line be divided into any two parts, the 
reftangles contained by the whole and each of the 
pai-ts^ are together equal to the fquare of the whole line. 

Let the ftraight line AB be divided into 
any two parts in the poii^t C ; the reftangle 
contained by AB, BC together with the 
reftangle * AB, AC ftiall be equal to the 
fquare of AB. 

Upon AB defcribe » the fquare ADEB, 
and thro' C draw*» CF parallel to AD or BE. 
then AE is equal to the reftangles AF, CE ; 
and AE is the fquare of AB ; and AF is the L' 

* K. B. To avoid repeating the word Cmtaified too fce^oendy, the refbnglft 
contained by two ftraight fines AB, AC is fomctimcs fimply called the reaangl^ 
AB, AC. 

reftangle 
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fsfttogie coiitamed by BA» AC ; for it b contained by DA, AC> of Bddk IL 
Which AD is eqoal to AB ; and C£ is contained by AB, BC, for BE vyV>sJ 
IB eqnal to AB. therefore the redlangle ccxitained by AB, AC toge- 
dier with the redangie AB, BC, is equal to the fquare of AB. If 
iherefbre a ffaaight line^ &c. (^E. D, 

PROP. III. THEORi 

IF a ftraight line be divided into any two parts, the 
re^ngle contained by the whole and one of the parts^ 
is equal to the rectangle contained by the two parts, toge* 
ther with the fquare of the forefaid part* 

Let the ftraight line AB be divided* into any two pkts in the 
point C ; the reAangle AB, BC is equal to the refhngle AC, CB 
together with the fquare of BC^ 

Upon BC delcribe * the fquare . -- _ t.4^. m. 

CDEB, and produce ED to F, and A C ; " 

thro' A draw «> AF parallel to CD or p ] h. 31. 1 

BE. then the reftangle AE is equd to 

the refiangles AD, CE; and AE is 

the reftangle contained by A B, B C, 

for it is contained by AB, BE, of which 

BE is equal to BC ; and AD is con- 

luned by AC, CB, for CD is equal to Y 

CB; and DB is the fquare of BC. 

therefore the reftangle AB, BC is equal to the rcftangle AC, CB 

togedier with the fquare of BG^ If therefore a ftraight line, &c. 

^^E. D. 

P R O P. IV. T H E O R. 

IF a ftraight line be divided into any two parts, tlie 
fquare of the whole line is equal to the fquafes of rhd 
two parts, together with twice the reftangle contained by 
the parts. 

Let the ftraight line AB be divided into any two parts in C ; th« 
Iqnare of AB is equal to the fquarcsof AC, CBaad to twice the 

icAangle contained by AC, CB. 

ITpoa 
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Book II. Upon AB deicribe * the {qoare ADEB, and join BD, and duo' 
Onn^ C draw ^ QGY parallel to AD or BE, and thro'G draw HK paraM 

a. 4^. I. to AB or D£. and becaufe CF is parallel to AD, and BD falls upon 

b. 31. 1, them, the exterior angle BGC is equal ^ to the interior and oppo- 
^^^'l' fite angle ADB ; but ADB is equal ^ to the angle ABD, becaufe 

BA is equal to AD, being fides of a fquare; wherefore the angle 
COB is equal to the ahg^ GBC, and i. C^ VL 

e.tf. I. therefore the fide B C is equal * to the — 

1 34. 1, fide CG. but CB is equal alfo ^ to GE, 

and CG to BK ; wherefore the figure ttI ^^V If^ 

CGRB is equilateral, it is likeixdie 
reAangular; for CG is parallel to BK| 
and CB meets them, the angles KBC, 
GCB are therefore equal to two right 
angles; and KBC is a right angle, i--' r £ 

wherefore GCB is a right an^e ; and therefore alfo the angles f 
CGK, GKB oppofite to thefe are i^ht angles^ and CGKB is ledan- 
gular. but it is alfo equilateral, as was demonftrated ; wherefore it 
is a fquare, and it is upon the fide CB. for the fame reaibn HF alfo 
is a fquare, and it is upon the fide HG. which is equal to AC. there- 
fore HF, CK are the fquares of AC, CB. and becaufe the comjde* 

f. 43. 1, ment AG is equal s to the complement GE, and that AG is the 
rectangle contained by AC, CB, for GC is equal to CB ; therefore 
GE is alfo equal to the reAangle AC, CB ; wherefore AG, GE are 
equal to twice the reAangle AC,^ CB. and HF, CE^re the fquares 
of AC, CB ; wherefore the four figures HF, CK, AG, GE are 
equal to the fquares of AC, CB and to twice the reftangie AC, CB. 
but HF, CK, AG, GE make up the whole figure ADEB which is 
the fquare of AB. therefore the fquare of AB is equal to the fquares 
of AC, CB and twice the rectangle AC, CB. Wherefore if a ftrajght 
line, &c. Q^E. D. 

CoR. From the demonffaration it is manifefl, that the paralleIo« 
grams about the diameter of a fquare are like\nfe fquares. 



PROP^ 



OF E U C L ID. 

P R O P. V. T H E O R. 

IF a ftraigiit line be ditided into two equal parts, and 
alfo into two unequal parts ; the rectangle contained 
by the unequal parts, together with the fquare of the line 
between the points of fe^lion, is equal to the fquare of 
half the line. 
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Let the flra^ht line AB be divided into two equal parts in die 
point C, and into two unequal parts at the point D ; the rectangle 
AD, DB together with the fquare of CD, is equal to the fquare 
ofCB. 

Upon CB defirribe* the fqudre CEFB, join B£, and thro' D draw a. 4^. r. 
^DHG paraHei to CE or BF; and thro' H draw KLM paralldi to b. 31. i. 
CB or £F; and alfo thro' A draw AK parallel to CL or BM. and 
becanfe the complement CH ts equal ^ to the complement HF, to c. 43. f . 
each of thefc add DM, a ^ T\ TX 

therefore Ae whole CM » -^ ^ ^ ^ 

equal to the whole DF ; 

bat CM is equal <* to AL, 

becaufe AC is equal to CB; 

therefore alio AL is equal 

to DF. to each of thefe add _ /-^ xt 

CH, and the whole AH is ±i Cx Jt 

equal to DF and CH. but AH Is the reftangle contained by AD,^ 

DB, for DH is equal* to DB ; and DF together widi CH is thee Cor,4»^ 

gnomon CMG ; therefore the gnomon CMG is equal to the reflan- 

gk AD, DB^ to each of thefe add LG, which is equal * to the 

(quare of CD, therefore the gnomon CMG together with LG is equal 

to the redangle AD, DB together with the fquare of CD. but the 

gnomon CMG and LG make up the whole figure CEFB, which 19 

the fquare of CB. therefore the reftangle AD, DB together with 

die fquare of CD is equal to the fquare of CB. Wherefore if a 

firaightline, 8cq. Q^E. D« 
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PROP. VI. THEOR. 

TF a ftraight line be bifeded^ and produced to any point; 
the re£^angle contained by the ^hole line thus produ- 
ced, and the part of it produced, together with the fquare 
of half of the line bifefted, is equal to the fquare of the 
flraight line which is made up of the half and the part 
produced. 

Let the ftraight line AB be Infedted it C» and produced to the 
point D ; the redtangle AD, DB together with the fquare of CB,* 
is equsCl to the fquare of CD; 

a. 4tf. I. Upon CD defcribc * the fquare CEFD, join DE, and thro* B 

b. 31. 1, draw *> BHG parallel to C£ or DF, and dure* H draw KLM parallel 

to AD or £F, and alfo thro* A draw AK parallel to CL or DM. and 

c. 3tf. I. becauie AC is equal to CB, the redangle AL is equal ^ to CH ; but 
A 43. 1. CH is equal <* to HF ; there- a #^ 11 TJ 

fore alfo AL is equal to HF. ^ ^ U MJ 

to dach of thefe add CM» 
therefore the whole AM is c- 
qual to the gnomon CMC. 
^ and AM is the redangle con- 

tained by AD, DB, for DM is 
e. Cor. 4* *• equal * to DB. therefore the 

gnomon CMG is equal to £1 Cj 

the re£bmgle AD, DB. add to 6rch of thefe LG, which is equal n>' 
the fquare of CB ; therefore the reftangle AD, DB together with* 
the fquare of CB is equal to the gnomon CMG and the figure LG* 
but the gnoinon CMG and LG make up the whole figure CEFD^' 
' which is the fquare of CD ; therefore the reAangle AD, DB toge*' 
ther with the fquare of CB, is equal to the fquare of CD.^ Whcre^ 
fore if a ftraight line, &c. Q^E. D. 

PROP. VIL THEOR. 

TF a ftraight line be divided in,to any twcr parts/ the 
-*" fquares of the whole line, and of one of the parts arc 
equal to twice the reftangle contained by the whole and 
that part, together with the fquare of the other part. 

Jjtf, the ftraight line AB be divided into any two parts in the 

point 
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^t 6; the fquares of AB; B C ir6 equal td twice (he feAangle Book IL 
AB; BC togetl^ with the fquare of AC. v^i^nr^ 

Upon AB defcribe * thp fquare ADEB, and ccmftruA the figure a. 4^. i: 
ft ifi the preceeding Propofitlods. add becaufe AG is equal <> to GE, b. 43. 1% 
add loeach of diem CK( the whote AK is therefore equal to the 
liHiokCE; therefor! AK, CE are 
doahk of AK. but AK, CE are the 
gDomoQ AKF together with the fquare 
CK; therefore the gnomon AKF to- 
gefller ^th the (quare Ck is double JtL 
of AK. bot twice the redlangle AB, 



A 
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BCb double of AK, for BK is equal "" 
to BC. therefore the gnomon AKF 
tDgether with the fquare CK is equstl 
to tirice the refbuig^ AB, BC. to 
cadi of thefe equals add HF, whidh ts 

equal to the fquari of AC ; therefore the gnomod AKf together with 
the fqoares CK, HF is equal to tvdce the redahgle AB, BC and the 
iquare <^ AC. bot tile gttqmon AKF together with the fquares CK^ 
HF Oakt up the ifi^hole figure ADEB and CK, which are the 
fijuares of AB and BC. therefore the fquares of AB and BC are 
equal to tvnce the reOangle AB, BC together with the fquare o£ 
AC. Wherdbreifaftraightline, fro, Q^E. D. 

PROP. Vlir. THEORi 

TF t ftfaight lirie be divided into inj two parts, four 
times the re^ngle contained by the whole line, and 
one of the parts^ together with the fquare of the other 
party is equal to the fqoare of the ftraight line which is 
made ap of the whole add that patrt. 

Let die ftraight line AB be divided into any tWo parts in the 
point C ; four times the reAangle AB, BC, together with the fquare 
of AC, is equal to the fquare of the ftraight line made up of AB and 
fiC together. * 

Prepuce AB to D fo that BD be equal to CB, and upon AD de^ 
ficribe the fquare AEFD ; and conftru A two figures fuch as in the 
Becaufe CB is equal to BD, and that CB is equal * to 
and BD to KN; therefore GK is equal to KN. for tlic fame 

D reafgn 



t.Gor.4.i(i 



». J4. 



b. z6. I. 
C. 43- 1. 



r.43* »' 



SO TtlEELEMENlrS 

Book tt. reafon t'R is equal to RO. and i)ecaufe CB is equal to BD» irni, 
GK to KN, the reftangle CK is equal ^ to BN, and GR to RN*. bat 
CK is equal * to RN, becaufe they are the complemeats of the pa«» 
raUeIc^;ram CO ; therefore alfo BN is equal to GR. and the foot 
rectangles BN, CK, GK, RN, are therdfore equal to one another^ 
and fo are quadruple of one of them CK. again^ becaufe CB is equal 

4. Cor. 4^ a. to BD, and that BD is equal ^ to 
BK^thatistoCG; and CB equal 
to GK, that ^ is to GP ; therefore 
' CG is equal to GP, and becaufe 
CG is equal to GP, and PR toRO, 
the reftangle AG is equal to MP, 
and PL to RF. but MP is equal « 
to PL, becaufe they are the com- 
plements of the paralldelogram 
ML ; wherefore AG alfo is equal 
to RF. therefore the four redan* 
gles AG, MP, PL, RF are equal 

to one another, and fo are quadruple of one of them* AG. And if 
was dcmonftrated that the four CK, BN, GRf RN ajre quadniple of 
CK. therefore the eight redangles which contain the gnomon AOH^ 
are quadruple of AK. stnd becaufe AK is the redangle coAtakied by 
AB, BC, for BK is equal to BC ; four times the rcftangfe AB, BC 
is quadruple of AK. but the gnomon AOH was demonftrated to be 
quadruple of AK ; therefore four times the reftangle AB, BC is 
equal to the gnomon AOH. to each of thefe add XH, which t9 

|-Cor,4.».equal <* to the fquare of AC ; therefore four timed the reAangle 
ABy pC together with the fquare of AC is equal to the gnomon 
AOH and the fquare XH. but the ghomon AOH and XH make up 
the figure AEFD Which is the fquare of AD. therefore four times 
the reftangle AB, BC together with the fquare of AC is equal tar 
the fquare of AD, that is, of AB and BC added together in one 
ftraight line^ Wherefore if a ftraight Hue, &c. Q:,E. D. 
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PROP. IX. THEOR. 

TF a ftraight line be divided into two equal, and alfo 
X into two unequal parts ; the fquares of the two une^ 
qual parts, are together double of the fquare of half the 
line, and of the fquare of the line between the points of 
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Let the ffaalght line ABbe divided at the point C Into two equal; 
^d at D into two unequal parts, the fquafed of AD, DB are to- 
other double of the fquares of AC, CD. 

From the point C draw ■ CE at right angles to AB, and make it ■. ti. it 
tqnal to AC or CB, and join EA, EB ; thro' D draw ^ DF parallel b. 31. ii 
to CE, and thro' t draw FG parallel to AB ; and joiiit AF. then 
becaufe AC is equal to CE, the ^gle EAC is equal ^ to the angle *• i- '• 
AEC ; and becaufe the angle ACE is a right angle, the two others 
A£C; EAC together make one right angle ^ ; and they are equal to ^^ 3i« ^* 
ODC another; each of them therefore is half of a right angle, for 
the £une reafon each of the angled ^. 

CEB, EBC is half a right an- * E 

gle ; and therefore the whole AEB 
is a right angle, and becaufe the 
angle GEF is half a right an- 
gky and EOF. a right angle, for It 
is equal * to the interior and oppo- A 
lite angle ECB, the remaining an- 
gle E F G is half d right angle ; therefore the angle G E f fe equal 
to the angle EFG, and tfie fide EG equal f to the fide»GF. again, i. 4, it 
b6caafe the anfgle at B is half^ right angle^ and FDB a right an- 
gle, for it is equal ^ to the interior and oppofite arfgle fiCB, the re- 
maining angle BFD is half a right angle ; therefore the angle at, 
B is equal to the angle BFD, and the fide DF to ^ the fide DB. and 
becaufe AC is equal to CE, the fquare of AC h equal td the fquare 
erf" CE ; therefore the fquares of AC, CE arc double of the fquare of 
AC, but the fquare of EA is equal ^ to the fquares of AC, CE, be-' g. 47. i, 
tanfe ACE is a rq^ht angle; therefore the fquare of EA rs double 
cf the fquare of AC. again, becaufe EG is equal to GF, the fquare 
of EG is equal to the fquare of GF ; therefore the fquares of EG^ 
G F sore double of the fquare pf G F ; but the fquare of E F is c- 

D^ 2 qual 
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Book it. qual to the fquares of EG, GF ; therefore the fquareof EF is 

v^v>k^ double of the fquare GF. and GF is equal ^ to CD ; therefore thfli 

h. 34. !• fquare of EF is double of the 

fquare of CD. but the fquare of £ 

A£ is likewife double of the fquart 
of AC ; therefore the iquares of 
AE, EF are double of the fquares 
of ACy CD. and the fquare of 

g. 47. 1. AF is equal « to the fquares of jjT 
AE, £F becaufe AEF is a. right 
angle } therefore the fquare of AF is double of the iquares of AC, 
CD. biit the fquares of AD, DF are equal to the iquare of AF,^ 
becaufe the angle ADF is a right angle; therefore the fquares of 
AD, DF are double of the fquares of AC, CD. and DF is equal 
to DB ; therefore the fquares of AD, DB are double of the fquares 
of AC, CD. , If therefore a ftra^ht line, &c. Q^^ E. If. 

PROP. 3C. THEOR. 

IF a ftraight line be bifefted, and produced wznj pointy 
the fquare of the whole line thus praduced, and the 
fquare of the part of it produced afe together double of 
the fqtiare of half the line bifcAed, and cf the fquare of 
the line made up of the half and the part produced. 

r 

Let the ftraight line AB be bifeAed in C, and produced to tlie 
point D ; the fquares of AD, DB are double of the fquares of AC, 
CD. 
tf. I i. I . From the point C draw * C£ at right angles to AB, and make it 

b. 31. 1, equal to AC or CB, and join AE, EB ; thro' £ draw »> EF parallel 

^ to AB, and thro' D draw DF pandlel to CE. and becaufe the 
ftraight line EF meets the parallels £C, FD, the angles CEF, EFD 

c. 19* I* are ^qual ^ to tWo right angles ; asid therefore the angles BEF, EFi) 

are lefs than two right angles, but ftraight lines which with ano- 
ther ftraight line make the interior angles upon the fame fide lefs 

i ri. Ax. than two right angles, do meet ^ if produced far enough, therefore 
EB, FD (hall meet, if produced, toward BD. let them meet in G» 
and join AG. then becaufe AC is equal to C£, the angle CEA is 

e. s. r. equal ^ to the angle £AC ; aftd the angle ACE is a right angle ; 

; ii. X. therefore each of the angles CEA, EAC is half a right angle ^. fbr 

the 
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Aefiune ieafoo» each of the angles CEB, EBC is half a right Book lu 

UD^ ; therefbre A£;B Is a right angle, and becauie EBC is half a k^^^w^kJ 

xig^t aog^y DBG is alfo ^ half a right anglcy for they are vertical- f* >i- >• 

If oppofite; bnt BDG is a right angle, becauie it is equal ^ to the ^- *9. i. 

idtenate ang^ DCE ; therefbre the remaining an^eDGB is,half a 

ri^t ang^ and is therefore equal to the angle DBG ; wherefore 

aljb die fide BD is equal i to the fide DG. ag^In, becaufe EGF is g- ^' i* 

half a right ang^, and 

that the ang^e at F is a £ 

i^t an^ becanfe it is 

equal i> to the oppofite 

aag^ ECD» the remain- 

ir« aog^ FEG is half a 

a r^t angle, and equal 

to theangle EGF ; where- 

five alfo the fide GP is 

equal < to the fide FE. And becaufe EC is equal to'CA, the fquare 

of EC is equal to the fquare of CA ; therefore the fquares of EC, 

CA are double of the fquare of CA. but th^ fquare of £A is equal > i- 47. it 

to die fquares of EC, CA ; therefore the fquare of EA is double of 

the (qcaare of AC. again, becaufe GF is equal to FE, the fquare of 

GF is equal to the fquare of FE ; and therefore the fquares of GF» 

FE are double of the fquiu« of EF. but the fquare of EG is equal > 

to the fquares of GF, FE ; therefore the fqu^ of EG is double of 

the fquare of EF. and EF is equal to CD, wherefore the fquare of 

EG is double of the fquare of CD. but it was demonfbatcd that; 

the fquare of EA is double of the fquare of AC; therefore the fquares 

of AE, EG are double of the fquares of AC, CD. and the ^uare 

of AG is equal > to the fquares o[ AE, EG ; therefore the fquare i- 47. i« 

eC AG b double of the fijuares of AC, CD, but the fquares of 

AD, DG are equal > to the fquare of AG; therefbre the fquares of 

AD, DG are double of the fquares cS AC, CD. but DG is equal 

toDB ; therefore the fquares of AD, DB are double of the fquaresi 

tfAC^CD. Wha:ef<nifafii:atghtline,&c. Q^E. D. 
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TO divide a given ftraighi line into two parts, fo thaf 
the reftangle contained by the whole, and one of 
the parts, (hall be equal to the fquare of the other part. 

Let A B be the given ftraight line ; it is required to divide it 

into two parts, fo that the rectangle contained by the whole, and 

one of the parts, (hall be equal to the fquare of the other part. 

Upon AB defcribe • the fquare ABDC, bifeft »> AC in E, and 

*°- ■• join BE ; produce CA to F, and make ^ EF equal to EB ; and upon 

^* '• AF defcribe * the fquare FGHA, and produce Gti to K. AB is di^ 

vided in H fo, that the rectangle AB, BH is equal to the fquare 

of AH. 

Becaufc the ftraight line AC is bifeAed in E, and produced tq 
the point F, the reftangle CF, FA, together with the fquare of 
AE, is equal ^ to the fquare of EF. but-EF is equal EB ; therefore 
the reftangle CF, FA, together with c« j-t 

the fquare of AE is equal to the fquare r— — — • 
of EB. and the fquares of BA, AE are 
I. equal * to the fquare of EB, becaufe the 
angle EAB is a right angle ; therefore A 
the reftangle CF, FA, together with 
the fquare of AE is equal to the fquares 
of BA, AE. take away the fquare of X] 
AE, which is common to both, there- 
fore the reniaining redlangle CF, FA is 
equal to the fquare of AB. and the fi- 
gure FK is the reftangle contained by 
CF, FA, for AF is equal to FG; and 
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AD is the fquare of AB ; therefore FK is equal to AD. take away 
the common part AK, and the remainder FH is equal to the re^ 
mainder HD. and HD is the reftangle contained by AB, BH, for 
AB is equal to BD ; and FH is the fquare of AH. therefore the 
reftangle AB, BH is equal to the fquare of AH. wherefore the 
ftraight line AB is divided in H, fo*that the reftangle AB, BH is 
equal to the fquare of AH. Which was to be done. 

PROP. 
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Book II. 
PROP. Xn. THEOR. K.^rysj 

TN obcufe angled triangles, if a perpendicular be drawn 
^ from any of the acute angles to the oppoiite lide pro- 
duced, the fquare of the fide fubtendihg the obtufe angle, 
is greater than the fquares of the fides containing the ob^ 
tafe angle, by twice the reAangle contained by the fide 
apon which when produced the perpendicular falls, and 
the ftraight line intercepted without the triangle between 
the perpendicular and the obtufe angle. 

Let ABC be an obtufe angled triangle, having the obtufe aiigl^ 
ACB, and from the point A let AD be drawn * perpendicular to EC a. is. t • 
produced, the fquare of AB is greater than the fquares of AC, CB 
by twice the reftangle BC, CD. 

Becaufe the ftraight line BD is divided into two parts in the point 
C, the fquare of BD is equal ^ to b. 4. «.' 

the fquares of BC, CD, and twice A 

the reftangle BC, CD. to each of 
theie equals add the fquare of DA ; 
and the fquares of BD, DA are equal 
to the fquares of BC, CD, DA, and 
twice the reftangle BC, CD. but 

the fquare of BA is equal * to the y^ / c. 4y. t ; 

iquares of BD, DA, becaufe the 'O 
angle at D is a right angle ; and the 

iqoare of CA b equal ^ to the fquares of CD, DA. therefore the 
Iquare of BA is equal to the fquares of BC, CA, and twice the 
refbog^e BC, CD ; that is, the fquare of BA is greater than the 
fquares of BC, CA, by twice the reftangle BC, CD. Therefore ia 
obtufe angled triangles, 8cc^ Q^E. D. 
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THE ELEMENTS 

PROP. Xm. THEOR. 

JN every triangle the fquare of the fide fubtending anjr 
of the acute angles, is lefs than the fquares of the 
£des containing that angle, by twice the redangle con* 
gained by either of thefe fides, and the ftraight line inter- 
cepted between the perpendicular let fall upon it from the 
oppofite angle, ^Qd the acute angle. 

Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC one of the fides cont^ing it let fall the perpen«- 
diciilar * AD from the oppofite angle, the fquare of AC oppofite to 
the angle B, is lefs than the fquares of CB, BA by twice th^ reflan*- 
gle CB, BD. 

Firft, Let AD fall within the triangle ABC ; and becaufe th^ 
flmght line QB is divided into two 
parts in the point D, the fquares of 
CB, BD are equal *> to twice the 
reftangle contained by CB, BD, 
apd the fquare of DC. to each of 
thefe equals add the fquare of AD, 
iherefore the fquares of CB, BD, 
PA are equal to twice the refhm- 
gleCB, BD, and the fquares of. 
AD, DC. but the fquare of AB b 

equal ^ to the fquares of B D, D A, becaufe the angle BDA is a 
tight angle ; and the fquare of AC b equal to the fquares of AD, 
DC. therefore the fquares of CB, BA are equal to the fquare of 
AC, and twice the redangle CB, BD ; that is, the fquare of AC 
alone is lefs than the fquares of CB, 9A by twice the refb^le 
CB, BD. 

Secondly, Let AD fi|ll witb-r 
out the triangle ABC. then bc-r 
piufe the angle at D is a right an- 
gle, the angle ACB is greater ^ than 
a right angle ; and therefore tjie 
fquare of AB is equal^to the fquares 
of x4.C, CB and twice the reAangle 
BC, CD. to thefe equals add the 
fquare of BC, and the fquares of 
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AB, BC are equal to the fquare of AC. and twice the Iqtifrf c^ Bo^k XL 
BC, and twice die reAangk BC, CD. but becaufe BD it divided V^vrVi 
into two parts in C, the reAangle DB, BC is equal ^ to the leffam* f. 3. »« 
^ BC, CD and the Iquare of BC. and the doubles of ^hefe are 
equal, therefore the fquar^ of AB, BC are equal to the fqi;9tre of 
AC| and twioe the re^huigle DQ, BC. therefore the fquare of AC 
alone, is left than the fquares of AB, BC, by twice the reAangle 
DB, BC. ^ . 

LafUy, Let the fide AC be perpendicular to -**• 

BC ; thm b BC the ftraight line between the per» 
pendidilar apd tbe acute angle atB. and it is ma* 
mfeft that the fquares of AB, BC are equal ^ to 
the fquare of AC, and twice the fquare of BC^ 
Therefore in every triangle, &Ct Q^E. D, 
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PROP. XIV. PROB, 

TO defcribe si fquare that fiuU be equal to a given sce k* 
refill neal figure. 

Let A be the g^veq reftillnealfigure; it is required to defcribe 
a fquare that (hall be equal to A. 

Defcribe* the reAangular parallelogram BCDE equal to the re£ti<- 1.45.1. 
Bocal figure A. If then the fides of it BE, ^D are equal to one.ano- 
tfaer, it is a fquare, 
and what was re- 
quired is now done, 
bat if they are not 
equal, produce one 
cf them BE to F, 
and make EF equal 
to ED, and bifeft 
BP in G; and fixxn the center G, at the diflai|ce GB or GF de< 
ibribe the iemicircle BHF, and produce DE to H, and join GH. 
therefore becaufe the ftraight line BF is*divided into two equal parts 
in the point G, and into two unequal at E, the reAaogle BE, EF, 
together \nth the fquare of EG, is equal >> to the fquare of GF. but b. s*^* 
GF is equal to GH ; therefore the reftangle BE, EF, together with 

tbe fquare of EG; is equal to the fquare of GH. but the fquares 

of 
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of HE, EG arc equal * to* the fquare of GH. therefore the reAangfo 
BE, EE together with the fquare of EG is equal to the fijuares of 
c. 47> 1. HE, EG. take a- 
way the fquare (^ 
EG, which is com- 
mon to both ; and 
the remaining reft- 
angle BE, EF is e- 
qual to the fquare 
of EH. but the 
refhuigle contained by BE, EF is the parallelogram BD, becaufe 
£F is equal to ED ; therefore BD is equal to the fquare of EH^ 
but BD is equal to the reftilineal figure A ; therefore the reftilineal 
figure A is equal to the (quare of EH. wherefore a fquare has beei^ 
made equal to the given reftilineal figure A^ viz. the fquare defcri-^ 
bed upon EH. Which was to be done. 
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DEFINITIONS. 

I- 

EQU A L drdes are thofe of which the diameters ane eqnai, ot 
I from the ceqters of vliich the ftraight lines to the drcnmfe^ 
rcDces are equal. r 

* Thb is i^ot a Definidon but a Theorem, the truth of which is 

* evident ; for if the drcles be applied to one another, fo that their 
' centers coindde, the drdes mufi: likewife coindde, fipce the 

* ftraight lines from their centers are equal/ 

n, 

A ftraight line is iaid tp touch 9 
drde, when ^t meets the dr- 
de and being produced doef 
not cut it. 

Cirdes are (aid to touch one 

another, which meet but do 

not cut one another, 
IV. 
Straight lines are (aid to be equally diftant 

from the center of a drde, when the 

perpendiculars drawn to them from the 

center are equal. 

And the ftraight line on which the greater 
perpendicular hil$, is £ad to be farther 
from the cdita« 

VI. A 
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BookllL VI. 

\%^\fs^ A {egODtnt of a drde is the figure con- 
tained by a flraight line and the dr- 
comference it cats off. 

VJI. 




it 



The angle of a (cgaysat is that which is contained by the ftraight 

'* line and the drcumference." 

Vffl. 
An apg^e in a fe^ent is the angle con- 
tained by two ftraight lines drawn 

from any point in die circumference 

of the {figment, to the extremities of 

the ftraight line which is the bafe of 

the lament, 

IX, 
Andan ang^ is iaid to infift or fland 

upon the drcumferenoe intercepted be- 

tween the ftraight lines that contain 

die angjle. 



The feftor of a drcie is the %u:e con- 
tained by two flraight lines drawn from 
the center, and the qrcumferea^ be- 
tween thou* 

XL 





Similar foments of a circle, 
are thoie in which the an- 
gles are equal, or which 
contain equal ang^. 




PROP, I, PROB. 
■T'O find the center of a given circle. 

Let ABC be the g^ven circle; it is required to find its ceRterK 
k. 10. X. Draw within it any fbaight line AB, andUfeft^it in Dv ftom 
b. II. I. the point D draw ^ DC at right angles to AB, and produce it to.E, 

aad bifeft C£ in F. the poim F is the ceata of the ciidc ABC. 

For 
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For if it be not, let, if poffiblcy G be the center, and join G A, Book III. 
QDy GB. then becaufe D A is equal to D B, and DG common 
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to the two triangles ADG, BDG, the 
two fides AD, D G are equal to the 
twp BD, DG, each to each ;, and the 
bafe GA is equal to the bafe &B, be- 
caufe they are drawn from the center 
G *• therefore the angle ADG is equal * 
tb the angle GDB. but when a ftraight 
line ftanding upon another ftraight line, 
Biakes the adjacent angles equal to one 
another,each of the angled is k right an- 
^e «. therefore the angle GDB is a right angle, but FDB is like- <L to.Dcr.t , 
%ij(e a rigbt angle; wherefore the angle FDB is equal to tht angle 
GDB, . the greater to ^e lefs, which is impbflible. theitfoits G ia 
not the center of the drde ABC. in the fame manner it can be 
fliewn« that no other point but F is the center; that is, F is the cen- 
«b* of the ciide AfiC. Which >^ to be found. 

Ct>tt. From this it is manifeft, that if in a drde a ftraight line bi- 
left another at right angles, the center of the drde is in the line 
iirhich blfeAs die other. 

P R O P. n. T H E O R. 

It any two points be takien in the circumference of a 
circle, the ftraight line which joins them ihall fall 
Within the circle. 

Let ABC be a di^de, add A, B any tWo points in the drcomfe- 
rdboe; the ftnught line drawn from A to 
B (hall fall within die drde. 

For if it do not, let it fall, if pofGble, 
without, as A£B; find * D the center of 
the drde ABC, and join AD, DB, and 
produce DF any Ibaight line meeting the 
circumference AB, to £. then becaufe DA 
is equal to DB, the angle DAB is e- 
qoal^ to the ang^c DBA; and becaufe 

• K. B. Whtoever the expttffion •• ftraight linct from the center" or " drawn 
** Iran the center'' occurs, it It to be underftood that they are drawn to the cir- 
CQoifcrciicc* 

— - * AE 
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Book lit. AE a fide bf the triangle DAE is produced to B, the angle DEB i^ 

i,^^>r\j greater ^ than the angle DAE; but DAE is equal to the ^ngle DBE^ 

c. i5. 1, therefore the angle DEB is greater than the angle DfiE. but to the 

i. ip. I. greater angle the greater fide is ot>ponte ^ ; DB is therefore ^eater 

than DE. but DB is equal to DF; wherefore DF i^ greater thaa 

DE, the lefs than the greater; which is isfpoflible. therefore the 

ftraight line drawn from A to B does not fall without the cii'cle. in 

the fame OK^ner, it may be demonftrated that it does not fall upont 

the circumference, it falls therefore iKithin it. Wherefore if any 

two points^ &c. Q^E. Di 
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PROP. in. THEOR. 
T a ftraght line drawn thro* the center of a. circle, bi- 
feft a ftraight line In it which does not pafs thro' the 
tenter, it fhall cut it at right aingles. and if it cuts k at 
right angles, it fhall bifefi it. 

Let ABC be a circle ; and let CD a fhaight line drawn thro' 
the center bifeA any ffan^ht line AB, which does not pafs thro' 
the center, in the point F. it cuts it alfb at right angles, 
i. t. |i Take * E the center of the circle, and join EA, EB. then be- 
eaufc AF is equal to FB, and FE common to the two triangles AFE,- 
BFE, there are two fides jn the one equal to two fides in th^ other/ 
and the bafe E A is equal to the bafe EB ; 
k 8. 1, therefore! the angle AFE is equal ^ to the 
angle BFE. but when a flrarght line 
Aanditig upon another makes the adjacent 
angles equal to one another, each of them 
^lo.Dcf'.i.is a right * angle, therefore each of the 
angles AFE, BFE is a right angle ; where- 
fore the ftraight line CD drawn thro* the 
■f center bifefting another AB that does not 
- pafs thro' the center, cuts the fame at 
light angles. 

But let CD cut AB at right angles ; CD alfo bifefts it, that Is, 
AF is equal to FB. 

' The lame confbniftJon being made, becaufe EA, EB from the 

d. $• '• center are equal to one another, the angle EAF i3 equal ^ to the 

angle EBF ; and the right angle AFE is equal to the right angle 

BFE. therefore in the two triangles EAF, EBF there arc two an- 
gles 
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O F t V C L I IJ. 63 

0e& m ooe equal to two angles in the other, and the fide EF vrhlc^h BookllL 
Is oppofite to one of the equal angles in eachj is common to both; 
therefore the other fides are equal % AF therefore is equal to FB. 
Wherefore if a Araight line^ &c. Q^E. Di 

* 

|» R -0 p. IVi T H E O R. 

t 

IF in a circle two ilraight lines cut one another tcrhich 
do not both pafs thro' the center, they do not bifeft 
each the otiien 

Let ABCD be a circle, and AC, 6D tiwro ftraight lines in it 
ti^ch cut one another in the point £, and do not both pafs thro* 
the center. AC, BD do not UfeA one another. 

For, if It is poffiblei let AE be equal to EC, and BE to ED. if 
ooe of the lines pafs thro' the center, it is plain diat it cannot be hi- 
footed by the other which does not pafs 
xhT& the center, but if neither of them 
pafs dux>' the center, take ' F die cen- 
ter of the circle, and join EF. and be* 
caufe F£ a ftraight line thro* the cen- 
ter, hikds another AC which does 
not petfs thro' the center, it (hall cut it 

at rig^t^ angles ; wherefore FE A is a **^ .?^<^.^_^..-^^ ^ fc. 3.3^ 
ri^t angle, again, becaufe the ftraight 

fine FE bifeds the ftraight line BD which does not paif^ thro* the 
center, it ftiall cut it at right ^ angles ; wherefore FEB is a right 
m^le. and FE A was ftiewn to be a right angle ; therefore FEA if 
equal to the angle FEB, the lefs to the greater, which is impof* 
fible. therefore AC, BD do not bOkA one another. Wherefore if 
in adrdc, &c. Q^^E. D- 
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t\7o circles cut one another, they fliall not hare the 
fame center 



Let the two arde^ ABC, CDG cut one another in the points 

^, C; they have not the fame center. 

For, 



. I 
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BooicUL i*i^, if it be poffihie, let E be their tenter; jcnn EC; and ^^ 
any ftratght line EFG meedng 



them in F and G. and becaufe E 
b the center of the drde ABC» 
C£ is equal to EF. again, becaufe 
E is the center of the drde CD6, 
CE is equal to EG. but C£ was 
ihewn to be equal io EF; there- 
fore EF is equal to EG, the lefs 
tb the greater, which is imp6ffi- 
bk. therefore E is not the cen« 
terof diedrdes ABC, CDG. 
<^E. D/ 




Wherefore if two 



&c. 



PROP. VI. THEOR. 

« ... 

TF two circles touch one another intemallj, they ihall not 

hate the fame center. 

Let the two drdes ABC, CDE touch one another imemally inr 
die point C. they have not the fame center. 

Tor if they can, let it be F ; join FC, and draw any ftraighf 
line FEB meetiDg them in E and B. 
and becaufe F is the center of the 
drde ABC, CF is equal to FB. dfo 
becaufe F is the center of the drdt 
CDE, CF is eqod to FE. and CF 
was (hewn equal to FB;* therefore 
FE iB equal to FB, the lefs to die 
greater,' which is isqiofEble. * where* 
ton F Is not the center of the order 
ABC, CDE. Thatfbie if two drdcs, &c. Q£.E. D. 
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PROP. Vn. THEOR. 

|F any point be taken in the diameter of a circle, lirhich 
^ is not the center, of all the ilraight lines which can b^ 
drawn frotn it £o the circumference, the greateft is that 
in which th^ center is, and the othfeV part df th^i diaifieter 
is the leaft ; and of any others, chat which is nearer to the 
line which pafles thro' the center is always greater than 
one mofe remote, and from the fame point there can bet 
dfa^m cmly two ftraight lln^s that are equal to one ano^ 
dier, one upon each fide of the fhorcefl: linei 

Lei ABCD be ^ cirde, and AD its cliameter, in i^hich kt dfiy 
point F be taken which is not the center, let the center be £ ; df- 
all the ftraight lines FB, FC, FG, &c. that can be drawn from F 
to the drcumfcreneej FA is the greateft, and FD the otlier part of 
the (Bameter AD is the leaft ; and of the others, FB Is greater than' 
FC, and FC than FG. 

Join BE, CE, GE ^ and becaufe two fides of a triangle are 
greater * than the tKird, BE, EF are greiter than BF ; but AE is 
equal to EB, therefore AE, EF, that 
is AF, is greatct than BF. again, be* 
canfe BE is equal to CE, and FE 
commoD to the triangles BEF, CEF^ 
the two fid«8 BE, EF are equal to 
the two CE, EF ; but the angle 
BEF is greater than tte angle CEF, 
therefore the bafe BF is greater ^ than 
the bafe FC. for the fame reafon, 
CF is greater than GF. again, be- 
caufe GF, FE arc greater • than EG, and EG is equal to ED; 
dff FE are greater than ED. take away the common part tE, 
and the remainder GF ts greater than the remainder FD. there- 
fere FA is the greateft, and FD the leaft of di the ftraight lines 
from F to the circumference; and BF is greaiter than CF, and CF 
AanGF. 

Alfo there can be drawn only tWo equal ftraight lines from the 
poiilt F to tht circumference; one upon each fide of th<? ftiorteft line 

" * E ro. 
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Book HI. FD. atthe pointEin the ftraight line EF, mike ^ die ai^ FEH 
equal to the angle G E F, and join 
FH. then becaufe G£ is equal to 
EH, and EF ccxnmon to the two tri- 
aagles GEF, HEF ; the two fides 
G£^ EF are equal to the two HE^ 
£F; and the angle GEF i$ equal to 
the angle HEF, therefore the bafe 
FG is equal «» to the bafe FH. but 
befides FH no other ftraight line can 
be drawn from F to the circumfe^ 

rence equal to FG. fer if there can, Ut it be FK, and becaufe F£ 
isequaltoFG, andFG to FH, FKis eqqal to FH, that i$, a line 
hearer to that which pafles thro* the center is equal to one which 
is more remote ; which is impoflible* Therefore If any pcnot be 
taken, &c. Q^^E. D. 

PROP- Vim THEOR. 

IF any point be taken without a circle, and ftraight Hnes 
be drawn frorm it to the circumference, whereof one 
paffes thro' the center; of thofe which fall upon the cpn- 
ca?c circumference the greateft is that which paffes thro* 
the center ; and of the reft^ that which is nearer to that 
thro' the center is always greater than the more remote. 
1>ut of thofe which fall upon the convex circumference, 
the lead is that between the point without the circle, and 
the diameter; and of the reft, that which is nearer to the 
leait is always lefs than the more remote, and only twa 
equal ftraight lines can be drawn from the point iinto the 
drcumfercnce^ one upon each fide of the leaft. 

Let ABC be a circle, and D any pomt without it, from which 
kc the ftnsught lines DA, DE, DF, DC be drawn to the drcumfe* 
fenceyWhereof DA pafles thro' the center, of thofe which fall upoa 
ike ccxxavc part of the circumference AEFC, the greateft is AD 
which pafles thro^ thecenter> and the nearer to it b always greater 
than iiyt more remote, nz. DE than DF, and DF than DC. bnt 

«f fibo& which £a]l upoa the (ofita grciunftraioe JUSiQu the kaft 
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U DG between the p(»Dt D and the diameter AQ ; and the nd^ef Book III. 
io it is always k& (haa the more remote, viz. DK than DL, and >^^Vs^ 
DLthanD'H. 

Take • M the center of the cirde ABC, lind join ME, MF, MC, «. i. 3- 
MK, ML» MH. and becaufe AM is equal to ME, add MD to each, 
therefore AD is equal to £M, MD; but EM, MD are greater ^ than b«so.ii 
£D, therefore aifo AD is greater th^ ED. again, becaufe ME is 
iqoal to MF, and MD common to th^ triailgles EMD, FMD} EM^' 
MO *e equal to FM| MD; but the _ 

ang^ EMD is greater than the an- 
-|^e FMD, therefwe thebafe ED 
h greater ^ than the bafe FD. in 
like manner it may be (Kewh that 
FD IS greater than CD. therefore 
DA I^ the greaoeft ; and DE greater 
than DF, and DF than DC* and be- 
caufe MK, ED are gieater ^ than 
MD, and MK is equal to MG, the 
remainder KD is greater <> than the q 
tcmainder GD, that is, GD isHs 
thanKD. and becaufe MK, DK are 
drawn to the point K within the tri-^ 
aog^ MLD from M, D the ex- 
tremities of its fide MD ; £lK, KD 

are lefs * than ML, LD, whereof e. *^. <; 

ME b equal to ML^ therefore the remainder PE is lefs tlian the re- 
mainder DL. in like manner it may be fhewn that DL is lefs than 
DH. therefore DO is the leaft, and DK lefs than DL, and DL thaii 
DH. Alfo there can be drawn only tvTo equal ftrah^ht lines from 
file jxnot D to the circumference, one upon each (ide of the leaft. at 
the point M in the ftraight line MD, make the angle DMB equal to 
fte an^ DMK, and join DB. and becaufe MK is equal to MB, and 
MD coihmon to the triangles KMD, BMD, the two fides KM, MD 
te equal to the two 6M, MD ; and the angle KMD is equal to the 
ang^ BMDi therefore the bafe DK Is equsl ^ to the bafc DB. but f. 4- ^i 
befides DB there can be no ftraight line drawn from D to the ctr- 
comference equal to DK. for if there can, let it be DN ; and be- 
caufe DK is equal to DN, and alfo to DB, therefore DB is equal to 
pN, that is the nearer to the lead equal to the more remote, wlucb 
ii impolEble. If therefore any pointy &c. Q^ E. D. 

E 'I PROP. 
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PROP. IX. THEOR. 

IF a point be taken within a circle, from which there 
fall more than two equal ftraight lines to the circum*^ 
ference, that point is the center of the circle. 

Let the point D be taken within the drcle ABC, fix)m which to 
the circumference there fall more than two equal ftraight lines, viZi 

DA, DB, DC. the point D is the center of the drdcj 
For if not, let E be the center, 

join D£ and produce it to the cir- 
cumference in F, G ; then FG is a 
diameterof the circle ABC. andbe- 
caufe in FG the diameter of the 
circle ABC there is taken the point 
D which is not the center, DG (hall 
be the greateft Une from it to the 
circumfereoce, and DC greater ^ than 

DB, and DB than DA. but they 
are likewife equal, which is impoffible. therefore E is not the cen-^ 
ter of the circle ABC. in fike manner it may be demonftrated that 
no other point but D is the center ; D therefore is the centers 
Wherefore if a point be taken, &c, C^E. D. 




o 



PROP. X. THEOR. 

N£ circumference of a circle cannot cut another m 
more than two points* 



If it be poffible^ let the drcumfe- 
rence ABC cut the circumference 
DEF in mwe than two points, viz. in 
B, G, F ; take the center K of the 
circle ABC, and jam KB, KG, KF. jg 
and becaufe within the circle DEF 
there is taken the point K from which 
to the circumference DEF fall more 
than two equal ftraight lines KB, KG, 
KF; the point E is * the canter of the 




circle 
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tilde DEF. but K is alio the center of the circle ABC ; therefore Book III. 
the fame point is the center of two circles that cut one another, v^#<v%^ 
which is impoffible ^. Therefore one circumference of a circle can* b. s • 3- 
•ot cut another in more than two points. Q^£. D. 

PROP. XI. THEOR. 

TF two circles touch each other internally, the ftraight 

'^ line which joins their centers being produced ihall - t 

pafs through the pomt of contad. 



Let the two drdes ABC, ADE touch each other internally in 
Ae point A, and let F be the colter of the circle ABC, and G the 
ceater of die circle ADE. the ftraight 
fine vhicfa joins the centers F, G be* 
mg produced pailes thro' the point A. 

For if not, let it fall otherwife, if 
pofliUe, as FGDH, and join AF, AG. 
and becanfe AG, GF are greater * 
than FA, that is dian FH, for FA is 
equal to FH, both bdng from the 
tmc center; take away the common 
part FG, therefore thetenuunder AG 
is greater than the remainder GH. but AG is equal to GD, there^ 
fore GD is greater than GH, the lefs than the greater, which is im- 
poffible. therefore the ftraight line which joins the points F, G 
cannot fall otherwife than upon the point A, that is, it muA pafs 
thro* it. Therefore if two drdcs, &c. Q^E. D^ 
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PROP. XII. THEOR. 

TF two circles touch each other externally, the ftraight 
'^ line which joins their centers (hall pafs thro' the peine 
ofcofita6^ 



Let the two circles ABC, ADE touch eadi other externally in 
die point A ; and let F be the center of the circle ABC, and G the- 
onter of ADE. the ftraight line which joins the points F, G (hall 
pals thro* the point of contaft A. 

' For if not^ let it pa& otherwife. If poffible, as FCDG, and join 

E 3 FA, 
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Booklll. FA, AC. and becaufe F is the center of tbe dtcte ABC, AF If 
^•y^ equal to EC. alfo becaufe , , Jj 

G is thp center of tlie cir- ^ 

de Apk, AG is equal to 

PD. therefore FA, AG 

are equal to FC , DG ; 

wherefore the whole FG 
* 

is greater than £A, AG. 
|.»».i# butitisalfoiefs*; which 

}s impoflihie. ther^ore the ftraight line whfch joint die pc^ts F^ 
Q fhall not pafs otherwii^ than thro' the poipt of contact A, that 
is, it muft pafs thro* it. Therefore if two drdes, &c« Q^E. D, 

PROP. xm. THEOR. 

^tf N. I^N E circle csinnot touch another in more pqints thaQ 

V^ one# whether it touphet it on the infide or outiidet 

» ■ • 

For, if it be po/Iible, let the cin:Ie EBF tpuch the drde ABC h| 

mdre points than one, and firft on the infide, in tlie points B, D ; 

t. io.li. sjoin BD, and draw * GH bifedbg BD tt rig^t angles, tlserdbro 

' becaufe the points B. D are in the circiunfi0wce of c^ich of tte 




|). ^. 3. furdes, the ftraight line BD faQs mthin ^ each of them, and thde 

f. Cor. 1. 1. tenters are ^ in the ftraight line GH which bifeAs BD at right an- 

^.11.3. gles ; therefore GH pafles thro' the point of cootaft <>. but it does 

not pafs thro' \tj becaufe the points B, D are without the ftraight 

line GH, which is abfurd. therefore one drde cannot todch another 

on the infide in more points than one. 

Nor can two drdes touch one another on the outiide in niore 

thaa 
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ihia Me point, fer, ifhbe polEble, kttfaedrdeACC toiich the Bookm. 

dide ABC ki the points A, C» and join AC, therefor^ becaulc the 

two points A, G are in the drciimfierence 

of the aide ACK» the ifa^t line AC 

which joins them ihall fall xirithk ^ the 

dideACK. and the drde ACK is ixrith* 

oot the cirde ABC» aod therefore die 

flni^t fineACis withoot this laft drde; 

bat becanie the points A, C are in the 

drcnmferencae of the cirde ABC, the 

fln^c line AC mnft be ^diin >> the 

£une dide, which is abfnrd. therefore 

one cirde camiot tondi another on the -l^ 

oatfide in more than one point, and it has 

been fliewn that diey cannot toodi on the infide hi more pdats dual 

one. dicrefore Qoe drde» &c« Q^E, D. 

PROP, XIV. THEOR. 

p|*QUALilraight lines in a drde are equally diftant 
^^ from the center ; and thofe whidi are equally diftant 
from the center^ are equal to one another. 




Ikt the ftraig^t Unes AB, CD b the drde ABDC be equal to 
one another; they are equally diftant from the center. 

Take £ the center of the drde ABDC» and from it draw £F» 
EG perpendiculars to AB, CD. then becaufe the ftraight liae £F paf* 
fing thro* the center cuts the ftraight line AB, which does not pafs 
duo' the center, at right an^es, it alfo 
Mfe6b * it. wherefore AF is equal to 
FB, and AB double of AF. for the fame 
readbnCDbdouhkofCG. andABis 
equal to CD, therefore AF Is equal to 
CG. and becaufe AE is equal to EC, 
the (qtiare of AE is equal to the fquare 
of EC. but the fquares of AF, FE are 
equal <> to the fquare of AE, becaufe the 
«ig^e AFE is a ri^t angle ; and for the 

Bke reafixi the fquares of EG, GC are equal to the fquare of EC. 
therefore dvi Squares of AF, FE are equal to the fquares of CG, 

E 4 GE, 
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Book III. GE,- of wluch the fquare of AF is equal to the fquarerof CG, be* 

jf^^y^ c^ufe AF is equal tg CG ; therefore the remaining fquare of FE t$ 

pqual to the remaining fquare of EG, apd the ftraight line F£ if 

therefor^ equal to EG. but ftraight lines in a circle are faid to be ^t 

. qually diflant from the center, when 

the perpendiculars drawn to tbei^i from 

Cf ^.pff.j.the centp: are equal ^. therefore AB, 

PD ^e equally diflant fron^ thp center. 

Next, if the ftraight lines AB, CD bip 

fqually diftant from the center, that is, 

if F£ be equal tp EG ; AB is equal to 

CD. for, the fame conftrnftion being 

( made, it piay, a$ before, be demon- 

ftrated that AB is double c^ AF and CD 

jjpuble of CG, and that the fquares of EF, FA are ^qoal to the 

fquares of EG, GC ; of which the fquare of FE is ^qu4 to th^ 

fquare of EG, becaufe F£ is equal to EG ; therefore the remaining 

fquare of AF is equal to the remaining fquare of CG; and the ftraight 

line AF is therefore equal to CG. and AB is double of AF, and CD 

tiouble of CG ; wherefore AB is equal to CD. Thereii^e equal 

Ifrajgiit Ijncs, Ac. Q^E. D, 
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PROP. XV. THEOR. 
nnllE diamctef is the greateft ftraight line in a circle; 
-^ and of all ochei::s, that which is neiirer to the centef: 
is always greater than one more remote; and the greater 
is nearer to the center than the lefs. 

Let ABCD be a drde, of which the diameter is AD, and center 
E ; and let BC be nearer to the center thap FG. AD is greater 
than any ftraight line SC wh^ch is not 
a diameter, and BC greater than FG. 

From the center draw EH, EK pqf- 
pendiculars to BC, FG, and join EB, 
EC, £F; and becaufe AE is equal to 

EB, and ED to EC, AD is equal to EB, 

E C. but E B, EC, are greater ■ than 
BC, wherefore alfo AD is greater than 
BC. 

And becaufe BC is nearer to the cen« 




OF E y Q If id: yi* 

4er thaa F0» EH is Ids <> thaa EK« but, as ikw demp&ftrated iii Book 11^. 

Idle praeding, BC is double of BH, and FG double oif FK, aad the v^r>rw 
iquares of £H, HB are equal to the fquares of EK, KF, of which b* s-pcf^* 
the fquare of EH is lefe than the fquar^ of £K, bccaufe EH is lefs 
than £K ; therefore the fquare of BH b greater than the fquare of 
FK» and the ihaight line PH gre^tq: than FK; and thg^efor^ BC 

is greater thaq FG. 

Next, let BC be greater than FG ^ BC is nearer to the center 
than FG, that is, the fame confbruftion being made, EH is lefs tha|i 
£K. becaufe BC is greater than fG, BH Ukewife is greater tha^ 
FK. and the fquares of BH, HE ^re equal to the fquares of FE^ 
K^, of which the fquare of BH is greater than the fquare of FK, 
becaufe BH is greater than FK ; therefore the fquare of EH is left 
than thefquare of fiK, and the fhaight line EH lefs than EK^ 
Whp-efpre the diameter, &c. (i^E. D, 

\ 
PROt>. XVI. THEOR. 

T^HE flraight line drawn at right angles to the dia- sccM, 
meter of a circle, from the extremity of it, falls 

■ 

without the circle;, ^nd no flraight line can be drawn be- 
tween that flraight line and the circumference from the 
extremity, fo as not to cut the circle ; or, which is the 
fame thing, no flraight line can make fo gfeat an acute 
angle with the diameter at its extremity, or fo fmall ad 
angle with the fhraight liqe which is at right angles tp it, 
as not to cut the circle^ 



Let ABC be a drde the center of which is D, and the diameter 
AB ; the flraight line drawn at right angles to AB from its extremity 
A, fhall fall without the circle. 

For if it does not, let it fall, if pof« 
iible, ^thin the circle as AC, and 
draw DC to the pdnt C where it 
Heets the circumference, and be- 
caufe DA is equal to PC, the angle 

DAC is equal * to .the angle ACD ; \^ ^ ^ a. 5. i. 

but DAC is a right angle, therefore 

^CD h a right angle^ and the angles DAC, AQD ar^ ther^ore 

- ^ equal 
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tookllf. equal to nro right ai^es; which is impoffihle^ therefore Afo 
^^VX/ ftra^t line dntwn from A at right angles to B A does not fSdl wi thin 
%• t|. I. the drde. in the iaipe manner it may be demonftrated that it does 

not £di upon the drcQmferenoe ; therefore it muft fall ^thout the 

drde, as AE. 

And between the ftraij^t line A£ and the drcamferenoe no 

Araight line can be drawn from the point A which does not cat the 

drde. fbr» if poffible, let FA be between them, and from the pomt 
c lA. t. D draw' DG perpendicular to FA, and let it meet the drcumfe-* 

rence b^ H. and becaufe AGD is a right angle, and DAG lefs ^ than 
^ *9- !• a rig^t angle, DA is greater ' than p 

DG. but DA is equal tD DH ; there- ^ \ lE 

fore DH is greater than DG, the left 

than the greater, which is impofTible. 

therefore no ftraight lin<: can be 

A^wn from the pomt A between AE 

and the circumference, which does S I n / A 

not cut die drde, or, which amounts 

to the lame thing, however great an 

acute angle a ftraight line mak^ with 

the diameter at the point A, or however (mail an angle it makes with 

AE, the drcuffiference pafles between that ftraight line and the peiv 

pendicuhr A£. * And this is all that is to be underftood, whoi ii^ 

^ the Greek text and tranflatioiis from it, th( angle o£ the femicirde . 

' is laid to be greater than any acute rectilineal angle, and the re-» 

* maining angle lefs than any refttlineal an^/ 

CoR. From this it is manifeft that the ftraight (ine which is drawn 

at rig^t angles to the diameter of a drde from the extremity of it, 

touches the drde ; and that it touches it only in one point, becaufe if 
€. %. 3; it did meet the drde in two, it would fall within it ^. * Alio it ia 

' evident that there can be but one ftraight line wl^di touches thp 

'circle in the lame point.* 

PROP, XVn. PROB. 

nnO draw a ftraight line from a giyea pointy either 
without or in the circamference^ which Ihall touch 
a given drcle. 

Firft^ LetAbca^enpoiiitMrtthoQtthc^TendrdcBCD; ft 

is 
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tsreqnired to draw a fbraight line from A wluch fliaU foodi ^ Bodilll. 
prcle. \jry%^ 

Fmd* the<»iterEoftheci]x]e,aiidjobAE; aodfipomtfae^^ a. 1.3. 
for £, at the diitancc E^x deforibe the drde AFQ ; from the point 
D drawi>DF 4t right angles to{j^, and join EBf, AB. AB touches b. n. t. 
d)e aide BCD. 

Becaufe £ is the center of 
die drdes BCD, AFG, £A 
is equal to £F, and £D to 
EB^, therefor; the two fides 
A£, £B are equal to the two 
F£, £D, and they contain the 
aog^e at £ common to tlie 
two triangles A£B, FED ; 
dierefbre the bale DFis equal 
to die bafe AB. and the tri« 
ang^e FED to the triangle 

AEB, and the other angles to the bdier angles *• therefore the <• 4- 1^ 
angieEBAis equal to the angle £DF. but £DF is arightangle, 
vherefore £BA as a rig^t angle* and £B is drawn from the center; 
but a ftr^jfght line drawn from the extremity of a diameter, at right 
angles to ft» toadies the cirde ^. therefore AB touches die dfdc ;^Gor.i#.|» 
and it is drawn from the given point A», Which D|fas to bt done. 

Bat if the given point be in the drcomferenoe of the drde, as 
die point D^ draw DE to ^ oentor £, and Vf $t rig^t angles t« 
PE; DF touches the drde <i. 




PROP. XVIII. THEOR. 

TF a ftraight line touches a circle, the ftraight line drawn 
^ from the center to the point of contad^ ihall be per* 
peodicular to the line touching the cirde. 

Let the ftraight line DE touch the drde ABC in the pointC,take 
die center F, anddiU'sS' die ftraight line FC; FC is perpendicular 
topE, 

' F(x- if it be not, irom the point F draw FBG perpendicular to 
DE ; and becaufe FGC is a right angle, OCF is >> an acote angle ; 

and to die greater tf^ the gp^ateft^fiAs is oppofite. d ia cfor c FC 

is 



h, f y. t.' 
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Book UK 18 greater than FG; but FC is e- 

qiud to FB ; therefore FB is greater 
than FG, the lefs than the greater, 
which is impoiCble. wherefore FG 
is not perpendicular to D E, in 
the fame manner it may be (hewn, 
that no other is perpendicular to 
it befides FC, that Js, FC is per- 
pendicular to DE. Therefore if a 
ftraight lin^, &c. Q^e'. D. 



. PROP. XIX. THEOR. 

TF a ftraight line touches a circle, and from the point of 
contact a ftraight line be drawn at right angles to the 
touching line, the center of the circle fl^aU be ia thai 
line. 




B. i8. 3 



SeeN. 



T 



•♦ . 



Let th<5 ftraight line DE tonch the dnJe ABC in C, and from C 
let CA be drawn at right angles toDE ; the center of the drde b 
UL CA, 

For if not, let F be the center, if poflible, and join CF. Becaufc 
DE touches the circle ABC,, and FC 
is drawn from the center to the point 
of.contaf):, FC is perpendicular* to 
DE ; therefore FCE is a right angle. » 
but ACE is alfo a right angle; there- 
fore the angle FCE is equal to th^ 
angle ACE, the lefs to the greater, 
which is impoi&ble. wherefore f is 
not the center of the circle ABC. in 
th9 fyxne manner.it may be fhewn 
diat no other point which is not in C A, is the center ; that iS| die-, 
center is in CA. Therefore if a ftraight line, &c. Q^E. D. 

PROP. XX. THEOR. 

nPHE angle at the center of a circle is double of the 
"^ angle at the circumference, upon the fame bafe»: 
th^t is, upon the fame part qf.the circumference,t 

Let 




6 P E U C L I a. 



7> 
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' Let ABC be a circle, and BEC an angle at tlie center, and B AC Book Iir. 
i6) angle at the circumference, which have the f^me circumference 
BC for their bafe ; the angle BEC is double 
of the angle BAC. 

Firft, Let E the center of the circle be 
^thin the angle BAC, and join AE, and 
produce it ta F. Becaufe E A b equal to 
EB, the angle EAB is equal * to the angle 
EBA; therefore the angles EAB, EBA 
are doable of the angle EAB ; but the 
angle BEF is equal ^ to the angles EAB , 
EBA ; therefore alfo the angle BEF is 
double of the angle EAB. for the fanie reafon, the angle FEC i^ 
double of the angle EAC. therefore the whole angle BEC is double 
of the whole angle BAQ. 

AgaiUf Let BDC be infleAed to 
the drcumference, fo that E the cen- 
ter of the circle be without the angle 
BDC, and join DE and produce it to 
G. It mdy be dcmonArated, as in the 
ird cafe, that the angle GEC is double 
of the angle GDC, and that GEB a 
part of the firft is double of GDB a 
part of the other 5 therefore the re- 
maining angle BEC is double of the 
itmainingangleBDC. Therefore the angle at the center,&c. QjE; D* 

PROP. XXI. T H E O R. 

T^H E angles in the fame fegment of a circle are equal scc n. 
to one another. 




i' 



Let ABCD be a circle, and BAD, 
BED angles in the &me fegment 
BAED ; the angles BAD, BED are 
equal to one another. 

Tfkc F the center of the circle 
ABCD. and, firft, let the fegment 
&AED be greater than a femicirde, 
and join BF, FD. and becaufe the 
li^ BFD is at the center, and the 
A^ BAD at the drauafereoce, and 




that 



a. *o, 3, 



M 
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Book til. diat tliey have the fame part of the drcnmference, viz. BCD fo^ 
their bafe, therefore the angle BFD is double * of the angle BAD. 
for the fame reafon, the angle BFD is double of the ^an^ BED^ 
therefore the angle BAD is equal to the angle BEDi 
But if the fqgmeat B AED be Hot greater tfaaii a 
BAD, BED be angles in it; thefe ^ 
alio are equal td one another, draw 
AF to the center^ and produce It to 
C, and join CE. therefore the fegmcnt 
BADC is greater than a lemidrde ; 
and the angles ia it BAG, BEC are e- 
qtial» by the firft cafe, for the fsune 
reafon, the ^iglea CAD, CED ar(( 
equal, therefore the whole angle BAD 
Is equal to the whole angle BED« 
Wherefore the angles in the fame filament, &c. Q^E. D* 




PROP. XXn. THEOk. 

^T^HE oppofite angles of any quadrilateral figure dcf- 
•*• fcribed in a circle, afc together eqdal^o two right 
angles. 



a. i%, t. 



U* »i. 3. 



Let ABCD be a quadrilateral figure in the circle ABCD ; an^ 
two of Its oppofite angles are together equal to two right angles. 

Join AC, BD; and becauie the three angles of every triangle are 
equal * to two right angles,- the three angles of the triangle C AB| viz. 
the angles CAB, ABC, BCA are equal 
to two right angles, but the angle 
CAB is equal ^ to the angle CDB, be- 
caufe they are in the fiune (egment 
BADC ; and the angle ACB k equal 
to thd angle ADB, becaufe they are in a\ 
the fame fegment ADCB. therefore the "^ 
liirhole angle ADC is equal to the angles 
CAB, ACB. to each of t&efe equals 
add the ang^ ABC, theiefore the angles ABC, CAB, BCA are equal 
to the angles ABC, ADC. but ABC, CAB, BC A are equid to tw^ 
right angles; therefore alfo the angles ABC, ADC are equal to two 
r%ht angles, in the fame Jbaooer the angib HAD, DCB ^y be 

iliewa 





O r E V C L 1 ». 7j^ 

jhewn ID tie equal to two ri{^t aogks. Therefore the oppofite Book lil. 
iQ^es, &C4 Q^E. D« ww«# 

PROP. XXin, TTHEOR. 

T TPON the fame ftraight line, and upon the fame fide see k. 
^^ of it, there cannot be two fimilar fegments of circles, 
tiot coincidiag with one another. 

If it be pof&Ue, kt the two fimiblr figments of drcles, viz, ACB^ 
ADB be upon the fame fide of thd fame iln^ght line AB, not odin- 
ddihg ^th one another, then becauie the circle ACB cuts the ciffdie 
ADB in the two points A, B, they can- 

liot cut one another in any other poi|it "^ ^^^-^'^L^ ** '** ^ 

one of the (egaoents muft therefore fall 
Within the other ; let ACB fall within 
ADB, and draw the flra^ht line BCD, 
and join CA, DA. and becaufe the teg- J^ 
Qient ACB is fimilar to the fego^nt ADB, 
and that fimihr fi^;aients of circles ccmtab <> equal ai^ka; the^.,,.08£3, 
ao^ ACB is. equal to the an^ ADB, the exterxei' to the interior, 
which is impoffible ^. Therefore there cannot be two fimilar ieg- «. i<. t . 
ments of a drde upon the fame fide of the fame line, wUkh do not 
coincide. Q^£« D^ 

PROP- XXIV- THEOR. 

CImilak fegments of circles upon equal ftraight linea, see n^ 
are equal to one smother. 

LetAEB, CfD be findlar figments of circles upon die equal 
flri^tllDes AB, CD; the figment AEB is equal to the iq^oKOC 
CFD. 

For if die leg' 
meat AEB be ap* 
pM to ^ fi^;- . 
meat CFD, fi> as 
die pcMot A be on J^ 
CaoddieOraight 

fioe AB opw CD, die point & ibll coincide with die point D, be^ 

caufe 




Book III. caufe AB is 'eqosl to CD. tberefore the ftraight line AB comddihg 
Ky^yrs^ with CD, the figment A£B muft * coincide with the foment 
«• »3- 3* CFDy and therefoi^ Is equal to it. Wherefore iimilar fegments, &c: 
Qc^E. D. 

• • • ' - » 

PROP. XXV. PkOB. 



See 



H. A Segment of a circle being given, to defdribe thd 



•; 10. 1.' 

hi II. I. 
c. 6, I. 



^ 9* 3. 



circle of which it is the fegment. 



Let ABC 6e the given f<^;ment of a drde ; it h required to de- 
icribe the drde of which it is the fq^ment. 

Bifeft • AC in D, and from the pcrint D drsrtv «» DB at right 
angles to AC, and join AB. Firft, kt the angles ABD, BAD be" 
equal to one another ; then the ftraight Une BD is equal ^ to DA^^ 
and therefore to DC. and becaufe the three ftraight lines DA, DB,* 
DC are all equal, D is the center of the drde *. from the oentei' 
D, at die diflancc of any of the three DA, DB, DC defcribe ^ 
drde 5 this ftiall pafs thro' the other points ; and the drde of which 
ABC is a fegment is d^ribed. andi bedaufe the center D is in ACy 

3 





the fegment ABC is a femicircle. but if the angles ABD> BAD are 
not equal to one another, at the point A in the ftraight line AB make 

e. 313. s. ^ the angle BA£ equal to the angle ABD, and produce BD to £, an<f 

join EC. and becaufe the angle ABE is equal to the angle BA£/ 
the ftraight line BE is equal ^ to E A. and becaufe AD is ^ual to 
DC, and DE common to the triangles' ADE, CDE, the two fide^ 
AD, DE are equal to the two CD, DE, each to «ach ; and the 
angle ADE is equal to the angle CDE, for each of them is a right 

f. 4. 1, angle ; therefore the bafe A£ is equal f to the bafe EC. but ASJ 

was fhewn to be equal to EB, wherefore alfo BE i» equal to EC ;' 
and the three ftraight lines A£| EB, EC arc therefore eqv^ to one 

another; 



O F- E U C L I ^. 
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ibtodier; wherefore <>£ is the center of the drcle. from the centef Sook III. 
£ at die difiance of any of the three AE, £B, £C defcribe a drcIc, v.«<K'NJ| 
this (hall pafs thro' the other points ; and the circle of which ABC <»• ^* 3^ 
is a fegment is defaibed. and it is evident that if the angle ABD 
be greater, than tl^s angle BAD, the center £ falls without the feg-' 
meat ABC, which therefore is le{s than a femidrcle. but if the 
^e ABD be Ids that BAD; the center £ (alls within the fegnlerft 
ABC which is therefore greatei; than a (emkircle: wherefore a feg-* 
ment of a drcle being given, the drcle is defcribed of which it U , 
a {cgment. Which was to be done. 

PROP. XXVL THEOR. ' 

tN eqtial circled, dqual angles (land upon equal circuit!^ 
^ fcrcnccs^ whether thejr be at the centers, or circunl* 
ferences« 



Let ABC, DEF be equal circles, and the equal angles BGC, EHt* 
at didr cent^, and BAC, £DF at their circumferences, the dr-" 
cmnfercnce BKC is equal to the circilmferenee ELF. 

Jdn BC, EF ; and becaufe the drcles ABe, DEF are equal, the 
Ifaaight lines dra>^Ti from their centers are equal ; therefore the two 
iidcs EG; GC, are equal to the two EH, HF ; and the aBigle at G 




IS equal to the angle at H; tfeerefore the bafe BC is equal • to tfee a. 4. f^ 
infe EF. and becaufe the angle at A is equal to the angle at D, 
the ff^meht BAGls fmiflar ^ to the fegment EDF ; arid they irt opdn b. i i.DeC.i. 
eqoal (baight lines BC, EF; but fimilar fegments of cirdes upon 
, txpei ftraight lines are equal ^ to one another ; therefore the (eg- c »#. 9* 
ment BAC is equal to the fegment EDF, but the whole circle ABC 
IS equal to the whole DEF, thetefore the remaining fegment BKC 

F fa 
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Book III. is equal to the remaining fegment ELF, and the dfcnmfSsreDitf 
^f^VS^ BKC to the circumference ELF^ Wherefore in equal drdeSy &c« 

PROP- XXVn. THEOR. 

TN equal cii'cles, the angles which ftand upon equal cir- 
"^ cumfercnces, arc equal to one another, whether they 
be at the centers, or circumferences. 

' Let the wgles BGC, £HF at the centers, and BAG, EDF at the 
circumfcrehees of the equal circles ABC, DEF fbmd upon the equal 
circumferences BC^ EF. the angle 6GC is equal to the angle EHF, 
and the angle BAG to the angle £DF- 
iL 1*. 3^ If the angle BGC be equal to the angle EHF, it is manifeft ' 
that the angle BAG is alfo equal to EDF. but if not, oat of then 




is the greater, let BGG be the greater, and at the point G, m tbft 
1 si. I. fb^ght line BG, make ^ the angle BGK equal to the angle EHF; 
«. :»4. 3. but equal angles ftand upon equal circumferences^, when they are 
at the center; therefore the circuniiference BK is equal to the dr-^ 
eumfereace £F^ but EF b equal to BC, therefore alfo BK is equal 
to BC, the lefs to the greater, which is iinpoflible. therefore the 
angle BGC is not unequal to the angle EHF ; diat is, it is equal to 
it. and the angle at A is half of the angle BGC, and the angle at 
D half of the angle EHF. therefore the angle at A is equal to the 
.angU at Dr Wh^efore in equal drcks, v&c. Q^E. D. 



fRop; 



6 r £ u c L i E^.' 

PROP; XXVm. THEOR; 

t 

IN equal circles, equal flraight lines cut ofF equal cir« 
cumferences, the greater equ^l t6 the greater, and the 
lefs to the le0. 

Let ABC, DEF be equal cir^es, and BC, EP equal ftraigiit linerf 
In ihcm, which, cut off the tUfro greater drcuitiferences BAG, EDF, 
and the two lefs BGC, EHF. the greater BAG is 6qual to thef 
greater EDF, and the lefs BGG to the lefs EHFI 

Take • K, L the centers of the circles, and join B K, K G, E L, 
If. ami becauie the circles are eqttal, the ftraight lines from! theif 

A D 




ut^jl 




(men are eqtial, therefote BIC, KG, are equal to EL, Lf ; ^d 
thcbafc BG is equal to the bafe EF; therefore the angle BKC is ' 

equal^^to the angle ELF. but equal angles fland upon equ^ ^ circum- b. it. /J 
fcreoces, wllen they are at the centers ; therefore the drcumference <*• *^* ^< 
BGC is equal to the circumlference EHF. but tkt whole circle ABC 
fe equal to Ac whole EDF ; the remsAiing part therefore of the 
drcomfereaoe^viz. BAG is equal to the femaining part EDF< There* 
fcreiQ equal drdes, &c. (^E. D; 



ftiO?. XXIX; T H E Q It. 

IN equal circles eqdal circuntferences are fub^ended by 
equal ft^acight lines. 

Let ABC, DEF be equal circles, and let the circumferences flGfC/ 
ISff aUb be equal ; and join BG, EF. the ftraight Ihie BC is equaf 
btbcI&ra^tlffleEF. 

T 2 tft^tf 



i 



84 f ri E fe L fe k E if T s 

Book Ilf . Take » K, L the centers of the circles, and join Bit, KC, EL^ 
O'^^^o' LF. and becaufe the circumference BGC is equal to the circuoife- 

A. 1. <• 

A 




»7. J 



C. 4* S- 



«' i«. t, 



G H 

itncc EHF, the angle fiEC is equal ^ to the angle £L^. and be- 
^ufe the circles ABC, D£F Ve equal, the ftraight lines from the& 
centers are equal •, therefore BK, KC are equal to £L, LF, and 
they contain equal angles, therefore the bafe BC is equal ^ to the 
bafe EF. Therefore in equal circles, &c. Q^E, D. 

PROP. XXX. P It O B. 

T^O bilcft a given circumfercncie, that is to divide it 

into two equal parts. 

Let ADB be the given circumference ; it is required fo bifeft it. 

Join AB, and bifeft ■ it in C ; from the point C draw CD at 
right angles to AB, and join AD« DB. the circumference ADB is 
bifefted in the point D, 

Becaufe AC is equal to CB, and CD common to the tnangles 
ACD, BCD, the two iides AC, CD are 
^ual to the two BC, CD; and the ^ 

angle ACD is equal to the angle BCD, 
becaufe each of them is a right angle ; 




i. 4. f . therefore the bafe AD is equal »> to the a 

bafe BD. but equal ftraight lines cut off 
c. %9, 1, equal ^ circumferences, the greater eqtial to the greater, and the Ids 
to the lefs, and AD, DB are each of them lefs than a femidrdes 
dk CoTr 1.3. becaufe DC pafles thro' the center ^. wherefore the drcumferenod 
AD is equal to the circumference DB. therefore the g^ven drpun^ 
ference is biieded in D» Which was to be done* 

tKOt 
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PROP. XXXI. THEOR. 

IN a circle, the angle in a femicircle is a right angle; but 
the angle in a, fegment greater than a femicircle is Ief$ 
than a right angle ; and the angle in a fegment lefs than 
a femicircle is greater than a right angle. ^ 

Let ABCD b^ a drcle, of which th^ diameter is BC, and center 
E; and draw CA dividing the circle into the fegments ABC, ADQ, 
and join BA, AD, DC, the angle in the femicircle B AC is a right 
angle; and the angle in the fegment ABC, which is greater than a 
femicircle, is lets than a right angle ; and the angle iri the fegment 
ADC which Is lefs than a femidrcle is greater than a right angle. 

join A£, and produce BA to F ; and hecaufe BE is equal tg 
EA, the angle EAB is equal * to EB A ; alfo, becaufe AE is equal 
toEC, the angle EAC is equal tq 
EC A; wherefore the whole angle 
BAC is equal . to the two angles 
ABC, ACB, but FAC the exterior 
angle of th<l triangle ABC, is e-^ 
qoal b to the two angles ABC, ACB; 
therefore the angle BAC is equal to 
the angle FAC, and each of them is 
therefore a right ^ angle, wherefore 
the angle BAC in a femicircle is a, 
right angle. 

And becaufe the two angles ABC, BAC of die triangle ABC are 
together Ids <* than two right angles, and that BAC is a right angkj, a. n. «» 
^BC muft be lefs than a right a.ngie ; apd therefore the anglfs. Uk^ 
fegment ABC greater than a feqaicircle is lefs than a right angle. 

And becaufe ABCD is a quadrilateral figure in a circle, any two 
of its oppofite angles are equal * to two righ^ angles ; therefore the 
angles AJBC, ADC are equal ta two right angles ; and ABC is lefs 
than a right angle, wherefore thq other A D C is greater than a 
right angle. 

Befides, it is manifeft, that th^ circinnfercncc of the greater feg* 
mcnt ABC falls without the right angle CAB, but the cuciimfe- 
rwoe of the lefs fegment ADC falk within the right angle C A F. 
j And this is all that is meant, when in the Greek text, and th« 

F 3 ' * trimfiaiioas 
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Jkxk ni* ^ tranflatlons froii^ it, the angle of the greater f<^meflt is {aid to be 
K4?>rsJ * greater, and thp ^gle of the lefs fegment is fajd to be k{s thai^ 
f a right angle,' 

CoR. From this it is inanifeft, that if one angl^ pf a triangle be 
pqual to the other two, it is a right angle, becaufe the' angle ^dj^cent 
to it is equal to the fame two ; and when thp adjacent angles' are 
• cqualy they are right angles. 

PROP. XXXn. THE OR. 

i 

IF a ftraight line touches a circle, and from the point of 
contaft a ftraight line be drawn cutting the circle, the 
angles made by this Ijnc with the line touching the circle, 
^all be equal to the singles which are in the alternate feg* 
mencs of the circle. 

Let the ftraight line Ef touch the circle ABCD in B, and froni 
the point B let the ftraight line BD be drawn cutting the c}rde. the 
angles which BD makes with the touching line EF (hall be equal to 
the angles in the alternate (egments of the circle ^ that is, the angl^ 
FBD is equal to the angle which is in th^ foment DAB, and the 
angle DBE to the angle in the fegment BCD. 

a. II. I. From the point B draw ■ BA at right angles to EF, and take any 
point C in the circumference BD, and join AD, DC, CB ; and becaufe 
the Ih-aight line EF touches the drcl^ 
ABCD in the point B, and BA U 
drawn at right angles to the touch* 
ing line from the point of contaft B, 

^. 19. 3. the center of the circlp is *> in BA ; 
therefore the andc ADB in a femi- 

c. 31. 3. circle is a right ^ angle, and confe- 
quently the other two angles BAD, 

f 3x. I. A B D 'are equal ^ to a right angle, 
but ABF is likewifc a right a^gle; 
therefore the angle ABF is equal to 
the angles BAD, ABD. take from thefe equals the common angl^ 
ABD, therefore the remaining angle DBF is equal to the angle 
BAD which is in the alternate fegment of the circle ; and becaufe 
ABCD is a quadrilateral figure in a circle, the oppofite angles BAD, 

e ^i 3 B C D are equal * to two right angles; therefore the angles D B F^ 




or Euclid: 
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«• le. s, 



DBS, beiag likewife equal f to two right ang^es, are eqnal to the Book III. 
an^ BAD, BCD; and DBF has been proved equal to BAD ; v^^ry-v/ 
therefore the remaining angle DB£ is equal to the angle BCD in the ^* n- 1» 
alternate (q;ment of the circle. Wherefore if a ftraight line, &c, 
Q^E. D. 

PROP. XXXra. PROB, 

UPON a given ftraight line to dcfcribc a fegfmcnt of sm n; 
a circle, cdutaining an angle equal to a given refti* 
lineal angle. 

Let AB be the given ftraight line, and the angle at C the given 
lefUlincal angle; it is required to defcribc upon the given ftraight 
Bne AB a iegment of a circle, con* 
faining an angle equal to the angle C. 

FlrftyLet the angle atC be a right 
angle, and bifeA* AB in F, and from 
the center F, at the diftance FB. de- 
fcribe the femidrcle AHB ; therefore 
the angle AHB.in a (emidrcle is ^ e- 
qnal to the right angle at C. 

But if the an^e C be not a right angle, at the point A in the 
ftraight line AB make ^ the angle BAD equal to the angle C, and 
from the point A draw<> A£ at 

rig^t angles to AD ; bifeft • AB ^ H 

in F, ai^d from F draw <> FG at 
right angles to AB, and join 
GB. and becaufe AF is equal 
to FB, and FG common to the 
triangles AFG, BFG, the two 
iides AF, FG are equal to the 
tvo BF, FG ; and the angle N. 
AFG is eqnal to the angle BFG; \ 
therefore the baie AG is equal* 
to the bafe GB ; and the circle defcribed from the center G, at the 
£(lance GA (hall pafs thro the point B ; let this be the circle AHB« 
and becaufe from the point A the extremity of the diameter A£, AD 
is drawn at right angles to AE, therefore AD touches f the circle ; f.Cor.i^i. 
lod becaufe AB drawn from the point of oonta£l A cuts the drclc, 

F 4 the 
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Book in. the angle DAB is equal to the 
angle in the alternate fegment 
AHB. but the angle DAB is 
pqual to the angle C, therefore 
alfo the angle C is equal to 
the angle in the fe^ent AHB. 
wherefore upon' the given 
Araight line AB the fegment 
AHB of a circle is defcribed 

which contains an angle equal to the given angle at C. Which was 
to be done. 




PROP. XXXIV. PR OB. 

* I ^O cut off a fegment from a given circle which {hall 
contain an angle equal to a given redilineal angle. 

Let ABC be the given circle, and D the given reftilineal angle ; 

It is required to cut off a fegment from the circle ABC that fhall 

contain an angle equal to the angle D. 
|. f y. 3. Draw * the ftraight line EF touching the circle ABC in the point 

B, and at the point B, in the 
b. 13. 1, ftraight line BF, make *» the 

angle FBC equal to the 

angle D. therefore becaufc 

the ftraight line EF touches 

the arcle ABC, and BC is T) 

drawn from ^he point of 

contaft B, the angle FBC is 
t. 3*. 3. equal ^ to the angle in the 

alternate fegment BAC of 

the circle, but the angle FBC Is equal to the angle D ; therefore 

the angle in the fegment BAC is equal to the angle D, wherefore 

the fegment BAC is cut off from the given circle ABC containing 

an angle equal to the given angle D. which was to be done. 




PROP* 
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PROP. XXXV. THE OR. 



Book III* 



TF rvro ftraight lines wSthin a circle cut one another, the see n.^ 

reftangle contained by the fegmems of one of them, is 
equal to the r^flangle coptained by the fegments of th^ 
other. 





a. 3. 3< 



Let the rwo ftraight lines AC, BD within the circle ABCD, cut 
one another in the point E ; the reftangle contained by AE, EC 
is equal to the reAangle ccxitained by BE, 

If AC, BD pafe each of them thro* the' 
center, (b that £ is the center ; it is evident, 
that AE, EC, BE, ED being all equal, the D ^ ^Q 

refbuigle AE, EC is likewiie equal to the 
refbuigle BE, ED. 

But let one of them BD pafs thro' the center, and cut the other 
AC, mrhich does not pafs thro* the center, at right angles, in the 
print £• then if BD be bife^ied in F, F is the center of the circle 
ABCD ; and to it from A draw AF. and foecaufe BD which pafles 
thro the center cuts the ftraight line AC which does not pafs thr^' 
the center at right angles in E, AE, j^ 

EC arc equal ■ to one another, and ■ 

becaule the ftraight line BD is cut in- 
to two equal parts in the point F, 
and into two unequal in the point 
E, the reOangle BE, ED together 
with the fquare of EF, is equal *> to j^ 
the fquare of FB ; that is, to the fquare 
of FA ; but the fquares of AE, EF are -^ 

pqoal^ to thefquare of FA; therefore JJ 

the redhmgle BE, ED together with the (quare of EF is equal to 
the fquares of AE, EF. take away the common fquare of EF, and 
the remaining re^angle BE, ED is equal to the remaining fquare of 
AE ; that is, to the redangle AE, EC. 

Next, Let BD which pafles thro' the center, cut the other AG, 
which does not pafs thro' the center, in E, but not at right angles. 
then, as before, if BD be bifeAed in F, F is the center of the 

JcttO AF, and from F draw <> JG perpendicular to AC ; thesf « 4 u. t. 

" fore 



b. 5. a. 



c. 47. f • 



a. J. J. 
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in. fere AG is equal * to GC ; wheref<n-e the re^huigle AE, EC toge* 
ther with the fquare of EG is equal *> to the fquare of AG. to each 
of thefe equals add the Iquare of GF» therefore the redbngle A£, 
EC together with the fquares of EG, 
G F is equal to the fquares of A G» 
GF. but the fquares of EG, GF arc 
1^ 47- r* equal ^ to the {quare of EF ; gnd the 
fquares of AG, GF are equal to the 
fquare of AF^ therefore the reAangle 
AE,£C together with the fqu^% of EF 
is equal to the fquare of AF ; that is, 
to the fquare of FB. but th^ fquare of FB is equal ^ to the reAangk 
BE, ED together with the fquare of EF; therefore the re^hnglo 
A£, EC together with the fquare of EF, is equal to the reAangl^ 
BE, ED together with the £quare of EF. take away the coaunoQ 
fquare of EF, and the remaining reAangle AE, EC is therefore equal 
to the remaining reftangle BE, ED. 

Laftly, Let neither of the ftr^ght lines AC, BD pais thro* the 
center, take the center F, and thro' 
E the interferon of the ftrajght lines 
AC, DB draw the diameter GEFH. 
and becaufe the re^hmgle AE, EC is 
equal, as has been (hewn, to the 
reAangle GE, EH ; and for the 
iame reafoa, the reAangle BE, ED 
is equal to the fame re£):angle GE, 
EH; therefore the refbngle AE, 
EC is equal to the rectangle BE, ED. Wherefore \£ two ftraight 
lines, &c. <^E. D. ' 

PROP. XXXVI, T H E O R. 

TF from any point without a circle two flraight lines 
be drawn, one of which cuts the circle^ and the other 
couches it ; the redangle containecl by the whole line 
which cuts the circle, and the part of it without the circle^ 
ihall be equal to the fquare of the line which couches it. 

Let D be any point without the drde ABC, and DC A, DB two 
ftraight lines drawn from it^ of which DCA cots the drde, and 

DB 





C 4T. «T 
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P6 toadies die iame. thei«£huig^ADj DCbequaltotiiel^aiMBMkfK 
ofDB. 

Eirher DCA paflTes thro' the center, Qt it does not ; firft^ let it 
pafs thro' the center £, and join £B ; ther^ore the angk £BD U a 
right*angle. and becaufe the ftraight line .^ «« it. |< 

AC is bifc<5ted in £, ai^d produced to th^ 
point D» the redlanglip AD, DC togie? 

ther with the fquare of £C is equal ^ to / ^ h.4.%* 

the fquare of £D, and C£ is eqnal to 

EB, therefore ^e rtftangle AD, DC 
together with the fquare of £B b equal 
to the fqus^re of £D. but the fquare cf 
ED is eqnal *^ to the fquares of £B, BD, 
becanfe EBD is a right angle, therefore 
the re£huig^e AD, DC together with 
the fquare of £B is equal to the fquares 
pf £B, BD. take away the common 
fquare of £B, therefor^ the remaining re^hmgle AD, DC is equal 
to the fquare qf the tangent DB. 

But tf DCA does not pafs tbro' the c^ter of the qrde ABC, take' ^ i. !• 
fhe center £, and draw £F perpendicular ' to AC, and join £B« •. i*. <• 

EC, £D ; then £f D is a right angle, and bec^uff: the ftrai^t line 
EF which pafles thro' the center, cuta 
the ftraight lin$ A C, which does not 
pals thro' th^ center, at right angles, it 

ihaU likewifc bifeft Mt ; therefore AF^ // 1$.%, 

pqasi to FC. and becaufe the ftraight 
Ene AC is bifeded in F, and produced tq 
D, the reJhuigle AD, DC together with 
the Iquare of FC 4s equal >» to the fqustre 
pf FD. to each of thefe equals add the 
Iquare pf F£, therefore the re£hmgile 
AD, DC together with the fquares of 
CF, FE is equal tq the fquares of DF, 
FE. but the fquare of ED is equal ^ tQ-. 
the fquares of DF, FE, becaufe EFD is a right ang^ ; and the 
fquare of EC is equal to the fquares of CF, FE ; therefore the reft* 
angle AD, DC together with the fquare of EC is equal to the fquare 
pf ED. smd CE is equal to EB, therefore the redfamgle AD, DC to- 
gether with the fqiiftre of EBj is e^iu^ to the f^jiiaie of ED. botthe 

iiquaref. 
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Book III. iquares of EB» BD are equal to the fquare « of ED, becaufe EBD 
is a right angle ; therefore the refhngle AD, DC together with 
the fquare of EB is equal to the fquares of EB, BD. take away the 
common fquare of EB, therefore the remaining redaagle AD, DO 
is equal to the fquare of DB. Wherefore if from any point, &c« 
Q^E. D. 

CoR. If from any point wxth" 
out a circle there be drawn two 
ftraight lines cutdng it, as AB, 
AC, the reAangles contained by 
the whole lines and the parts of 
them without the circle, are e- 
qual to one another, viz. the 
re^lfingle BA, AE to the reA- 
angle CA, AF. for each of them 
is equal to the fijuareof the ftraight 
line AD which touches the circle^ 




PROP. XXXVII. THFOR. 

IF froip a point without a circle there be drawn two 
ftraight lines, one of which cuts the circle, and the 
other meets itj if the rcflangle contained by the whole 
line which cuts the circle, and the part of it without the 
circle be equal to the fquare of the line which meets itj, 
the line which meets {hall touch the circle. 



Let any point D be taken without the circle ABC, and from it 

let two ftraight lines DC A and DB be drawn, of which DCA cut^ 

the drde, and DB meets it ; if the re^ngle AD, DC be equal to 

the fquare of DB ; DB touches the circle. 

•. 17. 3. Draw * the ftraight line DE touching the drde ABC, find its 

b. 18. |. center F, and join FE, FB, FD; then FED is a right ^ angle, and 

becaufe DE touches the circle ABC, and DCA cuts it, the reAangl^ 

c 3tf. 3; AD, DC is equal « to the fquare of DE. but the redhngle AD, DC 

is, by Hypothefis, equal to the fquare of DB ; tlierefore the fquare 

of DE if equiad.to the fqUfUrc of DB, and the ilr^htJiine D Q 

equai 




d. 8. t. 
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(qual to the ftraight line DB. and F£ is equal to FB, whcref(»re Back UU 
D£, EF are equal to DB, BF ; and 
the baie FD is conunon to the two * 
triangles DBF, DBF ; therefore the 
angle D£ F is equal ^ to the angle 
DBF, but DEF is a right angle, there- 
fore alfo DBF is a right angle, and 
FB, if produced, is a diameter, and 
the firaight line which is drawn at 
right angles to a diameter, from the 
extremity of it, touches ^ the drde. 
therefore DB touches the circle ABC. 
Wherefore if £r<m ^ point, &c. 
Qi^E* D* 
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DfeFI^ItlO^S. 

AReOilineal figure is fiiid to be ihfcribed in another reAilinea^ 
figurcy whtn all die angles of the infcribed figure are ujp6i^ 
the fides of the figure id which it is inicribbdy 
eadi upon each. 

H. 
is Bke manner a figure is CaSd to be defcribed a- 
bout another figure, when ail the fides of the _ 
drcumfcribed figure pstfs t^' die angular 
pdnts of the figure about which it is defcribed, iach thlTo" eadi : 



A reftilindd figure is fiud to be iiifcribed m 
a drcle, when aU the an^es of the in- 
icribed figure are upon tnt drcumference' 
of the circle. 



A redilineal figure is fidd to be deia%ed about' a cix^ wBflQeadl 

fide of the dlrcumfcribed figure touches the 

drcumferenoe of the cfrcle. 

V. 
Jn like maimer a c&de is fiud to be mfcribed 

in a rectilineal figure, when tlie dircum-. 

ference of the drck tbuc&es each fide of 

the figoct^ 
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VI. 
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BooktV. 



A drde Is {aid to be defcribed about a reAi- 
Jineal figure, when the circumference of 
the drde pafles thro' all the angular points 
of the figure about which it is defcribed* 

VIL 
A ftraight line is faid to be placed in a circle^ ^en the extrenutks 
of it are in the drcumferenoe of the drde, 

PROP, h PROB. 

IN a gilrca circle to place a ftraight line, equal to a gi- 
▼ea ftraight line not greater than the diitmeter of the' 
circle. 

Let AfiC be the given drde, and D the ^ven ftraight line, not 
greater than the diameter of the drde. 

Dfaw BC the diameter of the drde ABC ; then, if BC is equal 
to D, the thing required is done ; fix- in the cirde ABC a ftraight 
fine BC is placed equal to D. but 
If it is not^ BC is greater than 
D ; make C£ equal * to D, and 
from the eenter C» at the di- 
flaace C£ defcribe the ch*de 
AEF, and joia CA: therefore 
becauie C ts the center of the . 
drde AEF, C A is equd to CE; ^ 
but D is equ2d to CE, therefore D is equal to CA. wherefore la 
the drde ABC a ftraight line is placed equal to the given ftra^ht 
fine D, which is not greater than the diameter of the cirde. Which 
Iras to be dotte. 




a J. tf« 



PROP. n. PROB/ 



TK a given circle to iaferibe a triangle equiaagolar to a ' 
giren triangle^ 



MM 
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Book IVi Let ABC be the g^veir drde, aad DEF the given triangle ; it U 
required to infcribe in the circle ABC a triangle equiangular to the 
triangle DEF. 

Draw * the ftraight line GAH touching the drde in the point A, 
and at the point A, in the ftraight line AH, make *> the ang^e HAC 
equal to the angle DEF ; and at the point A, in the fir^ght line 
AG, make the angle. 
GAB equal to the 
angle DFE, and join 
BC. therefore becaufe 
HAG touches the cir- 
cle ABC, and AC is 
dra^wn from the point 
6f contaA,' the angle 
HAC is equal ^ to the 
angle ABC in the al- 
ternate fegment of the drde. but HAC is equal to the angle DEF, 
therefore alfo the angle ABC is equal to DEF. for the fame reaibn 
the angle ACB is equal to the angle DFE ; therefore the remaining 

d. 3». 1. angle BAC is equai ^ to the remaining angle EDF. wherefore the 
trkmgle ABC is equtangular to tlie triangle DEF, and it is iafcribed 
in the cirde ABC. Which vins to be done. 



c i%»y 




A 



pPwOP. m. PROP. 

BOUT a givcft circle to dcfcfibc af trraifgle cquiau* 
gular to a given triangle. 



Let ABC be the given cirde, and DEF tlie given triangle ; it is 
requh-ed to defcribe a triangle about the drde ABC equiangular to 
the triangle DEF. 

Produce EF both ways to the points G, H, and find the center K 

of the cirde ABC, and from it draw any ftraight line KB ; at the 

A. ij. t. point K in the ftraight line KB, make * the angle BKA equal to the 

angle DEG, and the angle BKC equal to the angle DFH ; and thro* 

the pdnts A,B, C draw the ftraight lines LAM, MBN, NCL touch- 

b. 17. 3. lug ^ tlie drde ABC. therefore becaufe LM, MN, NL toudi tfie 

cirde ABC in the points A, B, C to which from the center are drawn 

c. 18. 3. KA, KB, KC, the angles at the points A, B,. C are right ^ ^les. 

and becaufe the four angles of the quadrilateral figure AMBK are 

equal 
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d. 13. a 



iqasd to fbur rig^t angles, for it can be divided !nto two tnangles ; B6ok IV; 
and that two of them KAM» KBM are right angles, the other two 
AKB, AMB are 
equal to two right L 

angles, but the an- 
glesDEG, DEF 
ore likewife eqaal<i 
to two rig&t an- 
gles; therefore the 
angles AKB, AMB 
are equal to the 
angles DEG,DEF, Jjf 
of which AKB is 

equal to DEG ; wherefore the remaining angle AMB is equal to the 
remafairig angk DEF. in like manner the angle LNM may be dd- 
monflrated to be equal to DFE ; and therefore the remaining angle 
MLN is equal • to the remaining an^e EDF. wherefore the tri- 
angle LMN is equiangular to the triangle DEF. and it is defcribed 
about the circle ABC. Which was to be dcxic. 




e. 1%. f • 



P R O P. IV. PROS. 
^ i^O inforibe a circle in a giren triangle. 

Let the given triangle be ABC ; it is required to infaibe a circle 
in ABC. 

Biftft • the angles ABC, EC A by the ftraight lines BD, CD 
meeting one another in the point D, from which draw •> DE/ D Fj 
DC per()endiculars to AB, BC,C A. 
aod beoiufe the angle EBD is e- 
qual to the angle F BD, for the 
angle ABC is bifeaed by BD, and 
that the right angle BED is equal 
to the right angle BFD, the two 
triangles EBD, FBD have two 
an^es of the one equal to two 
angles of the other, and the fide 
BD, which is oppofit6 to one of 
the equal angles in each, is com 
fflon to both ; therefore their other fides fhall be equal ' ; where- 

G 



:b 




Sec N* 



a. 
b. 



9. i» 

24. i« 



c. 15. ^^ 



fore 
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Book IV. fore DE is equal to DF. for the fame reafoa, DG b equal to DF j 
%uy^YSi^ therefore the three ftraight lines D£» DF» DG are equal to cme 

another, and the circle defcribed \ 

from the center D, at the (Mance 

of any of them, fhxdl pafs^thro' the 

extremities of the other two, and 

touch the ftraight lines AB, BC, 

CA, becaufe the aixgles at the 

points E, F, G are right angles, jL^ 

and the ftraight line which is 

drawn from the extremity of a di- 
ameter at right angles to rt, touchies xi 
^. itf. 3* d the circle, therefore the ftraight 

lines AB, BC, C A do each of them touch the drcle, and the drck 

EFG is infcribed in the tmngle ABC. Which was to be done. 




PRO Pi V. PROB. 
^ j^, 'ipO defcribe a circle about a given triangle. 

Let the given triangle be ABC ; it is required to defcribe a circle 
about ABC. 
^ i6. i'. Bifeft * AB, AC in the points D, E, and from thefe points draw 
S. 1 1. 1. DF, EF at right angles ^ to AB, AC ; DF, EF produced meet one 

A- 





e. tt, f . 



another, for if they do not meet tncy are parallel, wherefore Afi/ 
AC which are at right angles to them are parallel ; which is abfurd. 
let them meet in F, and join FA ; alfo, if the point F be not ill BC, 
jt)in BF, CFr then' becaufe AD is equal to DB, and DF common, 
and at right angles to AB, the bafe AF is equal ^ to the bafe FB. in 
£ke manner it may be (hewn that CF is equal to FA ; and tberefoi?e 
BF is equal to FC \ and FA^^ FB, FC are therefore equal to one 

another^ 



O F E U C L I D. 

another, wherefore the drde defcribed from the center F, at the 
AAanoe of one of them, (hall pafs thro' the extremities of the other 
two; and be deibibed about the triangle ABC. Which was to be 
done. 

Cor. And it is manifeft that when the center of the circle falls 
within the triangle, each of its angles is kfs than a right angle, each 
of them bdng in a fq;ment greater than a femicirde. but when the, 
center b in one of the fides of the triangle, the angle oppofite to this 
fide, bdng in a femidrde, is a right an^e. and If the center falls 
without the triangle, the angle oppofite to the fide bepnd which it 
IS, bdng in a fegment lefs than a femidrde, is greats than a right 
an^. Wherefore, ^ if the g^ven triangle be acute angled, the center 
of the drde Ms within it ; if it l^e a right angled triangle, the cen- , 
ier is in the fide oj^pofite to the fight angle; aucl if it be an obtufe. 
9o^cd triangle, th^ center &lls Ti^thout the triangle, beyond the fide 
oppofite to the obtiiie angle. 
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PROP. VI. PROR 
T^O infcribe a fquare in a given circle; 

Let ABCD be the giVen circle ; it is required to infcribe a fquare 
mABCD. - , 

Draw the diameters AC, BD at right angles t9 one another ; and 
join AB, BC, CD, DA. becaufe BE is equal to ED, for E is the ccn-^ 
ier,and that EAis common, and at right A 

angles to BD ; the bafe B A is equal • ^^-^^r-^ «. I «^ 

to the bafe AD; and for the fame rea- 
&o, BC, CD are each of them equal to 
BA or AD ; therefore the quadrilateral D 
figure ABCD is equilateral* It is alfo 
itflangukr ; for the ftraight line B D 
being the diameter of the cifde ABCD, 
Bad is a femicii-de ; wherefore the C 

tkj^ BAD is a right ^ angle, for the fanfe reafon each of the anglei b. »t 
ABC, BCD, CDA is a right angle, therefore the quadrilateral fi- 
gnre ABCD is reftangular. r.nd it has been (hewn to be equilateral, 
Aerefore it is a fquare ; and it is infcribed in the circh ABCD; 
IHudi was to be dod€. 
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PROP. Vn. PROB. 
npO defcribc a fquare about a giyen circle. 



Let ABCD be the given circle ; it is required to deicribe a fquatt 
about it. 

Draw two diameters AC, ED of the cirqle ABCD, at right angles 
1. 17. 3. to one another, and thro' the points A, B, C, D draw • FG, GH, 
HK, KJ* touching the circle^ and becaufe FG touches the drde 
ABCD, and EA is drawn from the center E to the point of contaft 
h. x8. 3* A, the angles at A are right *> angles, for the fame reafon, the angles 
at the points B, C, D are right angles, and becaufe the angle AEB 
is a right angle, as likewife Is EBG, GH p< A If 

c. »8. X. is parallel *= to AC. for the fame reafon, 

Ac is parallel toFK. and in like manner 
GF, HK may each of thefn be demon- 
ftrated to be parallel to BED. therefore B 
the figures GK, GC', AK, FB, BK aie 
parallelograms, and G F is therefore e- 

d, 34. 1, qual ^ to PIK, and GH to FK. and be- „ 

caufe AC is equal to BD, and that AC " C Iv 

is equal to each of the two GH, FK ; and BD to ea^iJi of the two 
GF, HK ; GH, FK are each of them equal to GF or HK. there- 
fore the quadrilateral figure FGHK is equilateral. It is alfo reftan- 
gulaf ; for G6EA being a parallelogram, and AEB a right angle, 
AGB is ^ likcWile a right angle, in the fame manner it may be fliewn 
that the angles at H, K, F are right angles, therefore the quadrila- 
teral figure F G H K is reftangular. and it was demonftrated to be 
equilateral; therefore it is a fquare; and k is defcribed about the 
circle ABCD. Which was to be done. 




PROP, VIII. PROB. 
npO infcribe a circle in a given fquare. 

Let ABCD be the given fquare ; it is required to mlcribe a drde 
m ABCD. 
t. to. i. Bifeft •cadi of the fides AB, AD, in tAe points F, E, and thro' 
1>, 31. w, E draw *> EH paraild to AB or DC, and thro' F draw FK parallel to- 

AD 



\ 
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AD or BC. therefore each of the figures AK, KB, AH, HD, AG, Book IV. 
CC, BG, GD is a parallelogram, and their oppofite fides are equal*^. \^0rY><J 
and becaufe AD is equal to AB, and that A£ is the half of AD, and c. 34- >• 
AF die half of AB ; AE is equal to AF. 
wherefore the fides oppofite to thefe are 
equal, viz. FG to GE* in the fame 
manner it may be demonftrated that 
QH, GK are each •f then^ equal tp FG 
orGE. therefore the four flraight lines 
GE, GF, GH, GK are equal to one ano- 
ther ; and the drd^ defcribed from the 
center G, at the difbnce of one of them 
ihall pafs thro* the extremities of the 
odicr three, and toych the flraight lines AB, BC, CD, DA ; be* 
aufe the angles at the points^ E, F, H, K are right ** angles, and that <*• ap. i.^ 
the (haight line which is drawn from the extremity of a diameter, 
at right angles to it, touches the circle*, therefore each of the c. itf. 3. 
ihaight lines AB, BC, CD, DA touches the circle, which therefore 
i^infaibed ih the fquare- ABCD. Which was to be done. 




PROP, IX. PHOB. 
nnO defcrib? a circle about a given fquare. 

Let ABCD be the given fquare ; it is required to dcfaibe a circle 
about it. 

Join AC, BD cutting one another in E. and becaufe DA is equal 
to AB, and AC common to the triangles DAC, BAC, the t^^^o fides 
DA, AC are equal to the two BA, AC ; 
and the bafe DC is equal to the bafe BC ; K /^ ^ P 
wherefore the angle DAC is equal ' to the 
aog^BAC, and the angle DAB is bifeAed 
by the ftraight line AC. in the fame man- 
ner it may be demonflrated that the angles 
ABC, BCD, CDA are feverally bifefted by 
the ffa-aight lines BD, AC. therefore be- 
aufe the angle DAB is equal to the angle ABC, and that the angle 
EAB is the half of DAB, and EBA the half of ABC ; the angle EAB 
13 equal to the angle EBA ; wherefore the fide EA is equal ^ to the l>. <J 
fideEB. ia the fame manner it may be demonfhated that the flr^ght 

G 3 lilies 




su 9. i« 



JO? 



THE ELEMENTS 



Book IV. lines EC, ED are each of them equal to £ A or £B. th^e&3re the 
four ftraight lilies EA, £B, EC, ED are equal to one another ^ aad 
the circle defcribed from the center E, at the diflance of one of 
them, fhaU pafs thro' the extremities of the other three, and be de- 
fcribed about the fquare ABCD. Which was to be cbne. 



PROP, X. PROB. 



T 



O defcribe an ifofceles triangle, having each of the 
angleis at the bafe double of the third angle. 



a. 



II. »i 



I 
1 



1.4. 



5.4. 



i. 

.1 



37-3' 



c. 3*. 3. 



f. 



3*. 



I. 



Take any ftraight line AB, and divide * it in the point C, fo that 
the reftangle AB, BCbe equal to the fquare of CA; and from the 
center A, at the diftance AB defcribe the circle BDE, in which 
place *> the ftraight line BD equal to AC, \yhich is not greater than 
the diameter of the circle BDE ; join DA, DCj and about the tri- 
angle ADC defcribe ^ the circle ACD. the triangle ABD is fuch as 
is required, that is, each of the angles ABD, ADB is double of the 
angle BAD* 

Becaufe the refhmgle AB, BC is equal to the fquare of AC, and 
that A C is equal to B D, the reftangle A B, B C is equal to xh^ 
fquare of BD. and becaufe from 
the point B without the circle ACD 
two ftraight lines BC A, BD are 
drawn to the circumference, one 
of whicli cuts, and the other meets 
the circle, and that the reftangle 
AB, BC contained by the whole 
of the cutting line, and the part of 
it without the circle, is equal to 
the fquare of BD which meets it; 
the ftraight line BD touches <* the 
circle ACD. and becauf<^ B D 
touches the circle, and DC is 
drawn from the point of contaft 

D, the angle BDC is ^qual ^ to the angle DAC in the alternate (eg- 
ment of the circle-, to each of thefe add the angle CDA, therefore 
the whole angle BDA is equal to the two angles CDA, DAC. but 
the exterior angle BCD is equal f to the angles CDA, DAC ; there- 
fore alfo BDA is equal to BCD. but BDA is equal < to the angle 
- . CBD, 
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CBH, beettofe the fide AD is equal to the fide AB ; therefore Book IV. 
CBD, or DBA is equal to BCD ; and confequendy the three angles \^>^v>^ 
BDA9 DBA, BCD are equal to one another, and becaufe the angle 
DBC is equal to the angle BCD, the fide BD is equals to the h. 6. r. 
fide DC. but BD was made equal to CA, therefore alfo CA is equal 
to CDy and the angle CDA equal ^ to the angle DAC. therefore the g. 
ai^^ CDA9 DAC together* are double of the angle DAC. but 
BCD is equal to the angles CDA, DAC ; therefore alfo BCD is 
double c^DAC. and BCD is equal to es^ch of the angles BDA, 
DBA; each therefore of the angles BDA, DBA is double of the 
angle DAB. wherefore an ifofceles triangle ABD is defcribed 
taring each of the angles at the bafe double of the third angle. 
Which was to be done. 



SI 



a. 10. 4. 

b. %• 4* « 



PROP, XI. PROB. 

T^O infcribe an equilateral and equiangular pentagon 
•*■ in a given circle. 

Let ABCDE be the given circle; it is required to infaibe an equi- 
lateral and equiangular pentagon in the circle ABCDE. 

Defcribe • an Ifofceles triangle FGH having each of the angles at 
G, H double of the angle at F ; and in the circle ABCDE infcribe ^ 
the triangle A C D equiangular to the triangle F G H, fo that the 
ang^ CAD be equal to the 
angle at F, and each of the 
angles ACD, CDA equal to 
the angle at G or H ; where- 
ibre each of the angles 

ACD, CDA is double of the 
angk CAD. Bifed <" the 
angles ACD, CDA by the 
ibaight lines CE, DB, and 
join AB, BC, DE, £A. 
ABCDE is the pentagon required, 

Bccauie each of the ^gles ACD, CDA is double of CAD, and 
are btfeOed by th^ ftraight lines CE, DB, the five angles DAC, 

ACE, ECDy CDB, BDA are equal to one another, but equal angles 

And upon equal ^ circumferences ; therefore the five circumferences d. 26. 3 • 
AB, BC, CD, DE, EA arc equal to one another, and equal cir- 
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Book IV. cumferences are fobtended by equal ? jftraight lines ; therefcM-e the 
\;y^^\r\j five ftraight lines AB, BC, CD, DC, £A are equal to one another, 
f . ^9- 3. Wherefore the pentagon ABCDE is equilateral. It is alfo equian? 

gular ; becaufe the circumfe- 

ilence AB is equal to the cir- 
cumference DE, if to each be 

added BCD, the whole ABCD 

is equal to the whole EDCB. 

and the angle AED ftands on 

the circumference ABCD, 

and the angle BAE on the 

drcumferdice EDCB ; there- 
f. 17. 3. fore the angle BAE is equal f 

to the angle AED. for the fame reafon, each of the angles ABC, 

BCD,* CDE is equal to the angle BAE or AED,. therefore the pcn- 
• tagon ABCDE is equiangular; and it has been (hewn that it is e- 

quilateral. Wherefore in the given circle an equilateral aod equi^(i< 

gular pentagon has been infcribed. Which was to be done. 

PROP. XII. PROB., 

npO defcribc an equilateral and equiangular pentagou 
^ about a given circle. 

Let ABCDE be the given circle ; it is required to defcribe an 
equilateral and equiangular pentagon about the circle ABCDEL 

Let the angles of a pentagon, infcribed in the circle, by the laft 
propofitioh, be in the points A, B, C, D, E, fo that the circumfe- 

9. If . 4. rences AB, BC, CD, DE, EA are equal * ; and thro' the points A, 

b. 17. 3. B, C, D, t draw GH, HK, KL, LM, MG touching *> the circle; 
take the center F, and join FB, FK, FC, FL, FD. and becaufe the 
ftraight line KL touches the circle ABCDE ia the point C, to which 

e. 18. 3. FC is drawn from the center F, FC is perpendicular ^ to KL ; there- 
fore each of the angles at C is a right angle, for the iame reaibn, the 
angles at the points B, D are right angles, and becaufe FCK is a right 

d. 47 I- angle, thefquareof FKisequal<> tothefquaresof FC»CK. for the 
fame reafon the fquare of FK is equal to the fquares of FB» BK. 
therefore the fquares of FC, CK are equal to the fquares of FB, BK, 
of which the fquare of FC is equal to the fquare of FB ; the remain- 
ing fquare of CK is therefore equal to the remaii^iiig fquare of BK, 

and 
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f. *7* 3- 



pad the ftraight line CK equal to BJ^i. .and becaule FB is equal to Bode IV. 

FC, and FK ooomion to the triangles BFK» CFK, the two BF, FK 

are equal to the two CF» FK ; and the bafe BK is equal to the bafe 

KC ; therefore the angle BFK is equal ^ to the angle KFC, and the 

angle BKF to FKC. wherefore the angle BFC is double of the angle 

KFC, and BKC double of FKC. for the fame reafon, the angle 

Cf D is double of the angle CFL, and CLD double of CLF. and 

becaufe the circumference BC is equal to the circumference CD, the 

angle BFC Is equal f to the angle 

CFD. and BFC is double of die 

angle KFC, and CFD double of . J^ 

CFL ; diereforc the angle KFC is 

equal to the angle CFL ; and the rr^ 

right angle FCK is equal to the 

right angle FCL. therefore in the 

tyo triangles FKC, FLO, there 

ape two angles of one equal to 

two angles of the other, each to 

each, and the fide FC, which is 

adjacent to the equal angles in each, is common to both ; therefore 

the other fides (hall be equal < to the other fides, and the third g- *^- x* 

angle to the third angle, therefore the fbaight line KC is equal to 

CL, and the angle FKC to the angle FLC. and becaufe KC is equal * 

to CL, KL is double of KC. in the (ame manner, it may be fliewn 

that HK is double of BK. and becaufe BK is equal to KC, as was 

demonftrated, and that KL is double of KC, and HK double of 

BK, HK fhall be equal to KL. in like manner it may be fhewn that 

GH, GM , ML are each of them equal to HK or KL. therefore the 

pentagon GHKLM is equilateral. It is aUb equiangular ; for fince 

tk angle FKC is equal to the angle FLC, and that the angle HKL 

is double of the angle FKC, and KLM double of FLC, as was before 

demooftrated ; the angle HKL is equal to KLM. and in like manner 

It may be fliewn, that each of the angles KHG, HGM, GML is equal 

to the ang^ HKL or KLM. therefore the five angles GHK, HKL, 

KLM, LMG, MGH being equal to one another, the pentagon 

GHKLM is eqaiangular. and it is equilateral, as was demonftrated ; 

^ it is deTcribed about the circle ABODE. Which was to be 

done. 

PROP. 
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PROP. Xra. PROB, 

npO infcribe a circle in a given equilateral and equian* 
•*• gular pentagon. 



Let ABCDE be the given equilateral and equiangular pentagon; 
it is required to infcribe a circle in the pentagon ABCDE. 

Bifeft * the angles BCD, CDE by the ftraight lines CF, DF, and 
from the point F in which they meet draw the ftraight lines FB, FA> 
FE. therefore fince BC is equal to CD, and CF common to the tri- 
angles BCF, DCF, the two fides BC, CF are equal to the two DC, 
CF ; and the angle BCF is equal to the angle DCF ; therefore the 
bafe BF is equal ^ to the bafe FD, and the other angles to the other 
angles, to which the equal fides are oppofite; therefore the angle 
' CBF is equal to the angle CDF. and becaufe the angle CDE is 
- double of CDF, and that CDE is equal to CBA, and CDF to CBF ; 
CBA is alfo double of the angle 
CBF ; therefore the angle ABF is 
equal to the angle CBF ; wherefore 
the angle ABC is bifeftcd by the 
ftraight line BF. in the fame man- 
ner it may be demonftrated that the O 
angles BAE, AED are bifeftcd by 
the ftraight lines AF, FE. from the 
Q, t%. I. pomt F draw *= FG, FH, FK, FL, 
FM perpendiculars to the ftraight 
lines AB, BC, CD, DE, EA. and 
becaufe the angle HCF is equal to 
KCF, and the right angle FHC equal to the right angle FKC ; in 
the triangles FHC, FKC there are two angles of one equal to two 
angles of the other; and the fide FC, wiiich is oppofite to one of 
the equal angles in each, is common to both; therefore the other 
fides ihall be equal <>, each to each ; wherefore the perpendicular 
FH is equal to the perpendicular FK. in the iame manner it may be 
demonfeated that FL, FM, FG arc each of them equal to FH or 
FK ; therefore the five Ih^ht lines FG, FH, FK, FL, FM are 
equal to one another, wherefore the circle dcfcribed from the center 
F, at the diftance of one of thefe five, fliall pafs thro* the extremi- 
ties of the odicr four, and touch the ftraight lines AB/BC, CD, 

DE, 
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PE, EA, becaufe die angles at the points C^, H, E^ L, M sure right Book IV. 
angles; and that a ftraightllne dravm from the extremity of the di- v^^v^ 
z i er of a drde at right angles to it, touches * the drde. there- «• «tf« 3« 
f 'f each of the ftraight lines AB, BC, CD, DE, £A touches the 
: : - ; wherefore it is infcribed in the pentagon ABCDE* Which 
V. .- 'o bj dcxie. 



PROP. XIV. PROB. 

^T^O defcribe a circle about a given equilateral andequi- 
•^ angular pentagon. 

Let ABODE be the given equilateral and equiangular pentsigon ; 
it is required to defcribe a drck about it. 

Bifed * the angles BCD, CDE by the ftraight lines OF, FD, and ». 9. i. 
from tl^ point F in which they meet draw the ftraight lines FB, FA, 
FE to the points B, A, E, It may be 
demonftrated, in the fame inanner as 
in the preceeding propofihph, that the 
ingles CBA, BAE, AED are bifec- 
led by the ftraight lines FB, FA, FE. 
and becaufe the angle BCD is equal 
to die angle CDE, ^d that FCD is 
the half of the angle BCD, and CDF 
the half of CDE^ the angle FCD is 
equal to EDO ; wherefore the iide 

CF is equal^ to the fide FD. in like manner it may be demonftrated b. «. i. 
that FB, FA, FE are each of them equal to FC or FD. therefore 
die five ftraight lines FA, FB, FC, FD, FE are equal to one apo- 
ther ; and the circle defcribed from the center F, at the diftance of 
one ol them, ftiall pafs thro' the extremities of the other four, and be 
ddcribed about the equilateral and equiangular pentagon ABCDE. 
Which was to be done. 




PROP, 
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BooklV. PROP. XV. PROB. 

TO infcribe an equilateral aQd^equiangular hexagon in 
a given circle. 

Let ABCDEF be the given drde ; it is required to infcribe an 
equilateral and equiangular hexagon in it. 

Find the center G of the circle ABCDEF, and draw the diame- 
ter AGD ; and from D as a center, at the diftance DG defcribe the 
circle EGCH, join EG, CG and produce them to the points B, F j 
and join AB, BC, CD, DE, EF, FA. tlie hexagon ABCDEF vs^ 
equilateral and equiangular. 

Becaufc G is the center of the circle ABCDEF, GE is equal to 
GD. and becaufc D is the center of the circle EGCH, DE is equal 
to DG ; wherefore GE is equal to ED, and the triangle EGD is 
equilateral, and therefore its tlu^e angles EGD, GDE, DEG are 
equal to one another, becaufc the angles at the bafe of an ifofceles 
triangle are equal '. and die three angles of a triangle are equal *> to 
two right angles ; therefore the angle EGD is die third part of two 
right angles, in the fame manner it may 
be demonftrated that the angle DGC is 
alfo the third part of two right angles, 
and becaufe the i^raight line GC makes "p 
with EB the adjacent angles EGC, CGB 
equal ^ to two right angles ; the re- 
maining angle CGB is the third part of 
two right angles ; therefore tlie angles 
EGD, DGC, CGB are equal to one 
a. 15. 1, another, and to thefe are equal ** the 
verdcal oppofite angles BGA, AGF, 
FGE. therefore the fix angles EGD, 
DGC, CGB, BGA, AGF, FGE, are e- 
qual to one another, but equal angles 
c. x€. 3. ftand upon equal ^ circumferences ; therefore the fix circumferenoes 
AB, BC, CD, DE, EF, FA are equal to one another, and equal 
f. xp. 3. circumferences are fubtcnded. by equal f ftraight lines ; therefore 
the fix ftraight lines are equal to one another, and the hexagoa 
ABCDEF is equilateral. It is alfo equiangular ; for fince the cir- 
cumference AF is equal to ED, to each of thefe add the circamfe«» 
rence ABCD ; therefore the whole circumference FABCD fhall be 
equal to the whole EDCBA. and the angk FED Aands upon th^ 

drcumfereiicc 
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FABCD, aad the angle AFE xijxmi EDCBA ; there- Book IV. 
fore the angle AFE is equal to FED. in the fane manner it may be 
demonftrated that the other angles of the hexagon ABCDEF are 
each of them eqnal to the angle AFE or FED. therefore the hexa- 
gon is equiangular, and it is equilateral, as was fliewn ; and it is in- 
Icribed in the given circle ABCDEF. Whicli was to be done* 

Cor. From this it is manlfeft, that the fide of the hexagon is 
equal to the ftraight line from the center, that is, to the femidiame- 
ter of the circle. 

And if thro* the points A, B, C, D, E, F there be drawn ftraight 
lines touching the circle, an equilateral and equiangular hexagofi 
Ihall be defcribed about it, which may be demonftrated from what 
has been faid of the pentagon ; and iikewife a circle may be infcribed 
in a given equilateral and equiangular hexagon, and circumfcribed 
about it^ by a method like to that ufed for the pentagon. 



PROP. XVI. PROB. 



TO infcribe an equilateral and equiangular qi^ihdeca* scc k. 
gon in a given circle. ' 



Let ABCD be the given circle ; it is required to infcribe an equi- 
lateral and equiangular quindecagon in the circle ABCD. 

Let AC be the fide of an equilateral triangle infcribed * in the 
circle, and AB the fide of an equilateral and equiangular pentagon 
infcribed ^ in the fame ; therefore of fuch equal parts as the whole 
circumference ABCDF contains fifteen, the circumference ABC, be- 
ing the third part of the whole, con« 
tains five ; and the circumference AB^ 
which is the fifth part of the whole, 
ccmtains three; therefore BC their 
diflerence contafais two of the fame 



a. % 4. 

b. II. 4. 



B 



parts, bifeft ^ B C in E ; therefore 




C. JO. 3. 



BE, EC are, each of them, the fif- •*-' 
teentfa part of the whole drcumfe- r^ 
fence ABCD. therefore if the fhraight 
fines BE, EC be drawn, and ftraight 
lines equal to them be placed ^ around in the whole circle, an equi- 
lateral and equiangular quindecagon ftiall be infcribed in it. Which 

^ma to be done. 

And 
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BooklV. And in the. fiune sianner as was done ia the pe&ta^p&» If thixr 
the points of divifion made by inlcribiDg the quiadecagoii, flraight 
lines be drawn touching the circle, an equilateral and eqniangnlar 
qnindecagon (hall be defcribed about it. and likewi&y as in die pen- 
tagon, a drde may be mfciibed in a gtvea toquthteral and eqniingir* 
^ lar quindccagony sOid drcumfcribed ^ut it. 
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BOOK V. 



DEFINITIONS. 

I. 

AL £ S S magnitude is £ud to be a part of a greater magnitude, 
when the lefs mcafures the greater, that is, ' when the lefs is 
* contained a certain namber of times exaAiy in the greater.' 

IL 
A greater magnitude is faid to be a multiple of a lefs, when the 
greater b meafured by the lefs, that isy ' when the greater con* 
' tains the lefs a certain number of times exadUy.' 

in. 

^ Ratio is a mutual relation of two magnitudes of the feme kind to Stt N. 

** one another, in refpeft of quantity." 

IV. / 

MagDitudes are £dd to have a ratio to one another, when the le& caa 

be multiplied ib as to exceed this other. 

Vv 

llie firft of four magnitudes h faid to have the fame ratio to the fe- 
coiui» which the third has to the fourth, when any equimultiples 
whatibever of the firft and third being taken, and any equimnl- 
ti)des whatfoever of the fecond and fourth ; if the multiple of the 
firft be k£i than that of the feoond, the multiple of the third is 
ilfo left than that of the fourth ; or, if the multlpleof the firft be 
^nal ta that of the fecond, the multiple of the tlurd is alfo equal 
it that of the fourth ; or, if the multiple of the firft be greater 

Aon 
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Book V. than that of the fecond, the multiple of the third is alfo greatei* 
Kkr>nsJ than that of die fourth. 

VI. 
Magnitudes which have the (aifie rado are called propordooak.' 
N. ]6. ' When four magnitudes are proporticAals, it is ufually 

* exprefled by iaymg, the firft is to the fecond, as the third to 

* the fourth/ 

vn. 

When of the equimuldples of four magnitudes (taken as in the 5 th' 
Definidon) the muldpk of the firft is greater than that of die fe- 
eond, but thd muldple of the third is not greater than th6 mul- 
tiple of the fourth; then the firft is faid to hare to the fecoad a 
greater rado than the fhird ftiagiiitude has to the fourth ; and da 
the contrary, the third is faid to have to the fourth a lefs ratio' 
than the firft has to the fecond. 

vni. 

*' Analogy, or proportion^ is the flmilitude of ratios^" 

IX. 
Proportion coniifts in three terms at Icaft. 

X. 
When three magnitudes are proportionals, the firft h faid to haVe to 
the third the duplicate ratio of that which it has to the fecond. 

XI. 
Sec N. "When four magnitudes arc continual proportionals, the firft is faid to 
have to the fourth the Triplicate ratio of that which it has to the 
fecond, and fo on Quadruplicate, &c. increafing the denomination 
flill by unity, in any number of proportionals. 

Definition A, to ^t, of Compound ratio. 
When there are any number of magnitudes of the fame kind, the firfl 
is fidd to have to the laft of them the ratio compounded of the 
ratio which the firft has to the fecond, and of the ratio which the 
) fecond has to the third, and of the ratio which the third has to' 
the fourth, and foon unto the laft magnitude. 
For example. If A, B, C, D be four magnitudes of the fame kind, 
the firft A is fiud to have to the laft D the ratio comj>ounded of 
the ratio A to B, and of diie ratio of B to C, and of the ratio of C 
to D; or, the ratioof A to D is faid to' be compounded of the 
ratios of A to B, B to C, and C to D. 
And if A has to B^ the fame ratio ^fduch E has to F; and B to C» 
the fame ratio that G has to H; aod C to D, the bme that K 

has 
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lias to L ; then, by this Definition, A is faid to have to D the ra- Book V. 
tio compounded of ratios which are the fame with the ratios ojTE 
to F» G to H, and K to L. and the fame thing is to be under- 
flood when it ^s more briefly exprefled by faying A has to D, the 
ratio compounded of the ratios of E to F, G to H, ^d K fo L. 
In like manner^ the fame things being fuppofed, if M has to N the 
fame ratio which A has to Di, then, for fhortnefs fake, M is faid 
to have to N, the fatio compounded of the ratios of E to F, G 
to H, and K to L. * 

.xii. 

In proportionals, the antecedent terms ar6 called homologous to one 

another, as alfo the confequents to one another. 
' Geometers make ufe of the following technical words to fignify 

* certain ways of changiifg either the order or magnitude of pro- 

* portionals, fo as that th^y continue flill to be proportionals/ 

XIII. 

Pennutando, or Alternando, by Permutation, dr dternatply ; this Sec h, 
word is ufed when there are four proportionals, and it is infer- 
red, that the firft has the fame ratio to the third, which the fe- 
cond has to the fourth; or that the firft is to the third, as the 
feoond to the fourth, as is (hewn in the 1 6th Prop, of tliis 5 th 
Book. 

XIV, 

Invertendo, by Inverfion ; when there are foui* proportionals, and it 
IS inferred, that the fecond is to tli^ firft, a^ the fourth to the 
third Prop. B. Book 5 th. 

xy. 

Componendo, by Compofition ; when there are four proportionals, 
and it is inferred, that the firft together with the fecond, is to 
the fecond, as the third together with the fourth, is to the fourth. 
1 8th Prop. Book 5 th. 

xvr. 

Divideodo, by Dividon ; when there ar^ four proportionals,' arid \i 
is inferred, that the Excefs of tlie firft above the fecond, is to tlia 
fecond, as the Excefs of the third above the fourth, is to the 
foorth. 1 7 th Prop. Book 5tb. 4 

XVlt. 

CoQVertcndo, by Converfiort ; when tlierc are foiir proportionals, 
and it is inferred, that the firft is to its Excefs above the fecoh.i, 
as thfe third to its ExcCfs above the fourth. Pr^^p. E. Book 5th. 

n . xvm, rv 
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Bookv. . xvin. 

Ex aequali (fc.diftanda), or^ex aequo, from equality of dUfamce; 'whed 
there is any number of magnitudes more than two, and as many 
others, fo that they are proporticmals when taken two and two of 
each rank, and it is inferred, that the firft is to the laA of the firft 
rank of magnitudes, as the firft is to the laft of the others, 'of tlus 
* there are the two foUo^xdng kinds, which arife book the difie^ 
' rent order in which the magnitudes are taken two and two.' 

XIX. 

kx aequali, from aequality ; this term b ufed limply by itielf, when- 
the firft magnitude is to the fecond of the firft rank, as the firft 
to the fecond of the other rank ; and as the iSscond is to the tturd 
of the firft rank, fo is the fecond to the third of the other ; and 
fo on in order, and the inference is as mentioned 3b the preceed- 
ing Definition ; whence this is called Ordinate Proportion. It is 
demon/bated in 2 2d Prop. Book 5th. 

XX. 

£x aequali, m proportione perturbata, feu inordinata, from equa- 
lity, in perturbate or difordcrly proportion ♦ ; this term is ufed 
when the firft magnitude is to the fecond of the firft rank, as the 
laft but one is to the laft of the fecond rank ; and as the fecond is 
to the third of the firft rank, fo is the laft but two to the laft but 
one of the fecond rank ; and as the third is to the fourth of the 
firft rank, fo is the third from the laft to the laft but two of 
the fecond rank ; and fo on in a crofs order, and the mference 
Is as in the i 8th Definition. It is demonfh^ted in 23d Prop. 
of Book 5 th.' 

Axioms. 

I. 

EQUIMULTIPLES of the lame, or of oqual magnitude, are 
equal to one another. 

ft. 
I'hofe magnitudes of which the fame, or equal magnitudes, afe 
equimultiples^ are equal to one another. 

III. 
A multiple of aT' greater magnitude is greater thah the fame multiple 
ofalefs. 

* 4^ Prop; Lib, >. ArcUmcdit dsiphaoftct cyVmita, 

IV/ Thaw 
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IV. Bb^kV. 

Thatmagnitade of which a multiple is greater than the fame mul- 
tiple of another, is greater than that other magnitude. 

PROP. I. THEOR. 

F any number of jnagnitudes l^e equifflultiples of as 
many, each of each j what muldple fojever any one of 
them is of its pare, the fame multiple fhall all the firfl 
nagnicudes bt of all the other. 

Let any number of magnitudes AB, CD be equimultiples of as 
many (^mts £^ F, each of each ; whatibever multiple AB is of £» 
the fitoe amltiple fhall AB and CD together be of £ and F together. 
Belaufe AB is the fame multjjple of £ that CD Is of F, as many, 
magnitudes as are in AB equal to £, fo nitany are there in CD equaf 
to F. Divide AB into magnitudes equal to £, viz. 
AG, GB ; and CD into CH, HD equal each of A 
than to F. the number therefore of the magni- 
ttidcs CH, HD fhall be equal to* the number of (j 
the others AG, GB. andbecaufe AG Is equal to 
fc, and CH to F ; therefore AG and CH together 3 
are equal to • £ and F together, for the fame a. Ax. ». r, 

reafon, becaufe GB Is equal to £, and HD to F ; 
GB ^d HD together are equal to £ and F to* 
gctfaer. Wherefbre as itiany magnitudes as are in "T 

. AB equal to £, fo many are there in AB, CD 
together equal to £ and F tc^ther. Therefor^ 
whatibever multiple AB is of £, the fame muf- 
tiple is AB and CD together of £ and F toge<> 
fter. 

Therefore if any maguituc!es,'how miany foever, be cquim\lltiplc^ 
of as many, each of each, whatfoever multiple any ofte of thenf , 
is of its part, the fame multiple fhall all the firft magnitudes be of 
all the other. * for the fame Demonflration holds in any number cf 
• BB^tudes, which was here applied to two.' Q^ E. 0. 
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PROP. n. THEOR. 

TF the firft magnitude be the fame multiple of the fccond 
-^ that the third is of the fourth, and the fifth the fame 
multiple of the fecond that the fixth is of the fourth; then 
fliall the firft together with the fifth be the fame mujtiple 
6f the fccond, that th^ third together with the fixth is of 
the fourth. 

Let AB the firft be the fame multiple of C the fecond, that Dfe 
the third is of F the fourth ; and BG the fifth the fame multiple 
<rf C the fecond, that EH the fixth is of F the fourdi. Then is 
AG the firft together with the fifth the 
fame multiple of C the fecOnd, that DH A 
the third together with the fiith is of 
F the fourth. 

Becaufe AB is the fame multiple of 
C, that DE is of F ; there are as many 
magnitudes in AB equal to C, as there 
are in DE equal to F. in like manner, 
as many ai there ate in BG equd to C, Cy 
fo many aie there in EH equal to F, as 
many then as are in the whole AG equal to C, fo many are tliere* 
in the whole DH equal to F. therefore AG is the fame multiple of 
C, that DH is of F ; that is, AG the firft and fifth together, is 
the feune muhiple of the fecond C, that DH the third and fixth 
together is of the fourth F. If therefore the 
firft be the fame multiple, &c. Q;^E. D. D 
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Cor. ' From tRis it Fs pldn, that If any 

* number of magnitudes AB, BG, GH be 

* multiples of another C ; attd as many DE, 
' EK, KL be the fame multiples of F, each 
' of each ; the whde of the firft, vii. AH is 
' the fame multiple of C, that the whole of 
' the laft, viz. DL is ef F/ 
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PROP. III. THE OR. 

TF the firft be the fame multiple of the fecond, which 
the third is of the fourth ; and if of the firft and third 
there be taken equimultiples, thefe (hall be equimultiples 
the one of the fccond, and the other of the fourth. 

« 

Let A the firft be the £une muldple of B the fecond, diat C the 

third is of D the fourth ; and of A, C let the equimultiples EF, GH 

be taken, then EF is the lame multiple of B, that GH is of D. 
Becaufc EF is the fame muldple of A, that GH is of C, there are 

as many magnitudes in EF equal to A, as are in GH equal to C. let 

£F be divided intp the mag- 

flimdcs EK, KF, each equal JT "P£ 

jtoA,andGHintoGL,LH, 

eadi equal to C. the number 
; tfaoefbre of the magnitudes 

% KF, fhall be equal to 

4c number of the others ftCJ" J^^ 

GL, Hi. and becaufe A is 

I the &nie multiple of B» that 

CisofD, and that EK is 

qoalto A, and GL to C ; 

Aenefore EK is the fame 

pultiple of B, that GL is of 
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P' kr the fame reafon KF is the fame multiple of B, that LH is 
!rf D; and fo, if there be more parts in EF, GH equal to A, C. 
kcanie therefore th^ firft EK is the fame multiple of the fecond B, 
^idi the thir4 GL is of the fourth D, and that the fifth KF is 
dte £uDe multiple of the fecond B, ^vhich the fixth LH is of the 
Mir4 D ; EF the firft tcwpther with the fifth is the fame multiple* 
f the fecond B, which GH the third together with the fixth is of 
^fyordx D. If rfierefore the firft, 8^q. (^ E. D. 
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P R O P. IV. T H E O BL. 

TF the firft of four magnitudes has the fame ratio to the 
fecond which the third has to the fourth ; then any 
equimultiples whatever of the firil and third fhall have 
the fame ratio to any equimuhiples of the fecond and 
fourth, viz. ' the equimultiple of the firft (hall have the 
' fame ratio to that of the fecond* which the equimultiple 

' of the third has to that of the fourth.' 

■ # 

Let A the firft have to B the fecond, the fame ratio which the 
third C has to thp fourth D ; and of A and C kt there be taken any 
equimultiples whatever £, F ; and of B and D any equimultiples 
Nyhatevcr G, H. then E has the 
fame ratio to G, whicH F has to H. 

Take of E and F any equimul- 
tiples whatever K, L, and of G, H, 
any equimultiples whatever M, N. 
then becaufe £ is the fame multiple 
of A, that F is of C; and of E and 
F liave been taken equimultiples K, 
L ; therefore K is the fame mul- 
tiple oJF A, that L is of C *. for the 
fame reafon M is the fame multiple 
of B, that N is of D, and becaufe K E A B G 
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b. H37oth. as A is to B, fo Is C to D *>, and of 

A and C have been taken certain e- 

quimultiples K, L ; pnd of B and 

D have been taken certain equi- 
multiples M, N ; if therefore K be 

greater than M, L is greater than 
c. 5 . Dcf. 5 . N ; and if equal, equal ; if lefs, lefs*^. 
^ And K, L are any equimultiples 

whatever of E, F ; and M, N any 

whatever of G, H. as therefore E 

is to G, fo is *= F to H. Therefore 

if the the firft, &c. Q^E. D. 

CoR. Likewife if the firft has tlie fame ratio to the fecond^ which 

the third has to the fourth, then alfo any equimultiples whatever of 
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tbe fiift and third have the lame ratio to the fecond and fourth, and BookV. 
in like manner the firft and the thy-d have the fame ratio to any equi- wv>^ 
multiples whatever of the {ecxmd and.fourth. 

Let A the Jfirft have to B the fecond, the fame ratio which the 
third C has to the fourth D, and of A and C let £ and F be any equi- 
moldples whatever; then £ is to B^ as F to D. 

Take of £, F any equimultiples whatever K, L and of B, D any 
equimultiples whatever G, H ; then it may be demonftrated, as be« 
fore^ that K is the &me multiple of A, that L is of C. and becaufe 
AistoB, asCistoDy and of A and C certain equimultiples have 
been taken, viz. K and L ; and of B and D certain equimultiples G, 
H ; therefore if K be greater than G, L is greater than H ; and if 
qual, equal ; if kfs. Ids ^. spd K, L are any equimultiples of £, F, c. 5. Def. 5. 
andG, H any whatever of B, D ; as therefore £ is to B, (b is F tq 
D. and in the fame way the other cafe is dembnftrated, 

PROP. V. TH£OR. 

TF one magnitude be the fame multiple of another, see n, 

which a magnitude taken from the firil is of a magni- 
tude taken from the other ; the remainder fhall be the 
fame multiple of the remainder, that the whole is of the 
whole. 

Let the magnitude AB be the fame multiple of CD, that A£. 
taken from the firft, }s of CF taken from the o* ri. f 
dier; the remainder £B (hall be the fame mul- 
tiple of the remainder FD, that the whole AB is 
of the whole CD. A 

Take AG the fame multiple of FD, tiiat A£ is 
of C F. therefore A £ is * the fame multiple of 
CF, that EG is of CD. but AE, by die hypothe- 
fis, is the fame multiple of CF, that AB is of CD. r^ |^ 
therefore EG is the fame multiple of CD that AB 
is of CD ; wherefore EG is equal to AB *». take 
from them the common magnitude A£ ; die re- 
luainder AG is equal to the remainder EB. ^ |^ 
Wherefore fince AE is the fiune multiple of CF, 
that AG is of FD, and that AG is equal to EB ; therefore AE is 
the fame multiple of CF, that EB is of FD. but AE is the fame 

H 4 multiple 
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Book V. multiple of CF, that Ap is of CD ; therefore EB is the fame mul-r 
tiple of YD, that AB is of CD. Therefore if one magmtude» &c. 

PROP. VI. THEOR. 
TF two magnitudes be equimultrples of two others, and 
if equimultiples of thefe be taken from the firft two^ 
the remainders are either equal to thefe others, or equi- 
inultiples of them. 

Let the two magnitudes AB, CD be equimultiples of the two E, 
F, and AG, CH taken from the firft two be equimultiple? of the fame 
E, F; the remainders GB, HD are cithei- equal to E, F, or equi- 
multiples of them. 

Firft, Let GB be equal to E ; HD is equal to F. make CK equal 
to F ; and bccaufe AG is the fame multipk of 

E, that CH is of F, and tliat GB is equal 
to E, and CK to F ; therefore AB is the fame 
multiple of E, that KH is of F. But AB, by 
the hypo.thcfis, is the fame multiple of E 
tJiat CD is of F ; therefore KH is the fame 
mdlriple of F, that CD is of F ; wherefcrc 

a. I. Ax. 5.KH is pqual to CD', take away the com- 
mon magnitude CH, then the remainder KC 
is equal to the remainder HD. but KC is e- 
qual to F, HD therefore is equal to F. 

But let GB be a multiple of E ; then HD is the fame multiple of 

F. Make CK the fame multiple of F, that 
GB is of E. and becaufe A G is the fame 
multiple of E, that CH is of F, and GB the 
fame multiple of E, that CK is of F, there- 
fore AB is the fame multiple of E, that KH 
is of F *». but AB is the fame multiple of 
E, that CD is of F; therefore KH is the G 
fame multiple of F, that CD is of it ; where- 
fore KH is equal to CD*, take away CH from 
both, therefore the remainder KC is equal to 
the remainder HD. and becaufe GB is the 
fiuTic multiple of E, that KC is of F, and 
that KC is equal to HD ; therefore PID is the fame multiple of F, 
that GB is of £, It therefore two magnitudes, &c. Q-^E. D. 

PROP. 
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BookV. 
PROP. A. THEOR. v^nrx/ 

TF the firft of four magnitudes has to the fecond, the sec n. 

fame ratio which the third has to the fourth ; then if 
the firft be greater than the fecond, the third is alfo greater ^ 
than the fourth; and if equal, equal; if lefs, lefs. 

Take any equimultiples of each of them, as the doubles of each. 
then by Def. 5tfa of this Book, if the double of the firft be greater 
than tlie double of the fecond, the double of the third is greatei- 
than the double of the fourth, but if the firft be greater than the 
fccond, the double of the firft is greater than the double of the fe- 
cond. wherefore alfo the double of the third is greater than the 
dooWe of the fourth ; therefore the third is greater than the fourth, 
in like manner, if the firft be equal to the fecond, or lefs than it, 
the third can be proved to be equal to the fourth, or lefs than it. 
Therefore if the firft, &c. Q^ E. D. 

PROP. P. THE OR. 

TF four magnitudes are proportionals, they are propor- sec n. 
tionals alfo when taken inverfely. 
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If the magnitude A be to B, as C is to D, then alio inyip^y B is 
to A, as D to C. 

Take of B and D any equimultiples what- 
ever £ and F; and of A and C any equimul- 
tijJcs whato'er G and H. Firft, Let E be 
greater than G, then G is lefs than E ; and 
becaufe A is to B» as C is to D, and of A and 
C the firft and third, G and H are equimul- 
tiples; and of B and D the fecond and fourth, 
£ and F are equimuldples ; and that G is lefs 
than £, H is alfo Mefs than F ; thatis, Fis 
greater than H. if therefore E be greater than 
G» F is greater than H. in like manner, 
if E be equal to G, F may be fliewn to be e- 
^oal to H ; and if lefs, lefs. and E, F are any 

quimultijples whatever of B and D, and G, H 

any 
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Book V. any whatever of A and C. Therefore asBistoAifbisDtoC. 

If then four magnitudes, &c. Q^E. D. 

P R O P. C. T H E R. 

TF the firft be the fame multiple of the fecond, or the 
fame part of it, that the third is of the fourth ; the 
firil is to the fccond, as the third is to the fourth. 
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Let the firft A be the fame multiple of B the fecond, that C 
the third is of the fourth D. A is to B, as C is 
to D. 

Take of A and C any equimultiples whatever E 
and F ; and of B and D any equimultiples what- 
ever G and H. then becaufe A is the fame mul- 
tiple of B that C is of D ; and that E is the 
fame multiple of A, that F is of C ; £ is the fame 
»• y s. multiple of B, that F is of D ■ ; therefore E ^d 
F are the fame multiples of B and D. but G 
and H are equimultiples of B and D ; therefore 
if E be a greater multiple of B, than G is ; F is a 
greater multiple of D, than H is of D ; that is, if 
£ be greater than G, F is greater than H. in like 
manner, if E be equal to G, or lefs; F is equ4 
to H, or lefs than it. But E, F are equimultiples, 
any whatever, of A, C, and G, H any equimul- 
tiples whatever of B, D. Therefore A is to B, 
w.s.Def.sasCistoD^ 

Next, Let the firft A be the fame part 
of the fecond B, that die third C is of the 
fourth D, A is to B, as C is to D. for B 
is the fame multiple erf" A, thatDisof C; 
wherefore by the preceeding cafe B Is to 
c. B. 5. A, as D ii to C ; and inverfely ^ A is to B, 
as C is to D. Therefore if die firft be th^ 
feme multiple, &c. Q^E. D. A B C D 
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IF the firft be to the fccond as the third to the fourth, see n. 
t • • • 

and^ if ^he firil be a multiple, or part of the fecond ; 

the third i$ the fame multiple, or the fame part of the 

fourth. 



Let A be to By as C is to D ; and firft let A be a multiple of B ; 
C is the fame multiple of D. 

Take E equal to A, and whatever multiple 
A or £ is of B, make F the fame multiple of 
D. then becaufe A is to B, as C is to D ; and 
of B the iecond and D the fourth equimul- 
tiples have been taken E and F ; A is to E, as 
C to F *. but A is equal to E, therefore C is 
equal to F ^. and F is the fame multiple of D, 
that A is of B. Wherefore C is the fame mul- A JB 
tipie of D, that A is of B. f^ 

Next, Let the firft A be a part of the fe- 
cond B ; C the third is the fame part of the 
JFourth D. 

Becaufe A is to B, as C is to D ; then, in- 
yerfely B b ^ to A, as D to Q. but A is a part 
of B, therefore B is a multiple of A, and, by 
the preceeding cafe, D is the fame multiple of 
C; thatis, C is the fame part of D, that A is of B. Therefore if 
the firft, &c. Q^E. D. 
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V 

17 QU AL magnitudes have the fame ratio to the fame 
"^ magnitude; and the fame has the fame ratio to equal 
magnitudes. 

\ 
Let A apd B be eqiial magiUtudes, and C any other. A and B 
have each of them the fame ratio to C. and C baa the £iine rado to 
each of the magnitudei A and B, > 

Take of A and B any equimultiples whatev^ D mi Z, and of 

Cany 
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Book V. C any multiple whatever F. then becaufe D is the fame moltiple 

of A, that £ is of B, and that A is equal to 
Ax-s-B; Dis*cqual toE. therefore if D be greater 

than F, E is greater than F ; and if equal, c- 

qual ; if lefs» lefs. and D, E are any equi- 
multiples of A, B, and F is any multiple of 
k. 5. Def. 5. C. Therefore »> as A is to C, fo is B to C. 

Likewife C has the fame ratio to A that it 

has to B. for, having made the fame conftruc- 

tion, D may in like manner be (hewn equal 

to E. therefore if F be greater than D, it is 

likewife greater than E ; and if equal, equal ; 

if lefs, lefs. and F is any multiple whatever of 

C, and D, E, are any equimultiples whatever 

of A, B. Therefore C is to A, as C is to B ^. 

Therefore equal magnitudes, Sec. Q^E. D. 
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PROP. Vin. THE OR. 

/^F unequal magnitudes the greater has a greater ratio 
^""^ to the fame than the lefs has. and the fame magnitude 
has a greater ratio to the lefs than it has to the greater. 

Let AB, BC be unequal magnitudes of which AB is the greater, 
and let D be any magnitude whatever. AB 
has a greater ratio to D than BC to D. and ^ 
D has a greater ratio to BC than unto AB. 

If the magnitude which is not the f 1 
greater of the two AC, C B, be not lefs 
than D, take EF, FG the doubles of AC, 
CBy as in Fig. i . but if that which is not 
the greater of the two AC, CB be lefs than 
D (as in Fig. 2. and 3 .) this magnitude can 
be multiplied fo as to become greater than 
D, whether it be AC or CB. Let it be 
multiplied until it become greater than D, 
and let the other be multiplied as often ; 
and let EF be the multiple thus taken of 
AC, and.FG the fame multiple of CB, 

therefore 
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therefore £F and ¥G are each of them greater than D. and in Book V. 
CYcry one of the cafes take H the double of D, K its triple, and fo on, 
till the multiple of D be that which firft becomes greater than FG, 
let L be that multiple of D "which is firft greater than EG, and IC 
the multiple of D which is next lefs than L. 

Then becaufe L is the multiple of D wliich is the firft that be- 
comes greater than FG» the next preceeding multiple K is not greater 
than FG ; that is, FG is not lefs than K. and fmce £F is the fame 
multiple of AC, that FG is of CB ; FG is the fame multiple of CB, 
that EG b of AB * ; wherefore EG and FG are equimultiples of AB 
andCB. anditwasfiiewn ^^^ ^ 

that FG was not lefs than I *^ 

E»andyby theconftruAi- "J*^- 
OD, £F is g^ter than D ; 
therefore the whole EG 
is greater than K and D 
together, but K together 
^th D is equal to L ; 

dierefin^ EG is greater 

than L ; but FG is not 

greater than L ; s^ndEG, 

FG are equimultiples of 

AB, BC, and L is a mul- 

tipleofD; therefore^ AB 

has to D a greater ratio 

than BC has to D. 
Alfo D has t6 BC a 

greater ratio than it has 

to AB. for, having made 

the lame conftruAion, it may be fliewn, in like ctonner, that L is 

greater than FG, but that it is not greater than EG. and L is ^ 

moltiplc of D ; and FG, EG are equimultiples of CB, AB. There- 

fisie D has to CB a greater ratio ^ than it has to AS. Wherefore of 

wiequa] magnitudes, &c. Q^E. D. 
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%;^rr^ PROP. DC. THEOR. 

s« N. TW^ Agnitudes whith have the fairie ratio to the fame 
^ '^ magnitude arc equal to one another ; and thofe to 
which the fame magnitude has the fame ratio are equal to 
one another. 

Let A. B have each 6f them the faofc rado to C ; A b eqml to 
B. for if they are not equal, one of them' is greater than the other ; 
let A be the greater; then, by what was (hewn in the preceeding 
Propofition, there are fome equimultiples of A and B, ami( (bme 
multiple of C fuch, that the multiple of A is greater than the mul* 
tiple of C» but the muldple of B is not greater than that of C. Let 
fuch multiples be taken, and let D, £, be the equimuldples of A»: 
B, and F the muldple of C fo that D may be grea te r than F, and 
C not greater than F. but becaufe A is to C/ 
as B is to C, and of A, B are taken equimul- 
tiples D, £, andof C is taken a multiple F; 
and that D is greater than F ; Eihallalfobe 
I. /. DdT. J. greater than F*; but £ is not greater than F, 
which is impoffible. A therefore and B are 
not, unequal ; that is, they are equal. 

Next, Let C have the fame ratib to each 
of the magnitudes A and B ; A is equal to B. 
for if they are not, one of them is greater J^ 
than the o&er ; let A be the greater, there- 
fore, as was (hewn in Prop. 8th, there i9 
fome multiple F of C, and fome equimultiples 
EaodDofBandA fuch, that F is greater than E, and not greater 
dian D. but becaufe C 1^ to B, as C is to A, ahd that F the mul- 
tiple of the firft is greater than £ the multiple of the fecond; F 
d^ multiple of the third is greater than D th^ multiple of the 
fourth*, but F is not greater than D, which is impoffible. There- 
fore A is equal to B. Wherefore n^agnstudes which, &c. (^E. I>. 
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1>R0P. X. THEOR, wnrx^ 

*T^HAT liiagfiitudc which has a greater rat?o than ano- scc n. 

thcr has unto the fame magnitude is the greater of 
the two. and that magnitude to which the fame has a 
greater ratio than it has unto another magnitude is the 
Icflcr of the two. 

Let A have to C a greater ratio than B has to C ; A is greater 
than B. for becaufe A has a greater ratio to C, than B has to C» 
there are ^ (oaie equimnltiples of A a»d B, and ibme muldple of €«• 7.Dcf.5.' 
fnchy diat themnltiple of A is greater than the multiple of C, but 
the muldple of B is not greater than it. let 
them be taken, and let D, £ be equimultiples 
6f A,' B, and F a muldple of C fuch» that D -pv 

is greater than F» but £ is not greater than F. 
therefore D is greater than £« and becaufe D A 
and £ are equimultiples of A and B, and D 
is greater than £ ; therefore A is ^ greater r^ 

thanB. . 

Next» Let C hare a greater ratio to B thaif -n 
it has to A; B is lefs than A. for * there is ^ 
ibme multiple F of C, and fome equimulti- 
ples £ and D of B and A fuch, that F is 
greater than £, but is not greater than D. £ 
dierefore is lefs than D ; and becaufe £ and D are equimultiples of 
B and A, therefore Bis t> lefs than A. That magnitude therefore, &c. 
<^£. D* 
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PROP. XL THEOR. 

l^ ATIOS that are the fame to the fame ratio, are the 
fame to one another. 



Let A be to B, as C is to D; and as C to D, fo let £ be to F; 
Ab to B» asE toF. 

Take of A, C» £ any equimultiples whatever G, H, E ; and of 
B» D, F aay «quimult^les whatever L, M, N. Therefore fince 
A is 10 By as C to P, and ^ Ay C are taken equimultiples C, 

H; and 
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BodkV. H;«andL, MofB, D; ifG be greater than L, His greater than 

V^VX^ M ; and if equal, equal ; and if lefs, lefs*. Again, becanfe C is to 

a. 5. Def.5.D, as E i6 to F, and H, K arc taken equimultiples of C, E ; and M,* 

N of D, F ; if H be greater than M, Kis greater than N ; and if 

equal, equal ; and if lefs, lefs. but if G be gitater than L, it has 



G — H K 

A c E 

D F 



M jsi 



been (hewn that H is greater than M ; and if equal, equal ; and if 
left, lefs ; therefore if G be greater than L, K is greater than N ; 
and if equal, equal ; and if lefs, lefs. and G, K, are any equimultiples 
whatever of A, E ; and L,' N any whatever of B, F. Therefore as A 
IS to B, fo is E to F'. Wherefore ratios that, &c. Q^E. D.' 

PROP. XII. T H E O R. 

TF any number of magnitudes be propo)*troiials, as one 
of the antecedents is to its confequent> fo (hall all the 
antecedents taken together be to all the confequents. 

Let any number of magnitudes A, B, C, D, £, F, be proportib* 
nals ; that is, as A is to B, fo C to D, and E to F. as A is to B,'fo' 
ihall A, C, E together be to B, D, F together. 

Take of A, C, E any equimultiples whatever G, H, K ; and of 



H Kc- 



A C E- 

B t) F 

£ M N- 



Bv D, F any equimtiltiples whatevei- L, M, N. dite beaufe A is ta 
B, a»C is to D, and as E to F; aad that G, H> K are equimtdtiples 

of 
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tf A, C, E, and L, M, N equimultiples of B, D, F ; if G be g^ter fiook Vi 
tiiaiiL» H is greater dian My andK greater than N ; and if equal, K^y\^^Kj 
equal; and if lefs lefs*. Wherefore if G be greater than L, then G, »• 5«Dc£.|i 
H, K together are greater than L, M, N together ; and if equal, e-* 
^nat ; tnd if lefs, lefs. and G, and G, H, K together are any equimul* 
tiples of A, and A, C, E together, becaufe if there be any number of 
magnitudes equimulti{)les of as mafty, edchof each, whatever mul-» 
tipic one of thetn is 6f its part, the fame multiple is the whote of the 
whole^. for the fame reafon L, and L, M, N are any equimultiples *>. i. §4 
of B; and B; D, F. as therefore A is to B, fo are A; C, E together 
to B, D, F together. Wherefore i£ any number, &c. Q^E. D# 

PkO?: tm. TriEOR. 

IF the firft has to the fecond the fame ratio lirhich tlit ^ ^* 
third has to the fourth, hot the third to the fourth a 
greater ratio than the fifth has to the fixth; the firft fhall 
ajfo have to the fecond a gfeater ratio thatn the fifth hai 
to the fixth. 

Lfet A tlie firft hive the farfie ratio to B the lec6nd which C thi 
third has to D the fourth, but C the third to D the fourth a greater 
ratio than E the fifth to F the fixth. alfo the firft A fliall have to die 
faxwd B d greater r^o than the fifth E to the fixth F. 

Becaufe C has a greater ratio to D, than E to F, there are fonie 
equimultiples of C and E, and fome of D and F fuch, thait the mul- 
tiple of C is greater than the mfultiple of D, but the multiple of £ is 

M ^ G- H— - — ' — ^ 

A. C E — — 

B-i D p — ^^ 

N K L * 

not greater than the multiple 6f F*. let fuch be taken, and of C, £ &. 7 . Ocf $ • 
ktG, H be equimultiples, andK, L equimultiples of D, F fo that 
G be greater than K, bet H not greater than L y and whatever mul* 
tipfcGis of e take M the fame nniltiple of A 5 and what mul- 
tiple K b of Df take N the (ame multiple of B. then becaufe A h 
to B| as C to D, afiMt of A and C, M and G are equimultiplc<t, and of 

I Bc^d 
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BookV. BdndDi N and K are equimultiples; if M be greater tiianNi Gil 

\^^^y%j greater than K ; and if equal, equal ; and if Itisy lefs^; but G is 

h. S' l>«f- 5 • greater than K, therefore M is greater than N. but H is not greater 

than L ; and M, H are equimultiples of A, £ ; and N, L equimul^ 

tiples of B, F. Therefore A has a greater rado to B» than £ has to 

«. 7. D«f. 5. F *. Wherefore if the firft, &c. QJS.. D. 

CoR. And if the firft has a greater ratio to the fecond, than the 
thh-d has to the fourth ; but the third the fame rado to the 
fourth, which the fifth has to the fixth ; it may be detxumftrated in 
like manner that the firft has a. greater ratio to the fecond than the 
fifth has to the fixth. 



fteN. 
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PROP. XIV. THEOk. 

IF the i^rfl: has to the fecond the fame ratio, t^hich the 
third has to the fourth ; then, if the firft be greater 
than the third, the fecond flKall be greater than the fourth} 
and if equal, equal ; and if lefs, lefs. 

Let the firft A have to the fecohd B the fame ratio, ^hich the 
third C has to the fourth D ; if A be greater than C, B is greater 
than D. 

Becaufe A is greater than C, and B is any other magnitude, A has 
to B a greater ratio than C to B ^ but as A is to B, fo is C to D ; 
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♦. i^ ^. therefore alfo C has to D a greater ratio than G has to B**. but oT 
two magnitudes, that to which the fame has the greater ratio is die 
lefler ^. wherefore D is lefs than B ; that is, B is greater than D. 

Secondly, If A be equal to C, B te equal D. for A is to B, u 
€,» that is A, to D ; B therefore is equal ta D <". 

Thirdly, If A be lefs than C, B fliall be lefs than D. for C is 
greater than Ar and becaufe C is to D, as A is to B, D is greater 
tittn B by the firft cafe J wherefore B is lefs ttan D. Therefore if 
|]ie&rft, &c. Q^£, D. PRO P. 
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J»ROP. XV. THEOR. 



hi 

BookV. 



U 



Agnitudes have the fame ratio to One atiother 
which their equimultiples have. 



Let AB be die fianie multiple of C that D£ is of F. C is to F, td 
AB to D£. 

Becaufe AB is the fame multiple of C that DE is of F, there are 
as i&any magnitudes in AB equal to C, as there are in D£ equal td 
F. Let AB be divided into magnitudes^ each 
equal to C, viz, AG, GH, HB ; and DE into A. 
ioagnitudes, each equs^ to F, vrz. DK, KL» 
LE. then the number of the firft AG, GH, HB 
ihall be equal to the number of the laft DK, G 
XL, LE. and becaufe AG, GH, HB are all e- 
qua], and that DK, KL, LE are alfo equal to pji 
OQc another ; therefore AG is to DK, as GH to 
KL, and as HB to LE ^. and as one of the an- 
tecedents to its confequent, fo are all the ante* 
cedents together to all the confequents toge- 
ther «>; wherefore as AG Is to DK, fo is AB to DE. but AG is 
*qoal to C, and DK to F. therefore as C is to F, fo is AB to DE. 
Therefore magtiimdes, &t. Q^E. D. 
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PROt>. XVI. THEOR. 

IF four magnitudes of the fame kind be proportionals, 
they (hall alfo be proportionals when taken alter- 
iatcly. 

Let the four magnitudes A, B, C, D be proportionals, viz. as.A 

toB,foCtoD. they ' ^ .._ 

Ihall alfo be proporti- xl*""""^ ' VJT 



C 
i> 



iToals when taken al- A 
innately ; that is, A ^ 
B to C, as B to D. B ' 

Take of A and B any |p 
equiinultiples whate- 
1«r £ and F ; and of C and D take any equimultiples whatever d 
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Book Vr and H. and becaufe £ b the (ame muldple of A» that F is of ^i 
and that magnitudes have the fame ratio to one another which their 
equimultiples have » ; therefore A is to B, as £ is to F. but as A . 

b. I J. 5- 13 to B, fo is C to D. wherefore as C Is to D, fo *>is E to F. ^againy 

becaufe G, H are equi- 
multiples of C, D, as JE- — ' G " 

G is to D, fo is G to A * (^ 

H*;butasCis toD, 

fo is E to r* Where- B D" 

fcre as £ is to Fy fo is rp . 1 j ^ 

GtoH»>. But when ■"" . 

four magnitudes are proportionals, if the firft be greater than the 
third, the fecond ihall be greater than the fourth ; and if equal, 

c, i#. ^. equal ; if lefs, lefs ^. Wherefore if E be greater than G, F likewife 

is greater thai^ H ; and if equal, equal ; if lefs, 'lefs. and E, F are 
any equimfultiples whatever of A, B ; and G, H any whatever of C,* 
a. 5. Def. 5- D. Therefore A is to C, as B to D <^. If then four magnitudes, &c/ 
Qjfc. D. 

PROf. XVft. THfiOit. 

• 

s^ If. T F msgfeitiides taken jcnntly be proportronah, they fhall 
X alfo be proportionals When taken feparately, that is, if 
two ;nagnitudes together ha?e to one of them, the fame 
-ratio which two others have to one of thefe, the remain- 
ing one of the firft two flball have to the other, the fame 
ratio ^hich the remaining one of (he laft two has to thft 
othef of thefe. 

Let A6, BE ; CD, DF be the magnitudes taken jointly which 
ir€ f>r6portionaIs ; that is, as AB to BE, (6 h CD to DF ; they 
(hall alfo be proportionals taken feparately, viz. as AE to EB, fo CF 
tolFO. 

Take of AE, EBy CF, FD any oquimultiples'whatever GH, HK, 
LM, MN ; and again, of EB, FD, take any equimultiples whatever 
ICJC, NP. and becdfdfe 6H is the fame multiple of AE that HK isf 
«. I. S' of £B, therefore GH is the fame multiple * of AE, that GK is of 
AB. but GH is the fame multiple of AE, that LM is of CF ; where- 
fore GK is the fame roiiltiple of AB, that LM is of CF. Again,^ be--' 
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anfe LM is die fiune multiple of CF that MN is of FD ; therefore ^k V* 
LM is tiie fame multiple * of CF, tliat LN is of CD. but LM ivas 
Aiewn to be the fame muldple of CF> that GK is of AB ; GE there- 
fore is the fame multiple of AB, that LN is of CD ; that ^s, GK; 
LN are equimultiples of AB, CD. Next, becaufe HS is the &ii|e 
multiple of £B, that MN is of FD ; and that 
£X is alfo the fame multiple of £B, diat NP 
is of FD ; therefore HX is the fkme mul- 
tiple^ ofEBdiat MP is pfFD. Andbecaufe 
AB is to BE, as CD is to DF, and that of 
AB and CD, GK and LN are equimultiples, |^ ^ 
»ul rf EB and FD, HX and MP are equi- *^* 
multiples ; if GK be greater than HX, dien 
LN is greater than MP; and If equal, equal; K" 
and if lefs, lefs*. but if GH be greater than 
KX, by adding the conunon part HK to both, 
GK is greater than HX ; wherefore alfo LN 
is greater than MP ; and by taking away 
MN fix>m both, LM is greater than NP. 
tberefore if GH be greater than KX, LM is 
greater than NP. In like manner it may be demonflrated, that if 
GH be equal to KX, LM likewife is equal to NP ; and if lefs, lefs. 
aad GR, LM are any equimultiples whatever of AE, CF, and KX, 
NP are any whatever of EB, FD. Therefore « as A? is tp EB, fo U 
CF to FD. If then magnitudes, &c, Q^E. D. 

PROP. XVm. THE OR. 

IF magnitudes taken feparately be proportionals, they sm h. 
Ihall alfo be proportionals when taken jointly, that is, 
]f thefirft be to the fecond^ as the third to the fourth., 
the firft and fecond together fliall be to the fecond^ as the 
third and fourth together to the fourth. 

Let AE, EB, CF, FD be proportionals ; that is, as AE to EBl 
fe is CF to FD ; they fliall alfo be proportionals v^hen taken jointly'; 
diat is, as AB to BE, fo CD to DF. 

Take of AB, BE, CD, DF any equimultiples whatever GH, HK, 
LM, MN ; and again of BE> DF take any whatever equimultiples 
KG, NP. ami bccaufe KO, NP are equhnoltiples of BE, DF ; ^ni 
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Book V. ^ KH, KM are equimultiples likewife of BE^ DF, if KO the mul- 
tipljp of BE be greater than KH which is a multiple of the fame 
BE, NP likewife the multiple of DF ihall be greater thau NM thp 
piultiple of the fame DF ; and if KO be £• 
iequaltoKH, NPfhaUbeequaltoNM; •" 
and if lefs> lefs. r\L 

Firft» Let KO pot be greater than 
EHy therefore NP is not greater than 
MM. and becaufe GH, HK are equimul- 
tiples of Afi, BE, and that AB Js greater K." ' 
f • I* A3F* 5* than BE^ therefore GH is greater ^ than 
' ^ HK ; but KO is not greater than KU, 
wherefore GH is ^-eater than KO. In * 
like manner it may be (hewn that LM is 
greater than NP. Therefore if KO be 
not greater than KH, then GH the mul- 
tiple of AB is always greater than KO (j. 
the multiple of BE ; and likewife LM 
the multiple of CD greater than NP the multiple of DF. 

Next, Let KO be greater than KH ; therefore, as has been fliewn» 
NP is greater than NM. and becaufe the whole GH is the fame 
multiple of the whole AB, that HK is of BE, the remainder GK is 
the fame multiple of the remainder AE 
that GH is of ABi>, which is the fame 
that LM is of CD. In like manner, be- 
caufe LM is the fame multiple of CD, that 
MN is of DF, the remmder LN is the 
fame multiple of the remainder CF, that 
the whole LM is of the whole CD b. 
but it was fhewn that LM is the fame 
multiple of CD that GK b of AE ; 
therefore GK is the fame multiple of 
AE tfiat LN is of CF ; that is, GK, LN 
are equimultiples of AE, CF. and be- \j\ 
caufe KO, NP are equimultiples of BE, 

DF, if from KO, NP there be taken KH, NM, which are likcMnfe 
equimultiples of BE, DF, the remainders HO, MP are dtber equal 
to BE, DF, or equimultiples of them ^. Firft, Let HO, MP be e* 
qual to BE, DF ; and b^ufe AE is to EB, as CF to FD, and that 
GK, LN are equimultiples of AE, CF^ GK ihall be to £B, as LN 
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t» FD< but HO is equal to EB, and MP to FD; wherefere GK Book V. 
is to HO, as LN to MP. If therefore GK be greater than HO, LN K.^ry>^ 
IS greater than MP; and if equal, equal; andif lefs, lefs^ a.Cor.4.s. 

But let HO, MP be equimultiples of EB, FD ; and becaufe AE •' ^' ^' 
is to EB, as CF to FD, and that of AE, CF are taken equimul- 
dj^es GK, LN ; and of EB, FD, the equimultiples HO, MP ; if 
GK be greater than HO, LN bgreater r^ 
than MP; and if equal, equal ; and if /^ 
kfs, lefs f ; which was likewife Ihcwn 
in the preceedlng cafe. If therefore GH 
be greater than KO, taking KH from H ' 
bodi, GK is greater than HO ; where- 
£»ne alio LN is greater than MP ; and 
coniequently, adding NM to both, LM ff 
b greater than NP. therefore if GH 
be greater than KO, LM is greater 
than NP. In like manner it may be 
Ihewn that if GH be equal to KO, LM 
is equal to NP; and if lefs, lefs. And Q- 
sn the cafe in which KO is not greater 

than KH, it has been (hewn that GH is always greater than KO, 
and likewife LM than NP. but GH, LM are any equimultiples of 
AB, CD, and KO, NP are any whatever of BE, DF ; therefore f as 
AB b to BE, fo is CD to DF. )f dien magnitudes, &c, Q^E. D. 
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PROP. XIX. THEOR. 

IF a whole magnitude be to a whole, as a magnitude see n. 
taken from the firfl is to a magnitude taken from the 
other ; the remainder ihall be to the remainder as the 
whole to the whole. 



Let the whole AB be to the whole CD, as AE a magnitude 
taken from AB to CF a magnitude taken from CD ; the remain- 
der EB fliall be to the remainder FD, as the whole AB, to the 
whdeCD. 

3ecaii£: AB is to CD^ as AE to CF; fikcwife, alteniatdy *, 
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Book V. J3A is to AE» as DC to CF. and becaufe if magnl- 
}y#<V>^ cudes taken jointly be jK-oportionals, tliey are aifd pro- 
!?• 17* 5< p(»-tion^ b when taken feparately ; therefore as BE 
is to EA, fo is DF to FC; and alternately, as BE is 
to DF, fo is EA to FC. but as AE to CF, fo, by the E- 
Hypothecs, is AB to CD; therefore alfo BE the re- 
ynainder (hall be to the remainder DF, as the whole 
AB to the whole CD. Whcrrforc if die whole, &c. 
(^E. D. 

" COK. If the whole be to the wholp, as a magni* 
fude taken from the firft is to a magnitude takep fipm 
the other; the remainder likewife is to the remainder, as the magr 
pitude taken from the firft tp that taken from the qther. the De- 
monlh-adon is contained in the proceeding. 
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PROP. B. THEOR. 

IF four magpitudcs be proportionals, they are alfo pro- 
portionals by converfion, that is, the firft is tp its ex^ 
cefs above the fecond, as the third to its excefs above the 
fourth. 



K 



Let AB be to BE, as CD to DF ; theo BA is to 

AE, as DC to CF. 
!• 17- 1. Becaufe AB is to BE, as CD to DF, by divifion ', E ' 
h. B. 5. AE is to EB, as Cf to FD ; and by inverfion ^ BE 
c. i8. 5. is to EA, as DF to FC. Wherefore, by Compofition^, 

BA is to AE, as DC is to CF. If therefore four,' &c. 

Q^E. D. 
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PROP. XX. THEOR. 

5ceN. 1 F there be three magnitudes, and other three, which 

Jl taken two and two have the fame ratio ; if the firft 

be greater than the third, the fourth (hall be greater thaii 

the fixth» and if equal, equal; and if lefs^ lef$, 

Let 
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Let Ay By C be three iiiagoitades» and D, E, F other three. Book V. 
3vhich taken two and two have the fame ratio, viz. as A is to B, (o 
18 D to E; and as B to Cy fQ is £ toF. If A be 
greater than C, D fhall be gr^iter than F; and if 
equal, equal ; and if lefs, lefs^ 

Becaufe A is greater than p^ ^d B (s any other 
magnitade,andtfaat the gre^t^has to the fame pag- 
nitnde a greater ra4o than die l^s ha$ to it *; there- 
fore A has to B a greater ratio tlmn C has toB. but | 
asDistoEy fo ^ A tpB; therefore ^ D hs^ to £ A 
a greater ratio than C to B. and bjecaufe B is to C* J) 
as £ to Fy by inveriipn, C is to B, as F is to E ; and 
D was (hewn to have to £ agreater ratio than C to 
B ; therefore D has to £ a greater ratio than F to 
£^. but the magnitude which has a greater ratio 
than another to the fame magnitude, is the greater pf the two ^. D d. lo. $. 
is therefore greater than F. 

Secondly, Let A be equal to C ; . D (hall be equal to F, becaufe 
A and C are equal to one another, A 
is to By as C is to B^. but A is to 
B, as D to £ ; and C is to B, as F 
to E ; wherefore D is to £, as F to 
E^; and therefore D is equal to F*. * « 

Next, Let A be lefs dian C ; D A jJ O 1 * f^ 
{ball be lefs dian F. for C is greater D E F Ti f;^ -p 
than A, and, as was (hewn in the firft JJ Il« J? 

cafe, C is to B, as F to E, and in like 
manner B is to A, as £ to D ; therefore 
F is greater than D^ by the firft caf^; 
and therefore D is lefs than F. There- 
£9re if there be three, &c. Q^E. D. 

PROP. XXI. THEOjl. 

TF there be three magnitudes, and other three^ vhich 
haye the fame ratio taken two and two. but in ^ crofs 
order ; if the firfl magnitude be greater than the third, 
the fourth (hall be greater thaa the iizth; and if equal, 
tqual \ and if lefs, lefs. * * 

Let 
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Let A, By C be three m^nitudes, and D, E, F other three. 

which have the fame ratio tid^en rwo and two, but in a oofs orderj» 

viz. as A is to B, fo is £ to F, and as B is to C, (o 

isDtoE. If A be greater than C,D (hall be greater 

chanF; andif equal, equal; and if lefs, lefs. 
Becaufe A is greater than C, and B is any other 

magnitude, A has to B a greater ratio * than C 
k I). |. h^ to B. but as E to F, fo is A to B; therefore ^ 

E has to F a greater ratio than C to B. and be- 
, caufe B is to C, as D to E, by inverfion, C is to A B C 

B, as E to D. and E v^as Ih^wn to have to F a £) G p 

greater ratb than C to B ; therefore E has to F a 
cQbt.is.s. greater ratio than £ to D ^. but the magnitude to 

which the fame has a greater ratio than it has to 

another, is the lefler of the' two*. F therefore is 

lefs than D ; that i$, D is greater than F. 

Secondly, Let A be equal to C ; D fhall be equal to F. Becauft 

A and C are equal, A is ^ to B, as C is to B. bvit A is to B, as fi 

to F; and C is to B, as E to D ; 

wherefore E is to F, as E to D ^ ; 

and therefore D is equal to F<. 
Next, Let A be lefs than C ; 

D (hall be lek than F. for C }s 

greater than A, and, as was jfhewn, 

C is to B, as E to D, and in like J) J^ p 

mannerBisto A,asFtoE; there- 
' fore F is greater than D, by cafe 

firft; and therefore D is lels than 

F. Therefore if there be threo, 

Ac Q^E. D. 

PROP. XXn. THEOI^ 

n, TF there be any number of magnitudes, and as many 
others, which taken two and two in order ha?e the 
fame ratio ; the firft ihall have to the lafl: of the firft mag- 
nitudes the fame ratio which the firft of the others has to 
the laft. N. B. This is u/ualfy cited by tie words *' cm 
*' aequali, $rp « aejuo.^* 

Firft, 
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ABC 



A 
D 






i'u 



c 

F 
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Firft, Let there be three magnitudes A, B, C, gnd as many others BookT. 
P, £, F, which taken two and two hare the (kme rado» that is 
fuch that A is to B, as D to E; and a?B is to C» fo is E to F. A 
fliall be to C, as D to F. 

Take of A and D any equimul^plcs whatever G and H; and of 
, B and £ any equunnl^ples what- 
ever K and L ; and of C ^d F 
any whatever M ai^d N. then be- 
caufe A is to By as D to E, and 
that Gy H are eqnimultit)les of A, 
Dy and K, L equimultiples of B» 

E; asGistoK, fois*HtoL. '(& KM H L N 
for the fame reafon K is to M, as 

L to N. and becaufe there are 

three magnitudes G, K, M, and o- 

ther three H, L» N, which two and 

two have the fame ratio; if G be 

greater than M, H is greater than 

N ; and if equal, equal ; and if 

k&y lefs ^. and G, H are any ^ui- 

multiples whatever of A, D, and M, N are any equimultiples what* 



ABC D E F 



I 



I 



I 



a.4.|. 



b. so. I* 



A. B. C. D. 
E. F. G. H. 



ever of C, p. therefor^ ^ as A is to C^ ib is D to F* 

Next» Let there be four n^agnitudes A, B, C, D, and other four 
E, F, G, Hy which two and two have the (an^ 
ntiOy viz. as A is to By (b is £ to F; and gs Q 
toC, foFtoG; andasCtoD, foGtoH. A 
ihall be to Dy as £ to H. 

Becaufe A, B» C are three magpitudes, and E^ F, d other three, 
which taken two and two have the fame ratio ; by the fbr^iqg 
cale, A is to Cy as E to G. but C Is to D, as G is to B; wherefore 
again, by the firft cafe, A is to D, as E to H. and (b on, what- 
per be the number of magnitudes^ Therefore if there be any num'» 
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PROP. XXm. THEOR. 

TF there be any number of magnitudes^ and as many o« 
thers^ which, taken two and two, in a cr^fs order, 
have tile fame ratio} the firft (hall have to the lad of the 
fipft magnitudes the fame rat|o whjch the iirfl: of the others 
h^s to the laft. N, B. This is ufually cited by the words 
" ex aequali in proportione perturb at a » Qr, eap aequo per- 
*' turbate.'^ 



Firft, Let there be three magnitudes A, B, C, and other three 

D, £, F, which taken two and two in a crofs order have the fame 

ratio, that is fuch that A is to B, as E to F; and as B is to C, fo is 

D to E. A is to C, as D to F. 

Take of A, B, D any equimultiples Mdiatever G, H, K; and of C^ 
. E, F any equimultiples whatever L, M, N. and becaufe G, H are 

equimultiples of A, B, and that 

magnitudes have the fame ratio 
». 15. l. which their equimultiples have * ; 

as A is to B, fo is G to H. and for 

the fame reafon, as £ is to F, fo isM 

to N. but as A is to B, fo is E to ^ ^ ^ n IT TT* 

F; asdiereforeGisH. foisMtQ p- f^ ^ U h[^ 
b.ii.s- V\ and becaufe as B is to C, fo U « li 1- Jx^-MIM 

D to E, and that H, K are equi- 
multiples of B, D, and L, M of C, 
c. 4. |. £ ; as H is to L, fo is ^ K to M. 

and it has been &ewn that G is to 

H, as M to N« theni)ecattfe there 

are three magnitudes G, H, L, and 

other three K, M, N which have 

the fame ratio taken two and two 

in a croft order; if G be greater 
L %t. $. than L, K b greater than N; and if equal, equal; and if kfs, lefs'. 

and G, K are any equimultiples whatever of A, D ; and L, N any 

whatever of C, F; as thcreifoix A is to C, fo is D to F. 

Next, 
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>Iext, Let there be four magnitudes A, B, C, D, and other fbbr Book V. 
E, Fy Gy H, which, taken two and two in a crofs 
order, have the (amc rado, viz. A to B, as G.to 
H; B to C; as F to G ; and C to D, as £ to F. 
A is to D, as £ to H. 



A. B. C. D. 
£• F. G. H* 



Becaafe A^ B, C are three magnitudes^ add F, G, H other three^ 
which, taken two and two in a crofs order, have the £une ratio ; by 
the firft cafe, A is to C, as F to H. but C is to D, as £ is to F ; 
wherefore again, by the firft ^e, A is to D, as £' to H. and fo on, 
whatever be the number of magnitudes; Therefore if. there be any 
liumbcr, &c, Q^E. li. 

PROP. XXIV. THfeOR. 

IF the firft has to the fecood the fame ratio which the see kv 
third has to the fourth ; and the fifth to the fecond 
the fame ratio which the fixch has to the fourth; the firft 
and fifth together ftiall have to the fecond^ the fame ratio 
which the third and fixtH together have to the fourth. 



G\ 



B 



H 



Let AB the firft have to C the fe^^ond &e fame riitio, which DE 
the third has to F the fourth ; and let BG the fifth have to C the 
fecond the fame ratio, which £H the fixth 
has to F the fourth. AG, fhe firft aiid fifth 
toother, (hall have to C the fedond the fame 
rado, which DH, the third and filth together^ 
hai to P the fburdi. 

Becaufe tC is to C, as EH to F ; by ih- 
vcrfion C is to BG, as F to EH. and becaufe 
as AB is to C, (o is DE to F; and as C to 
BG, fo F to EH; ex aequali ^ AB is to BG, 
as DE to EH. and becaufe thefe magnitudes 
are propordonals, they fliall Itkewife be pro- 
portionals when taken joindy ^ ; as therdbre 
AG is to GB, fo is DH to HE; but as GB to C, fo is HE to F. 
Therefore, ex aequali', ^ AG Is to C, fo is DH to F. Wherefore 
if die firft, &c. Q^E. D. 

' Cdk. I. If the fame Hypothefisbe made as in the Propdfidon, 
the excefs of the firft and fifth ihall be to the fecond, as the excefs 
and fixth to the fourth, the Degionftration of this is the 

fame 
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THE ELEMENTS 

that of ib& PropoiitioD^ if Divifira be uied InfUad of 
CompoiltioQ. 

Cor. 2. The Propofitioti hdds true of two ranks of ]nagQitude% 
whatever be their number, of which each of the firft rank has to a 
{ocaad magnitude the fame ratio that the correfponding one of the 
iecond rank hfls to a fourth magnitude ; asismani6Bft. 



PROP. XXV^ THEOR. 

TF four magnitudes are proportionals, the greatefl and 
leaft of them together are greater than the other two 
together. 

Let the four magnitudes AB, CD, E, F be proportionals, tiz. 
AB to CD, as E to'F; and let AB be. the greatefl of them, and coa^ 
t. A,fts4.5-fisquently F the leaft^. AB together with F are greateif than CD to- 
gether ^th E. 

Take AG equal to E, and CH equal to F. then becaufe as AB 
to CD, fo is £ to F, and that AG b equal to E, and CH equal to 
F; AB is to CD, as AG to CH. and ^ 
becaufe AB the whole is to the whole CD, ^ 
as AG is to CH ; likcwiie the renuunder (jf " jy 
GB ihall be to the remainder HD, as the 
whole AB is to the whole >> CD. but AB ii H - 

greater than CD, therefore ^ GB is greater 
than HD. and becaufe AG is equal to E, 
and CH to F; AG and F together are equal 
to CH and E together. If therefore to the 
unequal magnftudes GB» HD, of iKrhich GB 
IS the greater, there be added equal mi^nltudes, \h. to G B thdr 
two AG and F, and CH and £ to HD ; AB and F together arc 
'greater than CD and E. Therefore if four ibagnitudes^ &c« 
<^E. D. 
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P R O P. F. THEOR. 

1^ ATI OS which are compounded of the fkme ratios, 
are the fame with one another. 

1M 




F E U C L I D. t4« 

letAbetoB, asDto£;andBtoC, asEto^. d» rado Book V. 
Wiich is compounded of die ratios of A to B, and 
B to C, which, by the Definition of compound 
tatio, is the ratio of A to C, is the fame with the 
tatio of D to F, which, by the iame Definition, is 
compounded of the ratios of D to £, and £ to F. 

Becaufe there are three magnitudes A, B, C, and three others Dp 

£y F which taken two and t^o in order have the iame rado; exae- 
qualiy. A is to Cy as D to F *• 

Next, Let A be to B, as £ to F; and B to C, as D to£; tfaere« 
fore, ex acquaii in proportione periurbata *>, A is to 
C, as D to F; that is, the ratio of A to C, which 
is compounded of the ratios of A to B, and B to 
C, is the fame M(dth the ratio of D to F, which is 
compounded of the ratios of D to £, and £ to F; 
and in like manner the Propofition may be dembnftrated whatever 
be the number of ratios in either cale. 
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PROP. O. TH£OR. 

TF fevcral fatios be the fame with fevcrrfl fatios, each xo seeW. 

each; the ratio which is compounded of ratios which 
are the faille with the firft facias, each to each, is the fame 
with the ratio compounded of ratios which are the fame 
t?ith the other ratios, each to each. . 

Let A be t6 B, as £ to F; and C to D, as G toH. and kt A 
be to B, as K to L; and C t6D, as L to M. then theratioof K to 
M, by the Definition of compound 
ratio, is compoimded of the ratios 
of K to L, and L to M, which are 
the lame with die ratios of A to B, 
and C to D. and to £ to F, fo let 

NbetoO; andasOtoH^ foletObetoP; then theratioof N to 
P is compounded of the ratios of N to O, and O to P, which are 
the fame with the ratios of £ to F, and G to H. and it is to be 
(hewn thftt the ratio of K to M, is the fame with the ratio of N to P» 
or that K is to My as K to P. 

Bccaufe K b to L, as ( A to B, that is, as £ to F, that is as) N to 
O; «kd as L to My fo is (C to D, and fo is G to H, and fo is) O 



A, B. C. D. K. L. M. 
E. F. G. H. N. O. P. 
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Book V/ to P. ei aequali% K is to M» as N to P. Thorefore if feveral ra« 
dos, &c. C^E. D, 

P R O P* H. T H E O R. 



a. %%. 5. 



See N. TF a ratio compounded of feveral ratios be the fame witfae, 
X a ratio doitipounded of any other ratios, and if one of 
the fird ratios, or a ratio compounded of any of the firft, 
be the fame with one of the lafl ratic^^ of with the ratio 
impounded of any of the lad ; then the ratio compounded 
of the reniaining raitios of the firft, or the remaining ratio 
of the firft/ if but one /remain, is the fame with the ratio 
compounded of thofe remaining of the laft/ or with the 
remaining ratio of the laft. 

Let the firft ratios be thofe of A to B» B to C, CtoD, DtoE, 

and E to F; and let the other ratios be thofe of G to H, H to K, 

K to Ly and L toM/ alf6 tet the ratio of A t6 F, which is com- 

a. Pcfim- pounded * of the firft rado9 be the &me 

flonoFcoin-'^jth the ratio of G to M, which is com- 

j^l'™'^'^ pounded of die other rati^^ andbefides, 

let the ratio of A to D, "which is com- ' 

pouiided of the ratios of A to B, BtoC, ^^ 

C to D, be the £une with the ratio of G' to K, whkJi is compounded 

of the ratios of G to H, and H to K. then the ratio compounded of 

the remainingf firft ratios, toMdt,of the ratibs of D t6 E, and £ to F, 

which compoonded ratio is the ratio of D to F, is the £une ydth the 

ratio (tfK to M, which is compounded of the remaining ratios of K 

fe L, and L to M of the other ratios. 

h. B. s* : Becaufe, by the Hypothefis» A is to D, as G to E, by inverfion^ 

€.%%.$' pisto A, asKtoG; and asAis toF, foisG to M; therefore^ 

ex aequali, D is to F, as K to M. If therefore a ratio which is, &Cv 

;. D, 
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Book V. 
PROP. K. THEOR. O-vNm^ 

TF there be any number of ratios, and any number o^ s^ h^ 
•^ other ratios fuch, that the ratio compounded of ratios* 
which are the fame with the firft ratios, each to each, i$ 
the fame with the ratio compounded of ratios which ar6 
the fame, each to each, with the hit ratios ; and if one of 
the firft ratios, or the ratio which is compounded of ratios 
which are the fame with feveral of the firfl ratios, each to 
each, be the fame with on^ of the laft ratios, of with the 
rdtio compounded of ratios which are the fame, each to 
each, with feveral of the laft ratios : then the ratio com'^ 
pounded of ratios which are the fame with the remaining 
ratios of the firft, each to each, or the remaining ratio of 
the firft, if but one remain : is the fame with thq ratia 
compounded of ratios which are the fan^e with thofe re- 
maining of the lafty each to each, or with the remaining 
fatioof the laft, 

«'* 
Let the ratios of A to B, C to D, E to F be the firft ratios ; and 
theratios of O to H, K to L, M to N, O to P, Qjto R, be th^^ 
dther ratios, arid let A be to B, as S to T ; and C to D, as T to 
V ; and E to F, as V to X. therefore; by the Definition of compound 
rado, the ratio of S to X is compounded of the ratld^ of S to T/ 
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A,B; 


C; D ; E, F, 


S, T, V, X. 


G,H;K,L; 


M, N; 0,P; Q^, R. 


Y, Z, a^ b, C| d. 


c, f, g. 


m, n, 6, p. 





't to V,' and Vto X, which are tlie fame with the ratios of A to B; 
C to D, E to F, each to each, alfo as G to H, fo let Y be to Z j 
and K to L, as Z to a ; M to N, as a to b ; O to P, as b to c ; and 
(Jjto R, as c to d. therefore, by the fame Definition, the ratio of 
Y to d is compounded of the ratios of Y to Z, Z to a, a to b, b ta 

K c, aud 
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Book V. c, and c to d, which are the fame, each to each, with the ratios of 
G tq H, K to L, M to N, O to P, and Q^to K. therefore, by the 
Hypothefis, S is to X, as Y to d. alfo let the ratio of A to B, that 
is, the ratio of S to T^ which is one of the firft rados, be the fame 
with the ratio of e to g, which is compounded of the ratios of e to f, 
and f to g, which^ by the Hypothefis, are the lame with the ratios 
of G to H, and K to Li two of the other ratios ; and let the ratid 
of h to 1 be that which is compounded of the ratios of h to k, and 
k to 1, which are the fame with the remaining firft rados, viz. of C 
to D, and E to F ; alfo let the ratio of m to p be that which is com- 
pounded of the ratios of m to n, n to o« aiid o to p, which are the 
fame, each to each, with the remaining other' ratios, viz. of M to 
N, O to P, and Qjo R. then the ratio of h to 1 is the fame with 
the rado of m to p, or h is to 1, as m to p. 
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S, T, V, X, 


G,H;K,L; 


M, N; 0, P; Q^, R. 


Yj Z, a, b, c, d. 


«, f» g. 
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Becaufe e is to f, ste (G to H, that is as) Y to Z ; and f is to g^ 

as (K to L, that is as) Z to a ; therefore, ex aequali, e is to g, as Y 

to a. and, by the Hypothefis, A is to B^ that is S to T, as e to g ; 

wherefore S is to T, as Y to a, and, by inverfion, T is to S^ as a to 

^ Y ; and S is to X, as Y to d ; therefore, ex aequali, T is to X, as ai 

to d. alfo becaufe h is to k, as (C to I>, that is as) T to V ; and k 

is to 1, as (E to F, that is as) V to X ; therefore, ex aequali, h is to 

I, as T to X^ in like manner it may be demonftrated that m is to p, 

«/ «i. 5. as a to d. and it was /hewn that T is to X, as a to d. therefc^e ^h 

is to 1, asm to p. Q^E. D. 

The Propofitions G and K are ufually, for the fake of brevity, 
exprefled m the fame terms with Propofitions F and H. and there- 
fore it was proper to (heW the true meaning of them when they arc 
fo exprefied; efpecially finee they arc vory frequendy made afe of 
hy Geometers^ 
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I. 

<JlMILAl( rcftilineal figures 
^ arc thofe which have their 

federal angles equal, each to 

each, and the fides about the e- 

qual anglear propdi-tionals. 

m 

" Redprocal liguresy viz. triangles and parallelpgrams, are fach as see N. 
'* have thdr fides about two of their angles proportionals in fuch 
manner, that a fide of the firft figure is to a fide of the other 
as the reQUaining fide of this other is to the remaining fide of 
" the firft." 

m. 

A ftraight Ihe U iaM to be cut in extreme and mean ratio, when 

the whole is to the greater fegment> as the greater fegment is to 

the lefs. 

IV. 
'I'he altitude of any figure is the ftraight 

line drawn from its vertex perpendicutsff 

to the hskj 
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Book VI.' ^ 

v^rv-N^ PROP, !• THE OR. 

See N. 'TT^Rr ANGLES and parallelograms of the fame altittfde , 
JL are one to another as their bafes^ 

Let the triangles ABC, ACD, and the parallelograms EC, CF 
have the fame altitude, viz. the perpendicular drawn from the point 
A to BD. then as the bafe BC is to the bafe CD, fo is the triangle^ 
ABC to the triangle ACD, and the parallelogram SC to the pai*al- 
lelogfam CF. 

Produce BD both ways to the points H, L, and take any number 
of ftraight lines BG, GH^ each equal to the bafe BC ; and DK, KL, 
any number of them, each equal to thfc bafe CD ; and join AG, 
AH, AK, AL. then becaufe CB, BG, GH arp all equal, the tri* 
*• 38. I. angles AHG, A6B, ABC are all equal*, therefore whatever mul- 
tiple the bafe HC is of the bafe BC, the fame multiple is xh€ tri- 
angle AHC of the triangle ABC. for the fame reafon whatever 
multiple the bafe LC is 
of the bafe CD, the fame 
multiple is the triangle' 
AiC of the ^iangle ADC. 
and if the bafe HC be e- 
qual to the bafe CL, the 
triangle AHC is alfo equal 

to the triiande ALC*'; and rr /^ S r^ t^ i^ t 

if the bale HC be greater ,^ ^^ -^ 

than* the bafe CL; Hkewife the triangle AHC is greater than the 
triangle ALC ; and if lefs, lefs. therefore fmce there are four magni- 
tudes, viz. the two bafcs BC, CD, anAthe two triangles ABC, ACD ; 
ahd of the bafe BC and the triangle ABC the firft and third, an/ 
clquimultiples whatever have been taken, viz. the bafe HC and tri- 
angle AHC ; and of the bafe CD and triangle ACD the fecond and 
fourth have been taken any equimultiples whatever, viz. the bafe 
CL and triangle ALC; irid that it has'been (hewn that if the bafd 
HC be gieater than the bafe CL, the triangle AHC is greater than 
h. $, Dcf. 5 . the triatigle ALC ; and if equal, equal ; and if lefs, lefs. Therefore •» 
as' the bdfe BC is to the bafe CD, fo is the triangle ABC to the tri- 
angle ACD. 
c 4< ' >« And becaufe the parallelogram CE is double of the triangle ABC^, 

asid 
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aad the parallelogram CF double of the triangle ACD, and that Book VI. 
magnitudes have the fame ratio which their equimultiples have <^ ; as ^o^av^ 
the triangle ABC is to the triangle ACD, fo is the parallelogram d. ts-s- 
£C to the parallelogram CF. and becaufe it has been fliewn that 
as the bafe BC is to the bafe CD, fo is the triangle ABC to the tri- 
angle ACD ; and as the triangle ABC tQ the triangle ACD, fo is 
the parallelogram EC to the parallelogram CF ; therefore a^ the 
bafe BC is to the bafe CD, fo is * the parallelogram EC to the pa- c. n. 5. 
rallelogram CF. Whesefore triangles, &c. Q^E. D. 

CoR. From this it is plain that triangles and parallelograms that 
have equal altitudes, are one to another as their bafes. 

Let the figures be placed fo as to have their bafes in the fame 
ftraight line ; and having drawn perpendiculars from the vertices of 
the triangles to the bafes, the ftraight line which joins the vertices 
is parallel to that in which their bafes are ^ becaufe the perpendi- f- 33- »• 
culars are both equal and parallel to one another, then, if the fame 
ponftrudlion be made as in the Propofitjon, the Demonftration "svlll 
pe the fame. 



PROP. II. THEOR. 



I 



F a ftraight line be drawn parallel to one of the fides of scc n, 
a triangle, it fliall cut the other fides, or thefc produ- 
ced, proportionally, and if the fides, or the fides prodit- 
ced be cut proportionally, the ftraight line which joins 
the points of feflion fliall be parallel to the remaining f:de 
of the triangle. 

Let DE be drawn parallel to BC one of the fides of the tri.:ngle 
ABC. BD is to DA, as CE to EA. 

Join BE, CD ; then the triangle BDE is equ^l to the tilmgie 
CDE', becaufe they are on the fame bafe DE, and between the *• 37- 
fame parallels DE, BC. ADE is another triangle, and equal magni- 
tudes have to the fame, the fame ratio**; therefore as the tiiangle b- 7. 5 
BDE to the triangle ADE, fo is the triangle CDE to the triangle 
ADE; but as the triangle BDE to the triangle ADE, fo is^ BD to <^- '• ^ 
PA, becaufe having the fame altitude, viz. the perpendicular drawn 
from the point E to AB, they are to one another as their bafes. and 

K 3 for 
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Book VI. fer tlie fame reafon, as the triangle CDE to the triangle ADE, fi^ 
l^j^^nrs^ is C£ to £A. Therefore as BD to DA; foisCE to£A<>. 



d. II. 



f * )»Jext| Let the fides AB, AC of the triangle ABC, or thefe pro? 
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ducedy be cut proportionally in the points D, £» that is, fo that BD 
be to DA, as CE to £A ; and join D£. D£ is parallel to BC. 

The fame conflruA^pn being made, becaufc as BD to DA, fo is 
CE to £A ; and as BD to DA, fo is the triangle BDE to the tri- 
angle AD£ *^ ; and as CE to EA, {o is the triangle CDE to the tri- 
angle ADE ; therefore the triangle BDE is to the triangle ADE, as 
the triangle CDE to the triangle ADE, that is, the triangles BDE, 
CDE have the fame ratio to the triangle AD^ ; and therefore ^ the 
triangle BDE is equ^ to the triangle CDE. and they are on the 
fame bafe DE ; but equal triangles on the fame bafe are betweeii 
the fame parallels f ; thei*efore D£ is parallel to BC. Wherefore if 
a ftraight line, &c. Q^E. D, 

PROP. m. THE OR. 

TF the angle of a triangle be divided into two equal 
•*■ angles, by a ftraight line which alfo cuts the bafe ; the 
fegmencs of the bafe ihall have the fame ratio which the 
other fides of the triangle have to one another, and if the 
fegments of the bafe have the fame ratio which the other 
fides of the triangle have to one another, the ftraight line 
drawn from the vertex to the point of feftion divides the 
vertical angle into two equal angles. 

Let the angle BAC of any triangle ABC be divided into two equal 
atlgles by the ftraight line AD. BD is to DC^ as BA to AC. 

Thro' 




O F E U C L I D. 1^1 

Thro* the point C draw CE parallel • to DA, and let BA prodn- Book VI. 
ced meet CE in E. Becaufe the ftraig^t line AC meets the parallels 
AD, EC, the ang^ ACE is equal to the alternate angle CAD i>. but » 31 
CAD, by the Hypothecs, is equal to the angle BAD; wherefore ***^- ' 
BAD is equal to the angle ACE. Again, becaufe the ftraight line 
BAE meets the parallels AD, -^ 

EC, the outward angle BAD is ^ 

equal to the inward and oppo- a 

lite ang^ AEC. but the angle 
ACE has been prpved equal to 
the angle BAD; therefore alfo 
ACE b equal tp the angle AEC, 

and confequently the fide AE is p it 7? 

equal to the fide ^ AC, and be- c. d. i. 

caufe AD is drawn parallel to one of the fides of the triangle 
BCE, viz. to EC, BD is to DC, as BA to AE^ ; but AE is equal <i. %. tf. 
to AC; therefore as BD to DC, fo is BA to AC «. e. 7. s- 

Let now BD be to DC, as BA to AC, and join AD ; the angle 
BAC is divided into two equal angles by the ftraight line AD. 

The lame conftruAion being made, becaufe as BD to DC, fo is 
B A to AC ; and as BD to DC, fo is BA to AE ^, becaufe AD is pa- 
rallel to EC ; therefore BA is to AC, as BA to AE^» confequently f. n. j. 
AC is equal tq AE ', and the angle AEC is therefore equal to the g. 9. 5. 
angle ACE^. but the an^e AEC is equal to the outward and op- h. 5. i. 
pofitean§^ BAD; and the angle ACE is equal to the alternate 
angle CAD ^, wherefore alfo the angle BAD is equal to the angle 
CAD. therefore the angle BAC is cut into two equal angles by the 
ftraight line AD, Therefore if the angle, &^ Q^E. D. 



K 4 PROP. 



I 



jp T H E ELEMENTS 

.3ookV?, 

PROP. A. THEOR. 

F the outward angle of a triangle made hj produdng 
one of its fides, be divided into two equal angles, by a 
ftraight line which alfo cuts the bafe produced; the feg- 
ments between the dividing line and the extremities of the 
bafe have the fame ratio which the other fides of the tri- 
angle have to one another, and if the fegments of the bafe 
produced have the fame ratio which the other fides of the 
triangle have, the flraight line drawn from the vertex to 
the point of itiiion divides the outward angle of the tri- 
angle into two equal angles. 

Let the outv.'ard angle CAE of any tqangl^ ABC be divided into 
two equal angles by tl^i.e ftrsight line AD which meets the bafe 
produced in D. BD is to DC, as BA to AC. 
a. 31. 1. Through C draw CF parallel to AD ■ ; and becaufe the ftraight 
. line AC meets the pai-allels AD, FC, the angle ACF is equal to the 

c. Hyp alternate angle CAD^. but CAD is equal to the angle DAE*^; therif- 
fore alfo D A E is equal to- the angle ACF. Again, becaufe the 
ftraight line FAE meets the parallels AD, FC, the outward angle 
DAE is eoual to the inward 
and oppofite angle CFA. but 
the angle ACF has been pro- 
ved equal to the angle DAE; 
therefore alfo the angle ACF 
is equal to the angle CFA, 
and confequently the fide AF 
•*• ^. I. is equal to the ficle AC**, and 

becaufe AD is parallel to FC a fide of the triangle BCF, BD is to 



B 




e. z. 6. 



DC, as BA to AF*^; but AF is equal to AC j as dierefore BD is 
to DC, fo is BA to AC. 

Let now BD be to DC, as BA to AC, and join AD j the angle 
CAD is equal to the angle DAE. 

The fame conftruftioa being made, becaufe BD is to DC, as BA 

to AC ; aiKi that BD is alfo to DC, as BA to AF*^; therefore BA is 

to AC, as B A to AF ^ . wherefore AC is equal to AF •, and the 

h. s, I. angle AFC equal *» to the angle ACF. but the angle AFC is equal 

to 



f. If. s- 

fi- p. 5 
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^ the outward angle BAD, and the angle ACF to the alternate Book VI. 
angle CAD; therefore alfo EAD is equal to the angle CAD. Where- 
fore if the outward, &c. Q^E. D. 

P R O P. IV. t H E O R. 

nnHE fides about the equal angles of equiangular trj- 
angles are proportionals; and thofe which are op- 
pofite to the equal angles are homologous fides, that is, 
are the antecedents or confequcnts of the ratios. 

Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE, and the angle ACB to the angle DEC, and 
^confequendy ' the angle BAC equal to the angle CDE. The fides «• 3^- »• 
about the equal angles of the triangles ABC, DCE are proportio- 
nals ; and i;hofe are the homologous fides which are oppofite to the * 
equal angles. 

Let the triangle DCE be placed fo that its fide CE may be con- 
tiguous tp BC, and in the fame flraight line with it. and becaufe 
the angles ABC, ACB are together lefs tljan two right angles**; ABC b. ly. i. 
and DEC, which is equal to ACB, ^ 
are alio lels than two right angles. -^ ^ 
wherefore B A, E D produced fhall 

meet*; let them be produced and A^ \. » c.i». 

meet in the point F. and becaufe the 
angle ABC is equal to the angle 

DCE, BF is parallel ^ to CD. Again, ^ \ \^\ \^ d. 18. i . 

becaufe the angle ACB is equal to Jt> 
the angle DEC, AC is parallel to 

FE ^. therefore FACD is a parallelograip ; ^nd confequently AF is 
equal to CD, and AC to FD*'. and becaufe AC is parallel to FE c. 34. %. 
one of the fides of the triangle FBE, BA is to AF, as BC to CE f. f. x. tf. 
but AF is equal to CD, therefore « as BA to CD, fo is BC to CE ; g. 7* J. 
and alternately, as AB to BC, fo DC to CE. Again, becaufe CD - 
IS parallel to BF, as BC to CE, fo is FD to DE f ; but FD is equal 
to AC ; therefore as BC to CE, fo is AC to DE. and alternately, 
as BC to CA, fo CE to ED. therefore becaufe it has been proved 
that AB is to BC, as DC to CE ; and as BC to CA, fo CE to ED, 
ex acquali >>, BA is to AC, as CD to DE. Therefore the fides, &c. h. %%, 5^ 
ft^E. D. 

PROP. 
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BookVI. PROP. V. THEOR. 

F the fides of two triangles, about each of their angles, 
be proportionals, the triangles fliall be equiangular, 
and have their equal angles oppofite to the homologous 
fides. 

Let the triangles ABC, DEF have their fides proportionals, fo 
that AB is to EC, as DE to EF; and BC to CA, as EF to FD ; 
and confcqucntly, ex aequali, BA to AC, as ED toDF. the triangle 
ABC is equiangular to the triangle DEF, and their equal angles are 
oppofite to the homolc^us fides, viz. the angle ABC equal to the 
angle DEF, and BCA to EFD, and alfo BAC to EDF. 

a. 13. 1. At the points E, F in the flxaight line EF make • the angle FEG 
equal to the angle ABC, and the angle EFG equal to BCA ; where^ 
fore the remaining itfigle BAC . 

is equal to the ren^^uning an- 

k. 3». 1. gie EGF »>, and the triangle 
ABC is therefore equiangu- 
lar to the triangle GEF ; and 
confequently thcy have their 
fides oppofite to the equal 

c. 4. 6. angles proportionals*^, where- 

fore as AB to BC, fo is GE 
' to EF; but as AB to BC, fo is DE to EF; therefore as DE to 

d. II. |. EF, fo ^ GE to EF. therefore DE and GE have the fame rado to 
c. 9. s. EF, and confequendy are equal *. for the fame rcafon DF is equal 

to FG. and becaufe, in die triangles DEF, GEF, DE is equal to 
EG, and EF common, the two fides DE, EF are equal to the two 
GE, EF, and die bafe DF is equal to die bafe GF ; dierefore die 
1 1. 1. angle DEF is equal ^to the an^e GEF, and the odier angles to diq 
|. 4* I. other angles which are fubtended by the equal fides ». Wherefore 
the angle DFE is equal to the angle GFE, and EDF to EGF. and 
becaufe die angle DEF is equal to the angle GEF, and GEF to 
the angle ABC ; therefore the angle ABC is equal to die angle 
DEF. for the fame reafon, the angle ACB is equal to the angle 
DPE, and the angle at A to the angle at D. Therefore the tri- 
angle ABC is equiangular to the triangle DEF. Wherefore if the 

fides, &c. Q. E. D. 

PROP* 
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PROP. VI.' THEOR. 

TF two triangles have one angle of the one equal to one 
^ angle of the other, and the fides about the equal angles 
proportionals, the triangles ihall be equiangular, and Ihall 
have thofe angles equal which are oppofite to the homo- 
logous fides. 

Let the triangles ABC, DEF have the angle BAC in the one 
equal to the angle £DF in the other, and th(p fides about thofe angles 
proportional ; that is, BA tQ AC, as £D to DF. The triangles 
ABC, DEF are equiangular, and h^ve the angle ABC equal to the 
angle DEF, and ACB tp DFE. 

At the points D, F, in th^ ftraight line DF, make • the angle ■• »3« 
FDG equal to eidier of the angles BAC, EDf ; and the angle DFG 
equal to the angle ACB. 
wherefore the remaining 
angle at B is equ^ to the 
remaining oae at G ^t and 
coofequendy the triangle 
ABC is equiangular to 
the triang^ DGF; and 
therefore as BA to AC, fo 
is «GD to DF, but, by B 
the Hypothefis, as BA to 

AC, fo is ED to DF ; as therefore ED to DF, fo is ^ GD to DF ; <*• "• 5. 
wherefore ED is equal * to DG ; and DF is common to the two «• >* S' 
triangles EDF, GDF. therefore the two fides ED, DF arc equal to 
the two fides GD, DF ; and the angle EDF is equal to the angle 
GDF, wherefore the bafe EF is equal to the bafe FG^ and the tri- 
angle EDF to the triangle GDF, and the remaining angles to the 
remaining angles, each to each, which are fubtended by the equal 
fides, therefore the angle DFG is equal to the angle DFE, and the 
angle at G to the angle at E. but the angle DFG is equal to the 
angle ACB ; therefore the angle ACB is equal to the angle DFE* 
and the angle BAC is equal to the angle EDF<; wherefore alfo the g* ^TP- 
remaining angle at B is equal to the remaining angle at E. There* 
fore the triangle ABC is equiangular to the triangle DEF. Where-" 
fore if two triangles, &c. (^E. D. 

PROP. 
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* ^ P R O P. Vn. T H E O R. 

N. TF two triangles hayc one angle of the one equal to one 
angle of the other> and the fides about two other angles 
proportionals ; then if each of the remaining angles be 
cither lefs, or not lefs than a right angle ; or if one of 
them be a right angle : the triangles (hall be equiangular, 
and have thofe angles equal about which the fides are 
proportionals. 

Let the two triangles ABC, DEF have one angle io the one equ^l 
to one angle in the other, viz. the angle BAG to the angle EDF, and 
the fides about two other angles ABC, DEF proportionals, fo that 
AB is to BC, as DE to EF ; and, in the firft cafe, let each of the 
remaining angles at C, F 1^ lefs than a right angle. The tiiangle 
ABC is equiangular to the triangle DEF, viz. the angle ABC is e- 
qual to the angle DEF, and the remaining angle at C to the remain^ 
ing angle at F. 

For if the angles ABC, DEF be not equal, one of them is 
greater than the other ; let ABC be the greater, and at the point B 
in the ftraight line AB make 
the angle ABG equal to the A- .j^ 

*. *«. I- angle*DEF, and becaufe the y^ ^ 

angle at Ais equal to the angle 
at D, and the angle ABG to 
the angle DEF; the remaining 

b. 3*. I. angle AGB is equal ^ to the 

remaining angle DFE. therefore th^ triangle ABG is equiangular to 

«. 4. «. the trianglp DEF ; wherefore « as AB is to BG, fo is DE to EF ; 
but as DE to EF, fp, by Hypothefis, is AB to BC ; therefore as AB 

a. II. 5. toBC, fois ABtoBG^; and becaufe AB has the fame ratio to each 

«• p- s- of the lines BC, BG j BC is equal * to BG, and therefore the angle 

tS'i* pGC is equal to the angle BCG f. but the angle BCG is, by Hy- 
pothefis, lefs than a right angle ; therefore alfo the angle BGC is 
lefs than a right angle, and the adjacent angle AGB muft be greater 

t f 3* >• than a right angle *. But it was proved that the angle AGB is equal 
to the angle at F ; therefore the angle at F is greater than a right 
angle, but, by the Hypothefis, it is lefs than a right angle ; which 
is abfurd. Therefore the angl^ ABC, DEf are not unequal, th^t 

is, 
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is, they are equal, and the angle at A is equal to the angle at D ; Book VI. 
wherefore the remaining atngle at C is equal to the remaining angle 
at F; therefore the triangle ABC is equiangular to the triangle 
DEF. , ' 

Next, Let each of the angles at C, F be not lefs than a right 
angle, the triangle ABC is alfo in this cafe equiangular to the tri- 
angle DEF. 

The fame conftruftion be- 
ing ftiade,it Aay be proved ih -"^ 
kke manner that BC is equal 
toBG, and the single at C e- ^ .^ 

qual to the angle BGC. but -o j^^^^^^^-^ / ^ 

the angle at C is not lefs than C E F* 

a right angle ; therefore the 

angle BGC is not lefs than a right angle, whetefore t^o angles of the 

triangle BGC are together not lefs than two right angles ; which is 

impofliblc^; and therefore the triangle ABC may be proved to be e- h. 17, 

quiangtilar to the triangle DEF, as in the firft cafe. 

Laftly, Let one of the angles at C, F, viz. the angle at C be a 
right angle ; in this cafe likewife the triangle ABC is equiangular to 
the triangle DEF. 

For if they be not equiangu- 
Ur, make at the point B of the 
ftraight line AB the angle ABG 
equal to the angle DEF ; then 
it ftiay be proved, as in the firft o 
cafe, that B G i^ equal to B C. 
but the angle BCG is a right 
iBttglc, therefore f the angle BGC 
is alfo a right angle ; whence 
two of the angles of the tri- 
angle BGC are together not lefs 
dian two right angles ; which 
is impoflibk^. therefore the 
trian^e ABC is equiangular to the triangle DEF. 
tmo triangles, &c. Q^E, D. 
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Vrv-^ PROP. Vm. THEOR. 

See N. TN a right angled triangle, if a perpendicular be drawif 
from the right angle to the bafe; the triangles on each 
fide of it arc fiiftilar to the whole triangle, and to one 
another. 

Let ABC be a right angled triangle hamg the right angle BAG ; 
and from the point A let AD be drawn perpendicular to the bafe 
BC. the triangles ABD, ADC are fimilar to the whole triangle 
ABCf and to one another. 

Becaufe the angle BAG is equal to the angle ADB, each of them 
being a right angle, and that the angle at B is common to the two 
triangles ABG, ABD; the re- 
maining angle ACB is equal to the A^ 
tu 3%.M. remaining angle BAD*, there- 
fore the triangle ABC is equian- 
gular to the triangle ABD, and 
the fides about their equal angled 
b. 4. 6, are proportionals *>, wherefore the JJ DC 
i. I. Def. tf. triangles are fimilar ^. in the like 

manner it may be demonftrated tfiat the triangle ADC is fimilar tof 
the triangle ABG. 

Alfo the triangles ABD, ADC are funilar to one smoother. 

Becaufe the right angle BDA is equal to the right angle ADC, 
and alio the angle BAD tor the angle at G, as has been proved ; the 
remaimng angle at B is equd to the remaming angle DAG. there- 
fore the triangle ABD is equiscngular and fimilar ^ to the triangle 
ADC. Therefore in a right angled, &c. Q^E. D. 

GoR. From this it is manifeft that the perpendicular d!rawn from 
the right angle of a right angled triangle to the bafe, i^ a mean pro- 
portional between the fegments of the bafe : and alfo that each of 
the fides is a mean proportional between the bafe, and its fegment 
adjacent jo that- fide, becaufe in the triangles BDA, ADC, BD is to 
DA, as DA to DC »> • and In the triangles ABG, DBA, BC is to 
BA, as BA to BD«> J and in the triangles ABC^CD, BC is to GA^ 
tsCAtoCD^ 

PROP. 
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T^ROMa given ftraight line to cut off any part fcqtiired. ^ ^• 

'Let AB be the given ftraight line ; it is required to cut ofT any 
part from it. ' 

From the point A draw a ftraight line AC making any anglf Vitb 
AB ; and in AC take any point D, and take AC which is the fam« 
multiple of AD that AB is of the part which 
is to be cut off from it; join BC, and draw 
D£ parallel to it. then A£ is the {ame part of 
AB that AD is of AC ; that is» A£ is the part 
i:equired to be cut off. 

Becaufe £D is parallel to one of the fides of 
the triangle ABC, viz. to BC, as CD is to DA, 
fo is * B£ to £A ; and ^ by ccMnpofition ^, CA 

is to AD, as BA to AE. but CA is a multiple -^ 

of AD, therefore ^ B A is the fame multiple of B ^ 

AE. whatever part therefore AD is of AC, A£ is the fame part of 
AB. wherefore from the ftraight line AB the part required is cat 
oiF. Which was to be done* 




a. 
b. 



18. $1 
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PROP. X. PROB. 

nnO divide a given ftraiight line fimilarly to a given di- 
vided ftraight line, that is, into parts that ftiall have 
the fame ratios to one another which the parts of the di* 
tided given ftraight line have^ 

Let AB be the ftraight line g^ven to be divided^ and AC the di* 
vided line ; it is required to divide AB a 
fimilarly to AC. "^ 

Let AC be divided in the points D^ 
E; and let AB, AC be plaoed fo as to 
contain, any angle, and join BC, and 
dunough the points D, £ draw * DF, G 
EG parallels to it ; and through D draw n 
CHK parallel to AB. therefore each of '^ 
tiic figures FH, HB is a parallelogram ; 

wherefore 




a. 31. t. 
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Bock Vi. wherefore DH is equal ^ to FG, and HK to GB. and becaufe HE id 

V>^VXJ parallel to KC one of the fides of the 

fc. 34. 1, triangle DKC, as CE to ED, fo is « KH 
to HD. but KH is equal to BG/and 
HDtoGF; therefore as CE to ED, fo •- 
is BG to GF. again, becaufe FD is pa- 
rallel to EG one of the fides of the tri- G 
angle AGEl, as ED to DA, fo is GF to r» 
FA. but it has been proved that CE is 
to ED, as BG to GF ; as therefore CE 

to ED, fo is BG to GF ; and as ED to DA, fo GF to FA. there- 
fore the given ftraight line AB is divided fimilarly t6 AC. Which 
was to bfe done. 




^. 31. I. 



b. 1. 6. 



P ft; 6 p. XI. PROB. 

nnO find a third proportional to two given 
lines. 



ftraight 



and let them bcf 

A 



Let AB, AC be the two given ftraight lines 
placed fo as to contain any angle ; it is required 
to find a third proportional to AB, AC. 

Produce AB, AC to the points D, E ; and 
make BD equal to AC, and having joined BC, 
through D draw DE paralleHo it ■. 

Becaufe BC h parallel to D£ a fide of the 
triangle ADE, AB is «> to BD, as AC to CE. 
but BD is equal to AC, as therefore AB to 
AC, fo is AC to CE. Wherefore to the two 
given ftraight lines AB, AC a third proportional CE is foundl' 
which was to be done. 

PROP. Xir. PROB. 

nnO find a fourth proportional to three given' ftraight 
•^ lines. 




Let A, B, C.bc the three given ftraight lines j it is required to' 
find A fourth proportional to A, B, C. 

Take 



r-i 




a. 31. 1( 
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Take two ftraight lines DE, DF containing any angle EDF; and Book VI. 
QpoQ thefe make DG equal to 
a; G£ equal to B, and DH 
equal to C.; and having join- 
ed GHj draw EF parallel ■ to 
it through the point £. and 
because GH is parallel to EF 
one of the fides of the tri-' 
angle DEF, DG is to GE, as 
DH to HF«>. but DG is equal 
to A, GE to B, and DH to 

C ; therefore as A is to B, fo is C to HF. Wherefore to the three 
pven ftraight lines A, B, C a fourth proportional HF is found; 
Which was t6 be ddhe. 



b, %. tf. 



PROP. XIII. P R O B, 

nn O find a mean proportional between two given ftraighf 
**• lines. 

Let AB, BC be the two'^ven ftfaight lines j it Is required to find 
a mean proportional between them. 

Place AB, BC in a ftraight line, and u{^n: AC deTcribe the femi* 
circfe ADC, and from the point B 
draw • BD at right angles to AC, 
and join AD, DC. 

Becaufe the angle ADC iii a fe- 
ihicircle is a right angle ^, and be* 
caufe in the right angled triangle 
ADC, DB is dra\vn from the right a 
togle perpendicular to the bafe, 
DB is a mean proportional betweeri AB, BC the fegments of the 
bafe*^. therfore benveen the two givcti ftraight lines AB, BC, a meaic <Jo^« ^ ♦• 
proportional DB is found. Which was to be done. 
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s^.ry's^ . PROP. XIV. THEOR. 

T^ QU AL parallelograms which have one angle of did 
•*"-^ one equal to one angle of the other, have their fides 
about the equal angles reciprocally proportional : and pa« 
, rallelograms that have one angle of the one equal to one 
angle of the other, and their fides abput the equal angles 
reciprocally proportional, are equal to c^ie another. 

Let AB* BC be equal paralldc^rams which have the angles at Bi 
equal, and let the iides DB# BE be placed in the (ame ftnught line ; 

i. <4. 1, wherefore alfo FB, BG arc in one ilraight line*, the fides of the pa- 
rallelograms AB, BC about the equal angles^, are reciprocally pEX>-^ 
portional ; that is, DB is to BE, as GB to BF. 

Complete the parallelogram F£ ; and becaufe the parallelpgram 
AB is equal to BC, and that F£ 
is <inother parallelogram, AB k 

h, ^ i. to FE, as BC to FE^. but a6 AB 

c. I. <J. to FE, fo ts the bafe DB to BE^; 
and as fiC to FE, fo is the baf<^ 
GB to BF ; therefore as DB to 

^.ix.s. BE, fo.isGB toBF^. Where- 
fore the fides of the parallelo- 
grams AB, BC about their equal 
angles are reciprocally proportional; 

But let the fides about the equal angles be fcdproodly proporti- 
onal, viz. as DB to BE, fo GB to BF ; the parallelogram AB is c- 
qual to the parallelogram BC. 

Becaufe as DB is to BE, fo GB to BF ; and as DB to BE, fo is 
the parallelogram AB to the parallelogram FE ; and as GB to BF, fo 
IS parallelogram BC to parallelogram FE ; therefore as AB to FE, 

i, f, 5. fo BC to FE<*. wherefore the parallebgram AB is equal * to the pap- 
FaUologram BC. Therefore equal paraiieiograms/ &c« Q^E. D. 

» 

PROP/ 
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TC' QJJ A L triangles which have one angle of the one 
"^^ equal to one angle of the other, have their fides a- 
bout the eqOal angles reciprocally proportional : and tri- 
angles ^hich have one angle in the one equal to one 
Ungle in the other, and their fides about the equal angles 
reciprocally proponional, are equal to one another. 

Let ABC, ADE be equal triangles which have the angle BAC 
equal to the angle DAE ; the fides about the equal angles of the tril- 
ogies are redprocally proportional ; that is, C A Is to AD, as eA 
to AB. 

Let the triangles be placed fo that their fides CA, AD be in one 
firaight line ; wherefore alfo E A and AB are in one firaight line ^ ; 
and join BD. Becaufe the triangle ABC is equal to the triangle 
ADE, and that ABD is another tri- 
angle ; therefore as die triangle CAB 
is to the triangle BAD fo is triangle 
EAD tp triangle DAB ^. but as tri- 
angle CAB to triangle BAD, fo h 
the Bafe C A to AD ^ ; and as tri- 
angle EAD to triangle DAB, fofs 
the bafe EA to AB *^ ; as there- 
fore CA to AT), fo is EA to AB «i. 
wherefore the fides of the triangles ABC, ADE about the equal 
angles are reciprocally proportional. 

But let the fides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, vit. CA to AD^ as EA to AB ; 
the triangle ABC is equal to the triangle ADE. 

Having joined BD as before, becaufe as CA to AD, fo is EA to 
AB ; and as CA to AD, fo is triangle BAC to triangle BAD* ; and 
as EA to AB, fo triangle EAD to triangle BAD*^; therefore ^ as tri- 
angle BAC to trLmgle BAD, fo is triangle EAD to triangle BAD ; 
that is, the triangles BAC, EAD have the fame ratio to the triangle 
BAD. wherefore the triangle ABC is equal * to the triangle ADE* 
*rheieforc equal triangles, &€. Q^ E. D. 
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1>R0P; XVI. THEOR. 

TF four ftraight lines be proportionals, the reftangle con- 
tained by the extremes h equal to the reftangle con- 
tained by the means: and if the reftangle contained by 
the extremes be equal to the feftangle contained by the 
means, the four ftraight lines are proportionals. 



Let the four ftraight lines AB, CD, E, F be proportionals, vir. 
as AB to CD, fo E to F ; the reftangle contained by AB, F is equal 
to the reflangle contained by CD, E. 

t. II . I. From the points Ay C draw ' AG, CH at right angles to AB, Cl5; 
and make AG equal to F, and CH equal to E, and complete the pa- 
rallelograms BG, DH. becaufe as AB to CD-, fo is E to F; and that 

h. 1. i. E is equal to CH, and F to AG ; AB is«> to CD, as CH to AG, 
therefore the fides of the parallelograms BG, DH about the equal 
angles are reciprocally proportional; but paratlclogf^ms which have 
thtir fiJes about equal angles reciprocally proportional, are equal 

t. 14. 6. to one another ^ ; therefore the parallelogram BG is equal to the po:- 
rallelogiam DH. and the pa- 
rallelogram BG is contained L. "" 

by the ftraight lines AB, F, p 



• ^ 



H 




D 



becaufe AG is equal to F ; 
ittid the parallelogram DH is 
contained by CD and E, be- 
caufe CH is equaHo E. there- 
fore the rcftangle contained 
by the ftraight lines AB, F is 
equal to that which is con- 
tained by CD and E. 

And if the reftangle contained by the ftraight lines AB, F be 
^qual to that which is contained by CD, E ; thefe four lines aire 
proportionals, viz. AB is to CD, as E to*F. 

The fame conftruftion being made, becaufe the reftangle coh- 
ifafned by the ftraight lines AB, F is equal to that which is contained 
by €Dr E,' and that the reftanglc BG is contained by AB, F, bc- 
ciriie AG is equal to F;- and the reftanglc DH by CD, E, bccaiifc 
CH is equal to £ ; therefore the parallelogram BG is equal- to the- 
fsrallelogram DH ; and they an^ equiangular, but the fides about 

the 
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the equal angles of equal parallelograms are reciprocally pfoportio- Book VI. 
nal'. whercfiMie as AB to CD, fo is CH to AG ; and CH is equal to ^^^nrv^ 
E, and AG to F. as therefore AB is to CD, fo E to F. Wherefore ^- M ^• 
if four, &c. Qj^E. D. 

PROP. XVII. THEOR. 

TF three ftraight lines be proportionals, the reflangl^ 
contained by the extremes h equal to the fquare of 
the noean : and if the reftangle contained by the extremes 
be equal to the fquare of the mean^ the three flraighc 
lines are proportionals. 



Let the three ftraight lines A, B, C be proportionals, viz. as A 
to B, fo B to C ; the reAaogle contained by A, C is equal to the 
fquare of B. 

Take D equal to B ; and becaufe as A to B, fo B to C, and that 
B is equal to D ; A is * to B, as D to C. but if four ftraight 
lines be proportionals, 
the reftangle contained ^ — ' 

by the extremes is equal ]^ 



». 7- J« 




n 



u 



B 



to that which is con- Y^ 

tained by the means *>. ^ r • 1 h, itf. d. 

therefore the rcftangle 

contained by A, C is e- 

qual to that contained 

by B, D. but the rcft- 

angle contained by B, D 

is the fquare of B ; becaufe B Is equal to D. therefore the reftangle 

cootamed by A, C is equal to the fquare of B. 

And if the reftangle contained by A^ C be equal to the fquare of 
B; A is to B, as B to C. 

The fame conftruftion being made, becaufe the reftangle con- 
tained by A, C is equal to the fquare of B, and the fquare of B Is 
equal to the reftangle contained by B, D, becaufe B is equal to D ; 
therefore the reftangle contained by A, C is equal to that contained 
by B, D. but if the reftangle contained by the extremes be equal 
to that contained by the means, the four ftraight lines are propor- 
tionals *>. therefore A is to B, as D to C ; but B is equal to D y 

L 3 wherefore 
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Bode VI. ^xiveriefbre as A to B, fi> B to C. Therefore if ifme flrdg^' 
K,^ry\j lines, &c. Q^E. D. 

PROP. XVra. PROB. 

T TPON a given ftraight line to defcribe arcftilineal fi- 
. gure limilar, and fimilarly fituated to a given tcQir 
lineal figure. 

Let AB be the given ftraight line, and CDEF the given reftili- 
neal figure of four fides ; it is required upon the given ftraight line 
AB to defcribe a rectilineal figure fimilar and funiiarly fituated to 
CDEF. 
1* 93. 1. Join DF, and at the points A, B in the ftraight line AB make^ 
the angle BAG equal to the angle at C, and the angle ABG equal to 
the angle CDF ; therefore the remaining angle CFD is equal to the 

b. 3*. I. remaining angle AGB^^. wherefore the triangle FCD is equiangular 

to the triangle GAB. 

again, at the points H 

G, B in the ftraight G 

line G B make * the 

angle BGH equal to 

the angle D F E, and 

the angle GBH equal 

to F D E ; therefore 

the remaining angle 

FED is equal to the remaining angle GHB, and the triangle FDE 

equiangular to the triapgle GBH. then becaufe the angle AGE! 

is equal to the angle CFD, and BGH to DFE, the whole angle 

AGH is equal to the whole CFE. for the fame reafon, the angle 

ABH is equal to the angle CDE ; alfo the angle at A is equal to 

the angle at C, and the angle GHB to FED. therefore the refti- 

Kneal figure ABHG is equiangular to CDEF. but likewife thefc 

figures have their fides about the equal angles proportionals, be* 

c. 4. 6, caufe the triangles GAB, FCD being equiangular, B A is ^ to AG, 

as DC to CF; and becaufe AG is to GB, as CF to FD; and 
as GB to GH, fo, by reafon of the equiangular triangles BGH, 
d.ziS' DFE, is FD to FE ; therefore, ex aequali<*, AG is to GH, as CF to 
FE. in the fame manner it may be proved that AB is to BH, as CD 
to DE. and GH is to HB, as FE to EDS Wherefore becaufe the 

rcftilincal 
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jtftflkieal figures ABHG, CDEF are equiangular, and have their Book VI. 
fides about the equal angles proportionals, they are fimilar to one K^^r>^ 
lajodicr*. c- ? f Dcf. tf . 

Next, Let it be required to defcribe upon a given ftraight line 
AB, a rectilineal figure fimilar, and fimilarly fituated to the rcAili- 
seal figure CDKEF of five fides. 

Join D£, and upon the given fbaight line AB defcribe the reAi? 
lineal figure ABHG fimilar and fimilarly fituated to the quadrilate-* 
ral figure CDpF, by the former cafe, and at the points B, H in the 
flrsught line BH, make the angle HBL equal to the angle EDK^ 
and the angle BHL equal to the angle D£K ; therefore the re- 
maining angle at K is equal to the remaining angle at L. and becauie 
the figures ABHG, CDEF are fimilar, the angle GHB is equal tq 
the angle FED, and BHL is equal to DEK ; wherefore the whole 
angle GHL is equal to the whole angle FEK. for the fame reafon, 
the angle ABL is equal to the angle CDK. therefore the five fided 
figures AGHLB, CFEKD are equiai\gular, and bec^ufe the figures 
AGHB, CFED are fimilar, GH is to HB, as FE to ED ; and as 
HB to HL, fo is ED to EK *= ; therefore ex aequali \ GH is to HL, ^* *' ^' 
asFEtoEK. for the fanie reafon, AB is to BL, as CD to DK. and 
BL is to LH, as *^ DK to KE, becaufe the triangles BLH, DKE are 
equiangular, therefore becauie the five fided figmes AGHLB, 
CFEKD are equiangular, and have their fides about the equal angles 
proportionals, they are fimilar to one another, and in the fame 
manner a rectilineal figure of fix fides may be defcribed upon a 
given flraight line fimilar to one ^ven, and fo on. Wh^ch was to b^ 
done. 

PROP. XIX. THEOR, 

CImilar triangles are to one another in the duplicate 
xatio of their homologous fides. 

Let ABC, DEF be fimilar triangles having the angle B equal to 
Ae angle £, and let AB be to BC, as DE to EF, fo that the fide 
BC is homologous to EF*. the triangle ABC has to the triangle «.«».D«f.*. 
DEF, the duplicate ratio of that which BC has to EF. 

Take BG a third proportional to BC, EF»>, fo that BC is to EF, b. n. c- 
as EF to BG, and join GA. then, becaufe as AB to BC, fo DE to 
EF; altcrnatcIyS AB is to DE, as BC to EF. but as BC to EF, fo c itf. *. 

L 4 '^ 
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Book VI. is £F to BG ; therefore <> as AB to D£, fo is £F to BG. wfaen^ 
v«<orvy fore the fides of the triangles ABG, DEF which arc about the c- 

d. 1 1. 5. qoal angles are reciprocally proportionaL but triangles which hav^ 

the fides about two equal angles reciprocally proportional are equa) 

e. 1 s . «. to one another *. there- 

tore the triangle ABG A 

is equal to the triangle y/A T\ 

DEF. :fnd becaufe as 
pC is to EF, fo Ef to 
BG ', and that if three 
ftraight lines be pro- 
portionals, the firfl is 3 
f.io.Dcf.s.f^iid f tQ i^ave to the 

third the duplicate ratio of that which at has to the fecond; BC there* 
fore has to BG the duplicate ratio of that which BC has to EF. 
S- »• ^- but as BC to BG, fo is « the triangle ABC to the triangle ABGl 
therefore the triangle ABC has to the triangle ABG, the duplicate 
ratio of that which BC has to EF. but the triangle ABG is equal tQ 
the triangle DEF ; wherefore alio the triangle ABC has to the tri- 
angle DEF the duplicate ratio of that yhicb BC has to EF. there- 
fore fimilar triangles, 8cc. Q^E. D. 

CoR. From this it is manifefl, that if three ftrajght lines be pro- 
portionals, as the firft is to the third, fo is any triangle upon the 
firfl to a fimilar and fknilarly defcrfbed triangle upon the fecond. 

PROP. XX. THEOR. 

C Imil AR polygons may be divided into the fame numbec 
. of fimilar triangles, having the fame ratio to one ano- 
ther that the polygons have ; and the polygons have to 
Qne another the {iHplicate ratip of that which their homq- 
logous fides have. 

Let ABCDE, FGRKL be fimilar polygons, and kt AB be the 
homologous fide to FC. the polygons ABCDE, FGHKL may be 
divided into the fame number of fimilar triangles, whereof each to 
each has the fame ratio which the polygons have ; and the polygon 
ABCDE has to the polygon FGHKL the duplicate ratio of that 
which the fide AB has to the fide FG. 

Join BE, EC, GL, LH. and bccaufc the polygon ABCDE is fi- 
milar 



b. tfa 6» 

c. 4. tf. 
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^ar to the polygon FGHKL, the angle BA£ b equal to the angle Book VI» 
GFL •, and BA is to AE, as GF to FL *. wherefore becaufe the tri- K^/^ys^ 
angles AB£» FGL have an angle in one equal to an angle in the other, >• < • l>cf • ^ « 
^d their fides about thefe equal angles prppprtionals, the triangle 
ABE is equiangular •>, and therefore fimilar to the triangle FGL ^ ; 
wherefore the angle ABE is equal to the angle FGL. and, bejcaufe 
the polygons are finiilar, the whole angle ABC is equal ■ to the whole 
angle FGH ; therefore the remaining angle EBC is equal to the re- 
maining angle LGH. ^d becaufe the triangles ABE^ FGL are fi- 
milar, EB is to BA, as LG tP GF ' j and alfo, becaufe the po- 
lygons are fimilar, AB is to BC, as FG to GH*; therefore, ex 
aequali<>, EB is to BC, as LG to GH ; that is, the fides a- <l.i».s« 
bout the equal angles EBC, LGH are proportionals; there- 
fore ^ the triangle EBC is equiangular to the triangle LGH, and fi- 
milar to it *^, 
for the iame .A- *^* 

reafon the tri- ^^^"^^^ \v f 

angle ECD £ 
likewife is fi- 
milar to the 
triangle LHK. 
therefore thp 
fimilar poly- 
gons ABCDE, FGHKL are divided into the fame number of fimilar 
triangles. 

Alfo thefe triangles have, each to each, the fame ratio which the 
polygons have to one another, the anteced^ts being ABE, EBC, 
ECD, and the confequents FGL, LGH, LHK. and the polygon 
ABCDE has to the polygon FGHKL the duplicate ratio of that / 
which the fide AB has to the homologous fide FG. 

Becauie the triangle ABE is fimilar to the triangle FGL, ABE 
has to FpL the duplicate ratio * of that which the fide.BE has to «• «P- ^* 
^e fide GL. for the fame reafon, the triangle BEC has to GLH the 
dnjdkate ratio of that which BE has to GL. therefore as the tri- 
ao^e ABE to the triangle FGL,fo ^ is the triangle BEC to the triangle ^- > > • s* 
GLH. Again, becaufe the triangle EBC is fimilar to the trianglo 
LGH, EBC has to LGH, the duplicate ratio of that which die fide 
EC has to the fide LH. for the iame reafon, the triangle ECD has 
to the triangle LHK, the duplicate ratio of that which EC has to 
USL. as tliereforc the triangle EBC to the triangle LGH^ {b is ahe 

triangle 
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Book VI. triangle EGD to the triangle LHK. but it has been proved that tfa(^ 
V>^y^^ triangle £BC is likevdfe to the triangle LGH, as the triangle ABE 
to the triangle FGL. Therefore as the triangle ABE is to the tri- 
angle FGL, fo is triangle EBC to triangle LGH, and triangle 
ECD to tri- 
angle LHK. 
and therefore 
as one of the J^ 
antecedents- to 
oneofthecon- 
fequents , fo 
are all the an- 
tecedents to 
g. i%» |. all the confequents s. Wherefore as the triangle ABE to the tri-. 
angle FGL, fo is the polygon ABCDE to the polygon FGHKL^ 
but the triangle ABE has to the triangle FGL, the duplicate ratio 
of that which the iide AB has to the homologous fide FG. Therer 
fore alfo the polygon ABCDE has to the polygon FGHEX the du- 
plicate ratio of that which AB has to the homolQ^us fide FG. 
Wherefore fimilar polygons, &c. Q^ E. D. 

Cor. I . In like manner it may be proved th^t iimilar four fided 
figures, or of any number of fides are one to another in the dupli- 
cate ratio of their homologous fides, and it has already been proved 
in triangles. Therefore univerfally, finailar reftilineal figures are tcx 
one another in the duplicate ratio of their homologous fides. 

Cor. 2. And if to AB, FG two of the hcxnologous fides a third 

h.io.Def.5. proportional M be taken, AB has *» to M the duplicate ratio of that 
which AB has to FG. but the four flded figure or polygon upon 
AB has to the four fided figure or polygon upon FG likewife the du- 
plicate ratio of that which AB has to FG. therefor as AB is to M, 
ib is the figure upon AB to the figure upon FG, which was alfo 

ItGir.if .tf. proved in triangles *. Therefore, univerfally, it is manifefl, that if 
three ftraight lines be proportionals, as the firfl is to the third, fo is 
any reftiUneal figure upon the fi^ft, to a fimilar and fimilarly de- 
fcribed redlilineal figure upcxi the fecood. 



PROP. 
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Xy EcTiLiNEAL figures which arc fimilar to the fame 
rectilineal figure^ are alfo iimilar to one another. 

Let each of the redHIineal figures A, B be fimilar to the re&ilineal 
figure C. the figure A is fimilar to the figure B. 

Becaufe A |s fimilar to C, they are equiangular, and alfo have 
their fides about the equal angles proportionals •. Again, becaufe B*» «*Def«^- 
is finiiiar tp C, they are 
Ci]uiangular , and have 
their fides about the e- 
qual angles proportio-^ 
nals*. therefore the fi- 
gures A, B are each of 

them equianguiar to C, and have the fides about th^ equal angles pf 
each of them and of C proportionals. Wherefore the rectilineal fi- 
gures A and B are equiangular^, and have their fides about the equal b. i. Ax. 1. 
angles proportionals^. Therefore A is fimilar^ to B. (^E, D, ' c. u. s- 



PROP. XXII. THEOR. 

IF four ftraight lines be proportionals, the fimilar recti- 
lineal figures fimilarly defcribed upon them (hall alfo 
be proportionals, and if the fimilar reCtilineal figures fimi- 
larly defcribed upon four flraight lines be proportionals, 
tbofe ilraight lines ihall be proportionals* 

Let the foiu- ftraight lines AB, CD, EF, GH be proportionals, viz. 
AB to CD, as EF to GH, and upon AB, CD let the funilar reCtili- 
oeal figures EAB, LCD be fimilarly defcribed; and upon EF, GH 
the fimilar reCtilineal figures MF, NH, in like manner, the reCtili- . 
Deal figure KAB is to LCD, as MF toNH. 

To AB, CD take a third proportional * X ; and to EF, GH a •• ti. c. 
third proportional O. and becaufe AB is to CD, as EF to GH, 
thcrrforcCDis«>toX, asGHtoOj wherefore ex acqualiS as AB ^'[['['^ 

to 
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Book VL to X, fo EF to O. but as AB to X, fo is ^ the reftilineal KAB to 
K^^y^ the rcftilineal LCD, and as EF to O, fo is<* the reftilineal MF to the 
i. ». Cor. reftSincal NH. therefore as KAB to LCD, fo »> is MF to NH. 
»«-/^- And if the reftUineal KAB be to LCD, as MF to NH ; the 

ftraight line AB is to CD, as EF to GH. 

Make « as AB to CD, fo EF to PR, and upon PR defaibe f the 
rcftilineal %ure SR fimilar and fimilarly fituated to either of die fi- 



b. II. 5. 

c. II. 6, 




B C 




X 



o 



r3 



gures MF, NH. then bccaufe as AB to CD, fo- EF to PR, and 
that upon AB, CD are defcribed the fimilar and fimilarly fituated 
reftilineals KAB, LCD, and upon EF, PR, in like manner, the fi-. 
milar reftilineals MF, SR ; KAB is to LCD, as MF to SR,; but, 
by the Hypothefis, KAB is to LCD, as MF to NH ; and therefore 
the reftilincal MF having the fame ratio to each of the two NH, SR, 
f . p. 5- thefe are equal ^ to one another, they are alfo fimilar, and fimilarly 
fituated ; ^erefore GH Is equal to PR. and becaufe as AB to CD|^ 
fo is EF to PR, and that PR is equal to GH ; AB is to CD, as EF 
to GH. If therefore four ftraight lines, &c. C^E. D. 

PROP. XXm. THEOR. 

Set N. "PQuiANGULAR parallelograms have to one another 
•^ the ratio which is . compounded of the ratios of 
their fides. 

I^t AC, CF be equiangular parallelograms, having the angle 
BCD equal to the angle ECG. the ratio of the parallelogram AC to 
the paralldogcam CF , is die fame with the ratio which is com*. 
P9aaded of the ratios of their fides. 
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in 



e. II. |. 



Let BC, CG be placed in a ftraight line, therefore DC and CE are Book Vt. 
ilfoin a ftraight line * ; and complete the parallelogram DG, and, y^^y^J 
taking any fh^ight line K, make *> as BC to CG, fo K to L ; and as »• »4. i. 
DC to CE, fo make ^ L to M. therefore the ratios of K to L, and **•**•*• 
1 to M are the fame with the ratios of the fides, viz. of BC to CG, 
and DC to CE. But the ratio of K to M is that which is faid to be 
compounded *^ of the ratios of K to L, and L to M. wherefore alfo c. A. Iki, j. 
E has to M, the ratio compounded * n XJ 

of the ratios of the fides, and be- MJ n 

caufe as BC to CG, fo is the pa- 
rallelogram AC to the parallelb- 
gram QH^; but as BC to CG, fo 
is K to L ; therefore K is * to L, 
as the parallelogram AC to the pa- 
hillelogram CH. again, becaufe as 
DC to CE, fo Is the parallelogram 
CH to the parallelogram CF ; but 
as DC to CE, fo is L to M ; where- 
fore L is * to M, as the parallelogram CH to the parallelogram CP. 
therefore fince it has been proved that as K to L, fo is the paral- 
lelogram AC to the parallelogram CH ; and as L to M, fo the pa- 
hdlelogram CH to the parallelogram CF ; ex aequali f, K is to M, as 
the parallelogram AC to tHe pdrallelogram CF. but K has to M the 
ratio which is compounded of the ratios of the fides ; therefore alfo 
the parallelogram AC has to the parallelogram CF the ratio which 
is compounded of the ratios of die fides. Wherefore equiangular 
parallelograms, &c. Q^E. D. 

PROP. XXIV. TriEOR. 

^TT^HE parallelograms about the diameter of any paral- ^ ^' 
'^ lelogram^ are (imHar to the whole, and to one ano* 
ihcr. 




KLM 



f. %i. s* 



Let ABCD be i parallelogram > 6f which the diameter is AC; 
and EG, HK the parallelograms about the diameter, the parallelo- 
grams EG, HK are fimilar both tb the whole parallelogram ABCD» 
tod to one another. 

Becaufe DC, GF are parallels, the angle ADC is equal * to the 
ttgle AGF. for the fiunc reafon, becaufe BC, EF are parallels, the 

angle 



a. M* <i 
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Book VI. angle ABC is equal to die angle AEF. and each of the angled 
O^txm/ BCDy EFG is equal to the oppoflte angle. DAB \ and therefore at^ 

b. 34. 1. equal to one another; wherefore the parallelograms ABCD, A£FG 

are equiangular, and becaufe the angle ABC is equal to the angle 
AEFi and the angle BAC oonunon to the two triangle^ BAC, £AF, 
they are equiangular to one another ; 

e. 4- tf . therefore « as AB to BC, fo is AE to EF. A E B 

and becaufe the oppoflte fldes of paralle- 
lograms are equal to one another **, AB (jl_\jJtL 

6. 7. 5. is ^ to AD, as AE to AG ; and DC tcf 
CB, as GF to FE ; and alfo CD to DA, 
as FG to GA. therefore the fides of the 
parallelograms ABCD, AEFG about the iT 
equal angles are proportionals ; and they 
e. K Def. tf . are therefore fimilar to one another ^. for the fame reafon, the pa- 
rallelogram ABCD is fimilar to the parallelogram FHCK. Where- 
fore each of the parallelograms GE, KH is fimilar to DB. but refH- 
lineal figures which are fimilar to the fame re^lneal figure, are alfa 

t %i,6. fimQar to one another^ therefore the parallelogram GE is fimilar to 
KH. Wherefore the parallelograms, &c, Q^E. D. 

PROP. XXV. PROB. 

^ ^^ T^O defcribe a reftilineal figure which fliall be fimilar 
•^ to one, and equal to another given reftilincal figure. 

Let ABC be tlie given reAiliAeal figure, to which the figure tcr 

he defcribed is required to be fimilar, and D that to whldi it mu(! 

be equal. It is required to defoibe a re^ilineal figure fimilar to 

ABC and equal to D. 

i.Cor.45.1. Vpoa the ftnu^t Ibe BC defcribe * the parallelogram BE equal 

to the figure ABC ; alfo upon CE defcribe * the parallelogram CM 

C ip.i.^"^ ^^ ^» ^^^ having the angle FCE equal to the angle CBL. 

*"' 1 ,4.1,* therefore BC and CF are m a ftraight line \ as alfo LE and EM. 

c. 13. 6, between BC and CF find ^ a mean proportional GH, and upon GH 
4. 18. 6, defcribe ^ the reftilineal figure KGH fimilar and fimilarly fituateci 

to the figure ABC. and becaufe BC is to GH, as GH to CF, ancf 

if three ftraight lines be proportionals, as the firft is to the diird, 

«. sr Cor. {q js c t}^^ figure upon the firft to the fimilar and fimiiariy defcribed 

. *"'• figure 
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^gnre upon the fecond ; therefore as BC to CF, fo is the re^ilineal 
figure ABC to KGH. but as BC to CF, fo is f the parallelogram 
BE to the parallelogram EF. therefore as the rectilineal figure ABC f* >• ^* 
is to KGH, fo is the parallelogram BE to the parallelogram EF'. S* "• i 
tad the reCtilin^ figure ABC is equal to the parallek^gram BE ; 





therefore the redlilineal figure KGH is equal ^ td the parallelogram h. 14. s* 

EF. but EF is equal to the figure D, wherefore alfo KGH is equal 

to D ; and it is fimilar t6 ABC. Therefore the reAilineal figure 

KGH has been deicribed fimzlar to the figure ABC j and equal to Di 

Which was to be done. 

PROP. XXVI. THE OR. 

TF two fimilar parallelograms have a common angle> 
and be fimilarly fituaced ; they are about the fame 
diameter. 

Let the parallelograms ABCD, AEFG be ftmilar and fimilarly 
fituated/ and have the angle DAB common. ABCD and AEFG are 
about the iame diameter. 

For if not, let, if poflible, the 
parallelogram BD have its diameter 
AHC in a different ftraight line from 
AF the diameter of the parallelo* 
gram EG, and let GF meet AHC m 
H; and thro* H dra^^r HK parallel 
io AD dr BC. therefore the paral- Jg 
Idograms ABCD, AKHG bdng a-^ 
boot the fame diameter, they are fimilar to one another *. where- •. a4 ^* 
fere as DA to AB, fo is <» GA to AK. but becaufe ABCD andb. i.Dcf.^. 
AEFG «re fimHar ptndlelograms, as DA is to AB fo is GA to AE. 

there* 
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Book Vt. therefore « as GA to AE, fo GA to AK ; whcrcfofx? GA has the 
fame ratio to each of the ftrdig^t lines AE, AK ; and confequcntly 
AK is equal <* to AE, the lefs to the greater, which is impoffible, 
therefore ABCD and AKHG are not about the fame diameter; where- 
fore ABCD and AEFG mbft be about the lame diameter. There- 
fore if tSvo fimilar, &c. Q^E, D. 

* To underftand the three following propbfitions more eafily, it 

* is to be obfcrved, 

* I . That a parallelogram" is faid to be applied to a ftraight liiie, 

* when it is defcribed upon it as one of its fides. Ex. gr, the paral- 
' lelogram AC is faid to be applied to the ftraight line AB. 

* 2, But a parallelogram AE is faid to be applied to a ftraight line" 
' AB, deficient by a parallelogram, when AD the bafe of AE is lefs 

* than AB, and therefore AE is lefs 

* than the parallelogi'am A C de- E C J^ 

' fcribed upon AB in the fame 
' angle, and between the fame pa- 

* rallels, by the parallelogram DC; 
' and DC is therefore called the de- '^ D JD 
' feft of AE. 

* 3 . And a parallelogram AG is faid to be applied to a ftraight line 

* AB, exccediiig by a parsJlelogram, when AF the bafe of AG is 
' fg-earer than AB, and therefore AG exceeds AC the parallelogram 
' defcribed upon AB in the fame angle, and between the fame paral-' 

* Ids, by the parallelogram BG.* 

f Rop. xxvir. theor; 

aw>f. /^F all parallelograms applied to the fame ftraight line; 
^^^ and deficient by parallelograms fimilar and fimilarly 
fituated to that which is defcribed upon the half of the 
line; that which is applied tothe half, and is fimilar to its 
defeA, is the greateft. 

. - * - 

Let AB be a ftraight line divided into two equal parts in C ; and 
let the parallelogram AD be applied to the half AC, which is there- 
fore defidtot from the parallelogram upon the whole line AB by the 
parallelogram CE upon the other half CB: of all the parallelogram^ 

applied to any others parts of AB and deficient by paraUelograips 

that 
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a. x4. C, 



b. 4^^. X. 



c jtf. I. 



that are fixnilar and fimUarly fituated to C^, AD is the grcateft. B^ok VI. 

Let AF be any parallelogram applied to AK any other part of x\B 
than the half, fo as to be deficient from the parallelogram upon the 
"Whole lin6 AB by the parallelogram KH fimilar and fimilarly fituated 
toCE; AD is greater than AF. 

.Firft, 'Let AK the bafe of AF be greater than AC the half of 
AB ; and becaufe C£ is fmiilar to the 
parallelogram KH, they are about the 
fame diameter *. draw their diameter 
toB, and complete the fcheme. be- 
caufe the paralldbgram C F is equal ^ 
to FE, add KH to both, therefore the 
-whole CH is equal to the whole KE. 
but CH is equal * to CG,* becaufe the r« V R 

bafe AC is equal to the bafe CB; there* A C Iv JJ 
fore CG is equal to KE. to each of thcfe add CF ; then the whole 
AF 18 equal to the gnomon CHL, therefore CE or the parallelogram 
a1> is greater than the parallelogram AF. 

Next, Let AK the bafe of AF be lefs than AC, and, tlie fam4 
conftruftion being made, the paral- 
lellogram DH is equal to DG ^, for 
HM is equal to MG<i, becaufe BC 
is equal to C A ; wherefore D H is 
greater than LG. but DH is equal "> 
to DK ; therefore DK is greater than 
LG. to eadi of thefe add AL ; then 
the whole AD is greater than the 
whole AF. Therefore of all paralle- 
lograms applied, &c. Q^E. D. 
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Book VI. 

PROP. XXVm. PROB. 



See N. T^O a given ftraighc line to apply a parallelogram equ&l 
"^ to a given redilineal figure, and deficient by a pa- 
rallelogram fimilar to a given parallelogram, but the gi- 
ven reftilineal figure to which the parallelogram to be ap- 
plied is to be equaU muft not be greater than the paralle- 
logram applied to half of the given line having its defeft 
/imiiar to the defeA of that which is to be applied; that is> 
to the given parallelogram. 

Let AB be the given ftraight Ibc, and C the given reflrlineal fi-* 

, gure, to which the parallelogram to be applied is required to be 

equal, which figure mufl not be greater than the parallelogram ap« 
plied to the half of the Une having its defe£l from that upon the 
whole line fimilar to the defe6l of that which is to be applied ; and 
let D be the parallelogram to which this defeat b required to be 
fimilar. It is required to apply 
a parallelogram to the ftraight 
line AB, which fliall be equal 
to the figure C, and be deficient 
from the parallelogram upon 
the whole line by a parallelo- 
gram fimilar to D. 

Divide AB into two equal 

tf. ro. r. parts • in the point E, and upon 
EB defcribe the parallelogram 

(. i»; tf. EBFG fimilar >> and fimilarly 
fituated to D, and complete the 
parallelogram AG, which muft 

either be equal to C, or greater than it, by the determination, and if 
AG be equal to C, then what was required is already done ; for upon 
the ftraight line AB the parallelogram AG is applied equal to the 
figure Cf and deficient by the parallelogram EF fimilar to D. but 
if AG be not equal to C, it is greater than it ; and EF is equal to^ 

^. i^f . tf • AGf therefore EF alfo is greater than C. Make ^ the paraUelogram 
KLMN equal to the excefs of EF above C, and fimilar and fimi- 

4. «f . c. hrly fituated to D ; but D is fimilar to EF, therefore ^ alfo KM if 
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£milar to EF. let KL be the homologous^fide to EG, and LM to Book VI. 
GF. and becaufe EF is equal to C and KM together, EF is greater vJrvxaJ' 
than KM ; therefore the ftraight line EG is greater than KL, and 
GF than LM. make GX equal to LK, and GO equal to LM, 
and complete the para^elogram XGOP. therefore XO is equal and 
jimilar to KM ; biut KM is iimilar to EF ; wherefore alfo XO is ft- 
]nilar to EF, and therefore XO and EF are arbout the fame diame- 
ter*, let GPB be their diameter, and complete the fcheme. then «.»«• ^» 
becaafc EF is equal to C and KM together, and XO a part of the 
one is equal to KM a part of the other, the remainder, viz. the 
gnomon ERO is equal to the remainder C. and becaufe OR is 
equal f to XS, by adding SR to each, the iifhoXt OB is equal to ^- 34. t. 
the whole XB. but XB is equal ' to TE, becaufe the bafe AE isi g- 3^- ^• 
equal to the bafe EB ; Wherefore alfo TE is equal to OB. add XS 
to each, then the whole TS is equal to the whole,' viz. to the gno- 
mon ERO. but it has been proved that the gnomon ERO is equal 
to C, and therefoYe alfo TS is equal to C Wherefore the paralle- 
logram TS equal to the given reftilineal figure C, is applied to the 
given ftraight line AB deficient by the parallelogram SR fimilar to 
the given one D^ becaufe SR is fimilar to EF^. Which was td bfc h. 14. i* 
done. 

PROP. XXIX. PROB* 
^nnO a given ftraight line to apply a parallelogrjim equil scc W. 
-■" to a given rcftilirieal figure, exceeding by a paral- 
lelogram fimilar to another given. ' 

Let ABbe the given 
ftraight line, and C the 
given reJliiineal fi- 
gure to which the pa- 
laiielogiam to be ap- 
plied is required to be 
cqaal, and D the pa- 
ralleiogv^un to which 
the exccfs of the one 
to be applied above 
that upon the gi.cn 
fine is required to be 

finukr. It is required 

M :; ^ 
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liook VI. to appfly a parallelogram to the given ftr^ght line AB which ftiall be" 
v..>V'^^ equal to the figure C, exceeding by a parallelogram fimilar to D, 

Divide AB into two equal parts in the point E, and upon EB 
a i8 <5. defcribc * the parallelogram EL fimilar and fimilarly fituated to Dj 
b. 15- 6. and make ^ the parallelogram CH equal to EL and C together, and 
CXI. 6. fjnilar and fimilarly fituated to D ; wherefore GH is fimilar to EL^. 
V:r KH be the fide homologous to FL, and KG to* FE; and becaufc 
the parallelogram GH is greater than EL, therefore the fide KH is 
greater that FL, and KG than FE. produce FL and FE, and make 
FLM equal to KH, and FEN to KG, and complete the parallelcp'' 
gram MN. MN is 
therefore equal and fi- 
milar to GH; but GH 
. is fimilar to EL ; 
wherefore MN is fi- 
milar to £L, and con- 
fcqucnily EL and MN 
are about the fame 
i. x6. 6. diameter**^, draw their 
diameter F X , and 
complete the fcheme. 
therefore fince GH is 
equal to EL and C to- 
gether, and that GH is equal to MN; RIN is equal to' EL and C. 
take away the common part EL ; then the remainder, viz. the 
gnomon NOL is equal to C. , and becaufe AE is equal to EB, the 
parallelogram AN is equal * to the parallelogram NB, that is to 
liM f . add NO to each ; therefore the whole, viz. the parallelo- 
gram AX is equal to the gnomon NOL. but the gnomon NOL is* 
equal to C ; .therefore alfo AX is equal to C. Wherefore to the 
ftraight line AB there is applied the parallelogratn AX equal to the 
glxcn reftilineal C, exceeding by the parallelogram PO, which ig' 
1. 14' ^* fimilar to D, becaufe PO is fimilar to EL^. Which was to be done 
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PROP. XXX. PROB. 

TTO cut a given ftraight line in extreme and mcaiv 



ratio. 



Let AB be the given ftrr.ij.ht lUis ; it is reqiiked to cut it in ex-* 
tnjxui and mean ratior Upon 



OF EUCLID. 



181 



■ u, 


D 
£ 




" ~^~-i 



a. 4<5 I, 
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d. 34. I. 



Upon AB dcfcribe • the fquare BC, and to AC apply the paral- Book VI. 
lelogram CD equal to BC exceeding by the figure AD fimilar to V^^'VX>/ 
BC ^, but BC is a fquare, therefore alfo 
AD is a fquare. and becaufe BC is equal 
to CD, by taking the common part C£ 
from each, the remainder BF is equal to 
the remainder AD. and thefe Hgures are ^. 
equiangular, therefore their fides about the 
equal angles are reciprocally proportional^. 
wherefore as FE to ED, fo AE to EB. but 
FE is equal to AC <* , that is to AB ; and 
ED is equal to AE. therefore as BA to Q 
AE, fo is AE to EB. but AB is greater - *" 

than AE ; wherefore AE is greater than EB*=. therefore the ftraight e- «^. s- 
line AB is cut in extreme and mean ratio in E f , Which wa$ to be ^- 3 • P*^! ^• 
done. 

Otherwife, 

Let AB be the given ftraight line ; it is required to cut it in ex- 
treme and mean ratio. 

Divide AB in the point C, fo that the reftangle contained by 
AB, BC be equal tp the fquare of AC. then ^ 

becaufe the reftangle AB, BC is equal to the A r^ II 

fijuarc of AC, as BA to AC, fo is AC to CB»>. 
therefore AB is cut in extreme and mean ratio in C f . Which was 
to be done. 



g. u. ». 



h. 17- 6. 



PROP. XXXI. THEOR. 

TN right angled triangles the reftilineal {igure defcribecl ^**^- 

upon the fide oppofite to the right angle, is equal to 
the fimilar, and fimilarlv defcribed figures upon the fides 
containing the right angle. 



Let ABC be a right angled triangle, having the right angle BAC. 
the reftilineal figure defcribed upon BC is equal to the finiiiar and 
fimilarly defcribed figures upon BA, AC. 

Draw the perpendicular AD; therefore becaufe in the right an- 
gled triangle ABC, AD is drawn from the right angle at A ptrpen-. 
dicular to the bafe BC, the triangles ABD, ADC are fimilar to the 
whole triangle ABC, and to one anotlier'. and becaufe the triangle 

M 3 AliC 



a. 8. tf, 



i8i 
Book VI. 



THE ELEMENTS 



b. 4. 6. 
e. %. Cor. 



ABC is fimUar to ABD, as CB to BA, fo is B A to BD «». and be- 
caufe thefe three ftraight lines are proportionals, as the firfl to ilie 
third, fo is the figure upon the firft to the funilar, and fiini^ly Jc* 
fcribed figure upon the fecond*^. 
therefore as C B to B D, fo is 
the figure upon CB to the fi- 
milar and fimilarly defcribed 
figure upon BA. and, inverfe- 
4. B. J. ly d, as DB to BC, fo is the fi- 
gure^ upon B A to that upon JB 
B C. for the fame Veafon, as 
DC to CB, fo is the figure 
upon CA to that upon CB. Wherefore as BD and DC together to 
BC, fo are the figures upon BA, AC to that upon BC^. but BD 
and DC together arc equal to BC. Therefore the figure defcribed 
on BC is equal f to the fimjiar and fimilarly defcribed figures on BA. 
AC. Wherefore in right angled triangles, &c. C^E. D. 




e. »4. 5 
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PROP. XXXn. THEOR. 

TF two triangles which have two fides of the one pro- 
portional to two fides of the other, be joined at one 
angle fo as to have their homologous fides parallel to one 
another; the remaining fides (hall be in a ftraight liue« 

Let ABC, DCE be two triangles which have the two fides BA, 
AC proportional to th^ two ipD, DE, viz. BA to AC, as CD to 
D£ ; and let AB be parallel to DC, and AC to DE. BC and C£ an» 
in a flraigbt line. 

Becaufe AB is parallel to 
DC, and the ftraight Une 
'AC meets them, the alter- 
nate angles BAG, ACD arc 
equal ■ ; for the fame reafbn 
the angle CDE is equal to 
the angle ACD; -wherefore 
alfo BAC is equal to CDE. 
and becaufe the triangles 

ABC, DCE have one angle at A equal to one at D, and the fides 
about thcfc angles proportionals, viz. B A to AC, as CD to DE, 

the 
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the triangle ABC is equiangolar ^ to DCE. therefore the angle Bock VI. 
ABC is equal to the angle DCE. and the angle BAC was proved \^y^>ns^ 
to be equal to ACD. therefore the whole angle ACE is equal to^ ^^ ^* ^• 
the two angles ABC» BAC. add the commcm angle ACB, then the 
angles ACE, ACB arc equal to the angles ABC, BAC, ACB. but 
ABC, BAC, ACB are equal to two right angles^; therefore alfo the <^' 3^- »• 
angles ACE, ACB are equal to two right angles, and /Ince at the 
point C in the ftcaight line AC, the two ftraight lines BC, CE, which 
are 00 the oppofite fides of it, make the adjacent angles' ACE, ACB- 
equal to two right angles ; therefore ^ BC and CE. are in a ftraight ^' '4* >• 
line. Wherefore if two triangles, &c« (^E, D, 

PROP. XXXIII. THEOR. 

IN equal circles, angles whether at the centers or cir- secN. 
cumferences have the fame ratio which the circumfe- 
rences on which thej fland have to one another, (o alfo 
haYe the fedtors. 



Let ABC, DEF be equal circles ; and at their centers the angles 
BGC, EHF, and the angles BAC, EDF at their circumferences, as 
the circumference BC to the circumference EF, fo is the angle BGC 
to the angle EHF, and the angle BAC to the angle EDF ; and alfo 
the ieAor BGC to the feAor EHF. 

Take any pumber of circumferences CK, KL each equal to BC, 




and any number whatever FM, MN each equal to EF; and join 
GK, GL, HM, HN. Becaufe the circumferences BC, CK, KL are 
all equal, the angles BGC, CGK, KGL are alfo all equal^. there- 
fbft what multiple foever the circumference BL is of the circumfc- 
itoce BC, the fiune multiple is the.angle BGL of the angle BGC. 
iior the iafoe rcafiaOi whatever multiple the circumference EN is of 
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Book VI. the circumference EF, die fame multiple is the angle EHN of thp 
angle £HF. ^ and if the circumference BL be equal to the drcumfe- 
rence EN, the angle BGL is alfo equal * to the angle EHN; and if 
the circumference BL be greater than EN, llkewife the angle BGL 
is greater than EHN \ and if lefs, lefs. there being then four magnl- 
tudeSy. the t\^'o circumferences BC, EF, and the two angles BGC, 
EHF ; of the circumference BC, and of the angle BGC, have beea 
taken any equimultiples whate\'er,viz. the circumference BL, and the 
angle BGL ; and of the circumference EF, and of the angle EHF, 




b. s.i>cf. J. 

c. IS. 5- 

d. 10. 3. 



ft C EF 

any equimultiples whatever, viz. the circumference EN, and th§ 
angle EHN. and it has been proved that if the circumference BL 
be greater than EN, the angle BGL is greater than EHN; and if 
equal, equal; and if lefs, lefs, as therefore the circumference BC 
to the chcumference EF, {o ^ is the angle BGC to the angle EHF. 
but as the angle BGC is to the angle EHF, fo is ^ the angle BAC to 
tjie angle EDF, for each is double of eachiJ. therefore as the cir- 
cumference BC is to EF, fo is the angle BGC to the angle EHF, and 
the an^e BAC to the angle EDF. 

Alfo, as the circumference BC to EF, fo is the feftor BGQ to 
the fcftot EHF. Join BC, CK, and in the circumferences BC, CK 
take any points X, O, and join BX, XC, CO, OK. then becaufe in 
the triangles GBC, GCK the two fides BG, GC are equal to the two 
CG, GK, and that they contain equal angles ; the bafe BC is equal* 
to the bafe CK, and the triangle GBC to the triangle GCK. and 
becaufe the circumference BC is equal to the circumference CK, the 
remaining part of the whole circumference of the circle ABC, is c- 
qual to the remaining part of the whole circumference of the fame 
circle, wherefore the angle BXC is equal to the angle COK* ; and 
f.ii.Dcf.s.thefegment BXC is therefore fimilar to the fegment COK*"; and 
they are upon equal ftraight lines BC, CK. but fmiilar fegments of 
circles upon equal ftraight lines, are equal « to one another, there- 
fore 
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lore the fegment BXC is equal to the fegment COK. and the tri- Book VI. 
angle BGC is equal to the triangle CGK ; therefore the whole» the 
fcftor BGC is equal to the whole, the feftor CGK. for the fame 
reafoQ the feftor KGL is equal to each of the feftors BGC, CGK. 
in the fame manner the feftors £HF, FHM, MHN may be preyed 
equal to one another, therefore what multiple foever the circumfe- 
rence BL is of the circumference BC,-the fame multiple i$ the feftor 
BGL of the feftor BGC. for the fame reafon, -whatever multiple 
the drcumference EN is of £F, the fame multiple is the feftor £HN 
of the feftor EHF. and if the circumference BL be e<jual to EN, 
«ie feftor BGL is equal to the feftor EHN ; and if the circumfe* 




BxC 



rence BL be greater than EN, the feftor BGL Is greater than the 
feftor EHN ; and if lefs, lefs. fince then there are four magnitudes, 
the two circumferences BC, EF, and the two feftors BGC, EHF, and 
of the circumference BC and feftor BGC, the circumference BL and 
feftor BGL are any equimultiples whatever; and of the circumfe- 
rence EF and feftor EHF, the drcumference EN and feftor EHN 
are any equimultiples whatever ; and that it has been proved if the 
drcumference BL be greater than EfT, the feftor BGL is greater 
than the feftor EHN ; and if equal, equal ; and if lefs, lefs. There- 
fere ^ as the circumference BC is to the drcumference EF, fe isb. s-D^^s* 
die feftor BGC to the feftor EHF. Wherefore in equal circles, &q. 
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Sm n. TF an angle of k triangle be bifefted bjr a ftraight lioC;, 
X which likewife curs the bafe ; the reftangle contained 
by the fides of the triangle is equal to the reftangle con- 
tained by the fegments of the bafe, together with the 
fquare of the ilraight line bife^ling the angle. 

Let ABC be a triaDgle» and let the angle BAG be bifeAed by the 

flraight line AD ; die rcAangle BA, AC is equ^ to the reftangle 

BD, DC together ¥dth th^ fquare of AD. 
m. S' 4- Defcribe the circle * ACB s^bout the triangle, and produce 'AD to 

the circumference in E, and join . 

EC. then becaufe the angle BAD A. 

is equal to the angle CAE, and the 
^.fti.3* angle ABD to the angle ^ A£C> for 

they are in the fame fegment; the jg j^ — ■ ■■■■ ^ j ■ ^C 

triangles ABD» AEC are equiangu- 
lar to one another, therefore as 
c. 4. tf. BAtoAD, fo is *= EA to AC, and 

Gonfequently the reftangle BA, AC 
a. itf. 6, is equal ^ to the redangle EA, AD, ir 

•.!•»• that is * to the reftangle ED, DA 

^ together with the fquare of AD, but the reAahg^e ED, DA is 
€. 35. J. equal tp the reftanglc f BD, DC, Therefore the rcftangie BA, AC 

is equal to the reAangle BD, DC tx)gether with the fquare of AD. 

Wherefore if an angle, &c. Q^E. D* 

PROP. C. THEOR, 

te N. TF from an angle of a triangle a ftraight line be drawn 

X perpendicular to the bafe; the refiangle contained by 

the fides of the triangle is equal to the reAangle contained 

by the perpendicular and the diameter of the circle de** 

fcribed about the triangle. 

Let ABC be a triangle, and AD the perpendicular from the 
angle A to the bafe BC ; the redangle BA, AC is equal to the reA« 
angle contained by AD aad the diameter of the drde defcribed a* 
boat the triangle. 

Deicribe* 
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c. »t. 3* 
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Ddcribe * the circle ACB about 
the triang^e^ and draw its diameter 
A£, and join EC. becaufe the right 
angle BDA is equal ^ to the angle 
£CA in a femidrde, and the angle 
ABD to the angle A£C in the fame' 
iegment ^ ; the triangles ABD, 
A£C are equiangular, therefore as^ 
BA to AD, fo is EA to AC, and 
confequently the redangle BA, AC 
is equal ^ to the reAangle EA, AD. (f therefore from an angle, &c« c. *4. 4. 
Q^E. D. 

P R P. D. T H E R. 

nPHE reftanglc contained by the diagonals of a quadri- 
"*■ lateral infcribed in a circle, is equal to both the reft- 
angles contained by its oppofite fides. 

Let ABCD be any quadrilateral infaibed in a cirde, and join AC, 
BD ; the redlangle contained by AC, BD is equal to the two rect- 
angles contained by AB, CD and by AD, BC *. 

Make the angle ABE equal to the gngle DBC ; add to each of 
thefe the common angle EBD, then the angle ABD is ^qual to the 
angle EBC. and the angle BDA is equal* to the angle BCE, be- a. 
caufe they are in the fame (egment ; therefore the triangle ABD is 
equiangular to the triai^le BCE. 
wherefore >» as BC is to C£, fo is BD 
Co DA, and confequendy the re^angle 
BC, AD is equal ^ to the reClangle BD, 
C£. again, becaufe the angle ABE is 
equal to the angle DBC.and the angle* 
BAE to the angle BDC, the triangle 
ABE is equiangular to the triangle 
BCD. as therefore BA to AE, fo is 
BD to DC ; wherefore the redbmgle 

BA, DC is equal to the reAangle BD, AE. but the reAangle BC, 
AD has been ihewn equal to the reflangle BD, CE ; therefore the 
whole rectangle AC,. BD is equal to the reChngle AB, DC together 
^th the redhmgle AD, BC. Therefore the re£bu)gle, &c. Q^E. D. 
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DEFINITIONS. 

±\, Solid is that which hath length, breadth, and thicknefs. 

11. 
That which bounds a foiid is a fuperficies. 

m. 

A ftraight line is perpendicular, or at right angles, to a plane, when 
it makes right angles with every ftraight line meeting it in that 
plane. 

IV. 
A plane is perpendicular to a plane, when the ftraight lines drawn 
in one of the planes perpendicularly to the common fedion of 
the two planes, are perpendicular to the other plane. 

V. 
The inclination of a ftraight line to a pkme is the acute angle con- 
tained by that ftr^ght line, and another drawn from the point in 
which the firft line meets the plane, to the point in which a per- 
pendicular to the plane drawn from any point of the firft line 
above the plane, meets the (ame plane. 

VI. 
The inclination of a plane to a plane is the acute angle contained by 
two ftraight lines drawn from any the fame point of their com- 
mon feAion at right angles to it, one upon one plane, and tho 
other upon the other plane. 

VII. Two 



D F £ U C L I D. i8^ 

Vn. BdokXI; 

Two planes are faid to have the fame» or a like iricIinatioQ to one v;,^y>£^ 
another,, which two other planes have, when the faid angles of 
inclination are equal to one another. 

VIIL 
Parallel planes are fuch which do not meet one another tho* pro- 
. ducidl 

IX. 
A foUd ailgle is that which is made by the meetmg of more than two See N. 
plane angles, which are not in the fiime plane, in one point. 

X. 
' The tenth Definition is omitted for reafons given in the Notes.* See H. 

XL 
Similar folid figures are fuch as have all their folid angles equal, each See K. 
to each, and whiich are contained by the famt number of iimilar 
planes* 

XII. 
A Pyramid is a folid figure contained by planes that are conftituted 
betwixt one plane and one point above it in which they meet. 

XIII. 
A Prifin is a folid figure contained by plane figures of which two 
that are oppofite, are equal, fimilor, and parallel to one another; 
and the others parallelograms. 

XIV. 

« 

A Sphere is a folid figure defcribed by the revolution of i femicircle 
about its diameter, which remains unmoved. 

XV. 
The axis of a fphere is the fixed flraight line about whidi the femi** 
circle revolves. 

XVf. 
The center ot a fphere is the fame with that df the femicircle. 

XVIL 
The diameter of a fpher^ is any ffa-aight line which pafib throfugh 
the center, and is terminated both ways by the fuperficies of the 
fphere. 

xvni. 

A Cone is a folid figure defcribed by the revolution of a right angled 
triangle about one of the fides containing the right angle, which 
fide remains fixed. 

If the fixed fide be equal to the other fide containing the right angle, 

the 
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IVsokXL the Cone is called a right angled Cone; if itbelefsthantheotliet 
fide, an obtufe angled^ and if greater; an acute angled Cone. 

XIX. 
The axis of a Cone is the fixed ftrai^ line about which the tri* 
angle revolves. 

XX. 
The bafeof a Cone is the drde dcfcrtbeJ by that fide containing the 
right angle, which revolves. 

XXI. 
A Cylinder is a folid £gure defcribed by Ac revolutioii of a right 
angled parallelqgram about one of its fides which remains fixed. 

XXIL 
The axis of a cylinder is the fixed firaig^t lint dxmt which the pa- 
rallelogram revolves. 

xxra. 

The bafes of a cylinder are the drdes defcribed by the two revi- 
ving oppofite fides of the piuallelogram. 

XXIV. 
Similar cones and cylinders are thofe which liavtt tlieir axes and the 
diameters of theii* bafes proportionals. 

XXV. 
A Cube is a folid figure contained by fix equal fquares. 

XXVI. 
A Tetrahedron is a folid figure contsdned by four equal and equOa* 
tend triangles. 

xxvn. 

An 0<5lahedron is a folid figure contained by eight equal and equi* 
lateral triangles. 

xxvin. 

A Dodecahedron is a folid figure contained by twelve equal pentad 
gons which arc equilateral and equiangular. 

XXIX. 
An Icofahedron is a iblid figure contained by twenty equal and equi*' 
lateral triangles. 

DEF. A. 
A Parallelepiped is a folid figure contamed by fix quadrilateral fi* 
gures whereof every oppofite two are parallel* 

FROR 
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PROP. I. .THE OR. 



X9i 
BookXK 



/^NE part of a ftraighc line cannot be in ^ plane and 
^-^ another part above it. 

IF it be poiTible, let AB part of the ftraight line ABC be in the 
plane, and the part BC above it. and Cncc the ftraight line AB is in 
the plane, it can be produced in that 

plane, let it be produced to D. and ^ 

let any plane pafs thro' the ftraight ^^ 
line A D, and be turned about it \ 
until it pafs thro' the pomt C; and \^ 
becaufe the points B, C are in this 
plane, the ftraight line BC is in it*, therefore there are two ftraight *. 
lines ABC, ABD in the fame plane that have a common fegment AB, 
Which is impoffible *>. Therefore one part, &c. Q^E. D. k- 

PROP. 11. THEOR. 



SeeN. 




T.Dcf.i* 
Cor.it.s. 



nnWO ftraight lines which cut one another arc in one see M. 
, "^ plane, and three ftraight lines which meet one ano- 
ther are in one plane. 

Let two ftraight lines AB, CD cut one another in E ; AB, OD 
ire in one plane, and three ftraight lines EC,* CB, BE which meet 
one another, are in one plane. 

Let any plane pafs through the ftraight 
line £B, and let the plane be turned about 
£B, produced if neceflary, until it pafs 
through the point C. then becaufe the 
points £, C are in this plane, the ftraight 
Uoe EC is in it *. for the fame reafoh, the 
ftraight line BC is in the fame ; and, by the 
Hypothefis, EB is in it. therefore the three ^ 
firaigiit lines EC, CB, BE are in one plane. ^ 
but in the plane in which EC, EB are, in 
the fame arc «> CD, AB. dierefore AB, CD are in one plane. Where- fc- 1- it- 
6v« two Araight lines, &c. Q^E. D. 

PROP. 




a. 7.0ett« 



?9^ 

BookXi; 



SeeN. 
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P R O P. ra. T H E O R. 

TF two planes cut one anothdr, their common fe^lion is 
a ftraight line. 



. Let t^o planes AB, BC cut one another, and let the line DB be' 
their common feflion ; DB is a ftraight 
line. If it be not, from the point D to B 
draw in the plane AB the ftraight line 
DEfi, and in the plane BC the ftra'^ht line 
DFB. then two ftraight lines DEB, DFB 
have the fame extremities, and therefore in- * 
' dude a fpace betwixt them ; which is im- 
t: I b. Ax. X . pofSble * . therefore BD the Common fefti- 
on of the planes AB, BC cannot but be a 
ftraight line. Wherefore if two planes, &c. Q^ E. D. 




SeeN. 



a* If. I. 
b. 4. X. 



c« iC, !• 



P R O P, IV. T H E O R. 

TF a ftraight line ftand at right angles to each of two 
. •*• ftraight lines in the point of their interferon, it ftiall 
alfo be at right angles to the plane which paffes through 
them, that' is, to the plane in \Vhich they are. 

Let the ftraight line EF ftand at right angled to each of the 
ftraight lines AB, CD in E the point of their interfeflion. EF is alfo 
at right angles to the plane palling thro' AB, CD. 

Take the ftraight lines AE, EB, CE, ED all equal to cmc ano- 
ther ; and thro' E draw, in the plane in which arc AB, CD, any 
ftraight line GEH ; and join AD, CB ; then from any point F in 
EF, draw FA, FG, FD, FC, FH, FB. and becaufc the two ftraight 
lines AE, ED are equal to the two BE, EC, and that they contain 
equal-angles • AED, BEC, the bafe AD is equal ^ to the bafe BC, 
and the angle DAE to the angle EBC. and the angle AEG is equal 
to the angle BEH * ; therefore the trian^cs AEG, BEH have two 
angles of one equal to two angles of the other, each to each, and the' 
fides AE, EB, adjacent to the equal angles, equal to one another'; 
whcrrfore they fliall have their other fides equal ^. GE is therefore 

equal 
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b. 4. I • 



4. 8. u 



ffquil to EH, and AG to BH. and bccaufc AE is equal to EB, and Book XI. 
F£ common and at right angles to them, the bafe . AF is equal ^ to 
tfaebafeFB; for the fame reafon CF is equal to FD. and becaufe 
AD is equal to BC, and AF to FB, the two fides FA, AD are equal 
to the two FB, BC, each to each ; and 
the bafe DF was proved equal to the 
bafe FC ; therefore the angle FAD is e- 
equkl ^ to the ^ngle FBC. again, it was 
proved that AG is equal to BH, and alfo ^ 
AF to FB ; FA then and AG, are equal 
to FB and BH, and the angle FAG has r^ 
been proved equal to the angle FBH ; 
therefore the bafe GF is equal ^ to the 
bafe FH. again, becaufe it was proved 
that G£ is equal to EH, and £F is com- 
mon ; QE; Ef are equal to HE, EF ; 
and the bafe GF is equal to the bafe YJi ; therefore ^e angk 6EF is 
equal ^ to the angle H£F, and confequendy each of thefe angles is 
a right * angle. Therefore. FE makes right angles with GH, thatc. lo.Diif.u 
is, with any ftraight line drawn thro* E in the plane pafling thro* 
AB, CD. in like manner it may be proved that FE makes right 
angles with every (Iraight line which meets it in that plane. But a 
ftraight line is at right angles to a plane when it makes right angles 
with every ftnught line which meets it in that plane f . therefore EF f. 3 .D<f. i ii 
is at right angles to the plane in which arc AB, CD. Wherefore if 
a ftraight line, &c. Q^E. D. 



D 




PROP. V. THEOR. 

T J" three ftraight lines meet all in one point, and a 
ftraight line ftands at right angles to each of them irt 
that point ; thefe three flraigfic lines are in one and the 
fame plane. 



see N. 



• • • 

Let the ftraight line AB ftiand at right ingles to ench of thfi 
ftraight lines BC, BD, BE, in B the point where they meet ; BC, 
BD; BE are in one and the fanlc plane. 

If not, let, if it be poilible, BD and BE be in one plane, and BC3 
h^ above it ; and let a plan<^ pafs through AB, BC, the common 
feflion of which witli the plane, in wliich BD and BE aie, ihall 

N be' 
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Book Xl. be a ftraight * line ; let this be BF, therefore the three ftrsught finet 

v.;j^>v>*^ A!B, BC, BF are ail in one plane, viz. that which pafles through 

a 3- 11- AB, BC. and becaufe AB ftands at right angles to each of the 

b. 4. IX* Araight lines BD, BE, it is alfb at right angles ^ to the plane pading^ 

through thep ; and therefore makes . 
t.a-Dcf.ij. right- angles ^ with every ftraight line«A. 

meeting it in that plane; but BF which 

is in that plane meets it. therefore . 

the angle ABF is a right angle; but ^ 

the angle ABC, by the Hypothefis, is 

alfo a right angle ; therefore the angle 

ABF is equal to the angle ABC, and 

they are both in the (ame plane,which 

h impoffible. therefore the ftraight 

line BC is not above the plane in which are BD and BE. wherefore 

the three ftraight Ikes BC, BD, BE are in one and the fame plane.- 

Thercforc if three ftraight lines, &c. Q^E. D. 




i 



' PROP. VI. THEOR. 

F two ftraight Kncs be at right angles to the fam^ plane/ 
they ihall be parallel to one another. 



Let the ftraight lines AB, CD be at right angles to the fame 
^lane ; AB is parallel to CD. 

Let them meet the plane in the points B, D, and draw the ftraight 
line BD, to which draw D£ at right angles, in the (am^ plane ; and 
make D£ equal to AB, and join BE, AE, 
AD. then becaufe AB is perpendicular to 
t.^DSsf.i I. the plane, it fhall make right "angles with 
every ftraight line which meets it, and is in 
that phne^ but BD, BE, which are in 
that planci do each of them meet AB. 
therefore each of the angles ABD, ABE h Jj 
A right suigle. for the fame reafon, each of 
the angles CDB, CDE is a right angle, 
and becaufe AB is equal ta DE, and BD' 
common, the two iides AB, BD, are equal 

to the two ED,* DB"; and they contain riglit angles ; therefore thtf 
bafe AD is equal ^ to the bafe BE.^ again, becaufe AB is equal to 

DE^ 




t^ 



I. 
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DE, and BE to AD; AB, BE are equal .to ED, DA, and, lo the Book XI, 

triangles ABE, EDA, the bafe AE is commoii ; therefore the angle v>^y>J> 

ABE is equal ^ to the angfe EDA. but ABE is a right angle ; there- c. 8. i . 

fore EDA is alio a right angle, and ED perpendicular to DA. but 

it is alfo perpendicular to each of the two BD, DC. wherefore ED , 

is at right angles to each of the three ftraight lines BD, DA, DC in 

the point in which they meet, therefpre thefe three ftraight lines are 

all in the fame plane '^. but AB is in the plane in which are BD, j. 5. iz. 

DA, becaufe any three ftraight lines "vrhlch meet one another are in 

boe plane ^. therefore AB, BD, DC are in one plane, and each of t, %. iz. 

die angles ABD, BDC is a right angle ; therefore AB is parallel ^ f. arS. i. 

to CD. Wherefore if two ftraight lines, &c. Q. E. D. 



PROP. VII. T H E O R. 



F two ftraight lines be parallel, the ftraight line draiwn ^ 1^. 
from any point in the one t6 any point in the other 
IS in the fame plane with the parallels. 



I 




' ' . . • 

Let AB, CD be parallel ftraight lines, and takfe any poiftt E in 

the (me, and the ppiiit F in the other, the ftraight line which joins 
£ and F is in the fame plane with the parallels. 

If not, let it be, if poffible, above tlie plane, as EGF ; and in thsf 
plane ABCD in which the paral- 

fcls are, draw the ftraight line ^ '^ ^ 

EHF from E to F ; and fince EGP 
alfo is a ftraight line, the two 
ftraight lines EHF, EGF include 

a fpace betwixt them, which is . 

Jtapoflible ■. Therefore the ftraight Q F ET a. to. ki.ii V 

line joining the points E, F fs not 

above the plane in which the pjtrallds AB, CD arc, and is therefore 

h, that plane. Wherefore liF two ftraight lines, &c, Q^E. D* 

PROP. VIII. THE OR, 

T 

/ 

TF two ftraiglic lines be parallel, and one of thera is at uk it. 

right angles to a plane ; the other alfo fttall be at 
right ai>gles t6 the fame plane. 

N a - l^t 
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i. 4- X* 



Let AB, CD be two parallel ftraight lines, and let one df th^ 
AB be at right angles to a plane; .the other CD is at right angles to 
the fame plane. 

Let AB, CD meet the plane in the points B, D; and join BD. 
therefore AB; CD, BD are in one plane, in the plane, to which AB 
is at right angles, draw D£ at right angles to BD, and make DE 
equal to AB, and join BE, AE, AD. and becaufe AB is perpendi- 
cular to the plane, it is perpendicular to every flra^ht line which 
a. 3. bef. 1 1. meets it, and is in that plane*, therefore each of the angles ABD, 
ABE, is a right angle, and becaufe the flraight line BD meets the 
parallel ftraight lines AB, CD, the angles ABD, CDB Are together 
*- equal *> to two right angles, and ABD is a right angle ; therefore 
alfo CDB is a right angle, and CD perpendicular to BD. and becaufe 
AB is equal to DE, and BD common, the two AB, BD, are equal 
to the two ED,T)B, and the angle ABD 
is equal to the angle EDB, becaufe each 
'c)f them is a right angle; therefore the 
bafe AD is equal *^ to the bafe BE. again, 
becaufe AB is equal to DE, and BE to 
AD ; the two AB, BE are equal to the 
tTvo ED,' DA J and the bafe AE is com- 
mon to the triangles ABE, EDA ; where- 
fore the angle ABE is equal <* to the angle 
EDA. and ABE is a right angle ; and 
therefore EDA is a right angle, and ED 

perpendicular to DA. but it is alfo perpendltular to BD ; therefor* 
ED is perpendicular * to the plane which pafles through BD, DA,» 
#,3.Dcf.ii.^nd (hall f make rfght angles with every (baight line meeting it vHt 
that plane, but DC is in the plane paffing through BD, DA, be- 
csfufc all three arc in the plane in which are the parallels AB, CD; 
v/heiefore ED is at right angles to DC ; and therefore CD is aC 
jight angles to DE. but CD is alfo at right angles to DB ; CD then- 
is at right angles to the two ftraight lines DE, DB in the point o£ 
their interfeftion D ; and therefore is at right angles t6 the plane 
paffing thro' DE, DB, which is the fame plane tt> which AB is at 
fight angles. Therefore if two ftraight lines, &c. Q^E. D. 
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t^ROP. IX, THEOR. v.-ory 

•npWO ftraight lines which are each of them parallel 
"*• to the fame ftraight line, and not in the fame plane 
with it, are parallel to one another. 

Let AB, CD be each of them parallel to EF, and not In the fame 
plane with it ; AB ihall be parallel to CD. 

In EF take any point G, from which draw, in the plane pafling 
thro* EF, AB, the ftraight line GH at right angles to EF; and in 
the plane pafling through EF, CD, draw GK at right angles to the 
feme EF. and becaufe EF is perpcn- a »| 
dicular both to GH and GK, EF is — — ^ 

perpendicular ■ to the plane HGK \ ^ ■.4". 

pafling through them, and EF is pa- 
rallel to AB ; therefore AB is at ri^ht 

angles ^ to the plane HGK. for the ^/" b. 8 .u. 

fenie reafon, CD is likewife at right 
angles to the plane HGK. therefore 

AB, CD are each of them at right angles to the plane HGK. but if 
two ftraighl lines be at right angles to the fame plane, they (T\ill be 
parallel ^ to one another, therefore AB is parallel to CD. Whtr^- 
fore twd ftraight Imcs, &c. Q^E. D. 

PROP. X. THEOR. 

TF two ftraight lines meeting one another be parallel to 
two others that meet one another, and are not in the 
fame plane with the firft two ; the firft two and the othdr 
two ftiall contain equal angles. 

Let the two ftraight lines AB, BC which meet one another be 
parallel to the twd ftra^ht lines DE, EF that meet one another, 
. and ate not in the feme plane with AB, BC. the angle ABC is equal 
, 10 the angle DEF. 

Take B A, BC, ED, EF all equal to one another ; and join AD, 

N 3 -CF, 




c. 6. II. 
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Book XI. CF. Bp, AC, DF. becaufe BA is equal and parallel to ED, there- 

fore AD is * both equal and parallel to BE. 

for the fame reafon, CF is equal and pa- 
f rallel to BE. therefore AD and CF are 

each of them equal and parallel to BE, but /V 

Araight lines that are parallel to the fame 

ftraight line, and not in the fame plane 

b. 9. 1 X. with it, are parallel ^ to one another, there- 

c. I. Ax-.i. fore AD is parallel to CF ; and it is equal *^ 

to it, and AC, DF join them towards the 

fame parts ; and therefore * A C is equal 

and parallel to DF. and becaufe AB, BC 

are equal t(9 DE, EF, and the bafe AC to the bafe DF > the angle 
d. 8. 1. ABC is equal <> to the ^gle DEF. Thprcfore if two ftraig^t 

lines, &c. Q^E. D. 




PROP. XI. PROB. 

nnp draw a ftraight line perpendicular to a plane, from 
. a given point above ir, ' 

Let A be the given point above the plane BH ; it is required to 

draw from the point A a ftraight line perpendicular to the plane BIL 

In the plan^ draw any ftraight line BC, and from the point A 

a. 11. I. draw * AD perpendicular to BC. If then AD be alfo perpendicular 

lo the plane BH, the thing required is already done; but if it be 

b. ir. X. not, from the point D draw*>in the ^ 

• plane BH, the ftraight line DE at 
right angles to BC ; and from the 
point A draw AF perpendicular ^o fl f\/ 1 H 

c. 31. 1. DE; and thro' F draw ^ GH pa- 

rallel to BC, and becaufe BC is at 
* right angles to ED and DA, BC is 

d. 4. 1 1, at right angles *i to the plane pafling 

through ED, DA. and GH is pa- B DO 

rallel to BC ; but if two ftraight lin^s be parallel, one of which is 

e. 8. XI. at right angles to a plane, the other Ihall be at right ^ angles to 

the fame plane ; wherefore GH is at right angles to the plane thro* 

f.3.Dcf.ii. ED, DA. and is perpendicular ^ to every ftraight line meeting it in 

tliat plane, but AF which is in the plane through ED^ DA meets 

it. 
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it. therefore GH is perpendicular to AF» and confequehtly AF is Book XI. 
perpendicular to GH. and AF is perpendicular to D£ ; therefore 
AF is perpendicular to each of the ftraight lines GH, D£. but if a 
firaight line ftands at right angles fo each of two ftraight lines in the 
point of their interfefUon, it fhall alio be at right angles to the plane 
pafling through them, but the plane paiBng through £D, GH is 
the plane BH ; therefore AF is perpendicular to the plane BH. 
therefore firom the given point A abore the plane BH, the ftraight 
line AF is dra^vn perpendicular to that plane, ^hich was to bp 
4one. 



PROP. XII. PROB. 

nPO creft a ftraight liqe at right angles to a givco 
plane, from a point given in the plane. 

Let A be the point given in the plane; it is required to ercft a 



B 



ftraight line trom the point A at rignt y% 

angles to the plane. 

From any pobt B above the plane draw* 
3C perpendicular to it; and from A 
draw ^ AD parallel to BC. becaufe there- 
fore AD, CB are two parallel ftraight 
lines, and one of them BC is at right angles / A. 
to the given plane, the other AD is alio at 
right angles to it ^. therefore a ftraight line has been ereAed at right 
angles to a given plane from a point ^ven in it. Which was to bp 
done. 



t. II. ii. 



b. 31. I. 



c. 8. It. 



PROP. Xni. THEOR. 

r^ROM the fame point in a given plane there cannot 
•*•. be two ftraight lines at right angles to the plane, 
upon the fame fide of it. and there can be but one per- 
pendicular to a plane from a point above the plane. 

For, if it be pofEble, let the two ftraight lines AB, AC be at 
right angles to a ^ven plane from the fame point A in the plane, and 
upon the fame fide of it ; and let a plane pafs through BA, AC ; 
tbe common fe^tion of this with the given plane is a ftraight * line 

N 4 pafling 



a. 3. If. 
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BookXI. paiSng through A. let DAE be their common fe^on. therelbve 
V-xv>^ the ftraight lines AB, AC, DAE are in one plane, and becaufe CA 

is at right angles to the pven plane, it ftiall make right angles with 

levery ftraight line meeting it in that 

plane, but DAE vrhtch is in that 

plane meets CA ; therefore CAE is 

a right angle, for the fame reaibn 

BAE is a right angle, therefore the 

angle CAE is equal to the angle -n a ^ 

BAE ; and they are in one plane, ^ -"- ^' * 

vhich is impoffible. Alfo, from a point above a plane there can 

be but one perpendicular to that' plane; for if there could be two, 
)?. ^. II. they would be parallel ^ to one another, which is abfurd. Therefore 

from the fame pcint; &c. Q^£. D. 




PROP. XIV. THEOR. 



"DL AN ES to which the fame ftraight line is perpea- 
"*• dicular, are parallel to one another. 

Let the ftraight line AB be perpendicular to each of the planes 
CD, EF ; thefe planes arc parallel to one another. 

If not, they ftiall meet one another when produced; let them 
meet ; their common fe6lion j(hali be a 
ftraight line GH, in which take any 
point K, and join AK, BK. then be- 
caufe AB is perpendicular to the plane 

«.3J5cf.ii.EF, it is perpendicular * to the. ftraight Q 
line BK which is in that plane, there- 
fore ABK is a right angle, for the lame 
reafop, BAK is a right angle ; whfcre- 
fore the two angle? ABK, BAK of the 
triangle A B K are equal to two right 
b. 17. 1, angles, whicli is impoffible *>. therefore 
the planes CD, EF tho' produced do 

cs.Dcf.xi.not meet one another; that is, they are parallel^ 
planes, &c. Q^E. D. 




Therefore 



PROP. 
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PROP. XV. THEOR. V-^ryrw 

TF two ftraight lines meeting one another, be pa^'allel to see n. 

two ftraight lines which meet one another, but arc 
not in the fame plane with the firft two ; the plane which 
paiTes through th/sfe is parallel to the plane pafling through 
the others. 



II. II. 



31* l< 



c. j.Dcf.ii. 



Let ABy BC two ftraight lines meeting one another, be parallel 
to D£, £F that meet one another, but ^re not In the fame plane 
with AB, BC. the planes through AB, BC, and D£, £F ihall not 
meet tho' produced. 

From the point B draw BG perpendictllar * to the plane which a. 
pafles through D£, £F, and let it meet that plane in G ; and 
through G draw GH parallel *> to £D, and GK parallel to £F. and b. 
becauie BG is perpendicular to the plane through D£, £F« it fhall 
n^ake right angles with every 
ftraight line meeting it in th^t 
plane ^. * but the ftraight lines 
GH, GK in that plane meet it. 
therefore each of the angles 
BGH, BGK is a right angle. 
and becauie BA is parallel ^ to J\} 
GH (for each of them is paral- 
ki to D£, and they are not 
both in the fame plane with it) the angles GBA, BGH are together 
equal ^ to two right angles, and BGH is a right anglfe, therefore e. xp. u 
alio GBA is a right angle, and GB perpendicular to BA. for the 
fame reafon, GB is perpendictdar to Bp. fince tlv»*efore the ftraight 
Ipe GB f^ds at right angles to the two ftraight lines B A, BC, that 
cat one another in B ; GB is perpendicular f to the plane through f- 4* n*' 
BA, BC. and it is perpendicular to the plane through D£, £F ; 
therefore BG is perpendicular to each of the planes through AB, BC 
mi D£, £F. but planes to which the fame ftrsught line is perpen- 
dicular, are parallel < to one another, therefore ihc plane through g* '4- "• 
AB, BC is parallel to the plane through DE', EF. Wherefore if 
two ftrsught lines, &c. Q^E. D. 
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PROP. XYI. THEOR. 

IF two parallel planes be cut by another plane, their 
common fedtions with it are parallels. 

Let the parallel planes AB, CD be cut by the plane EFHG, and 
let thdr common feAions with it be £F, GH. £F is parallel to 
GH. 

Fon if it is not, EF, GH (hall meet, if produced, either on the 
fide of FH, <»• EG. firft, let them be produced on the fide of FH, 
and meet in the point K. therefore fince ^FK is in the plane AB» 
crery point in EFK is in that 
plane ; andK is a point in EFK; 
therefore K is in the plane AB. 
for the (ame reafon K is alfo io 
the plane CD. wherefore the 
planes AB, CD produced meet 
one another ; but they do not 
meet, fince they are parallel by 
the Hypothefis. therefore the 
ftraight lines EF, GH do not 
meet when produced on the 
fide of FH. in the fame manner it may be proved that £F, GH 
do not meet when produced on the fide of EG. but ftraight 
lines which are in the fame plane and do not meet, though pro- 
duced either way, are parallel, therefore EF is parallel to GH, 
Wherefore if two parallel planes, &c. (^ £. D. 




PROP. XVIL THEOR. 



TF two ftraight lines be cut by parallel planes^ they ihall 



be cut in the fame ratio. 



Let the ftraight lines AB> CD be cut by the parallel planes GH» 
EL, MN, in the points A, E, B; C, F» D. as AE is to EB, fe b 
CF to FD. 

Join AC, BD, AD, and let AD meet the plane KL in the poiDt 

X; and join EX, XF. becaufe the two parallel planes KL, MN are 

a. If. II. cat by the plane EBPX, the common {^xm EX, BD are paralldv 

for 
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for the £une reafon, becaufe the two parallel planes CH, KL are BookXI. 
cut by the plane AXFC, the 
jcommon fedions AC, XF are 
parallel, and becaufe £X is pa- 
rallel to BD, a fide of the tri- 
angle ABD, as AEtoEB, to 
is^AXtoXD. again, becaufe 
XF is parallel to AC, a fide of 
the triangle ADC, as'AX to 
XD, fo is CF to FD. and Jt 
was proved that AX is to XD, 
9S A£ to EB. therefore ^ as A£ 
tp EB, fo is CF to FD. Where- 
fore if two ilraight lines, &c. 
Qj^E. D. 

PROP. XVIII. THEOR. 

IF a ftraight line be at right angles to a plane, every 
plane which palTes through it ihall be ac right angles 
to that plane. 

« 

Let the Arajght line AB be at right angles to the plane CE. eve^ 
ry plane which paiFes through AB fliall be at right angles to the 
plane CK. 

Let any plane DE pafs dirough AB, and let CE be tlie common 
ie^lion of the planes DE, CK ; take any point F in CE, finom which 
draw FG in the plane DE at 
right angles to CE. and becaufe 
AB is perpendicular to the plane 
CKy therefore it is alfo perpen- 
dicular to every ftraight line in 
that plane meeting it*, and con- 
fequently it is perpendicular to 

C £, whesrefore A B F is a right _ V R T* 

ang^; but GFB is likewife a ^ * U JLi 

right angle; therefore AB is parallel ^ to FG. and AB is at right 
^^Qgfes to the plane CK; therefore FG is alfo at right angles to the 
£une plane ^. but one plane is at right angles to another plane when 
the Ataight Ijoes drawn 10 one of the planes, at right angles to their 
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Boc^XI. ocmunon fc£Hon, are alfo at right angles to the other plane <^; and* 
V^^rsu any ftraight line FG in the plane DE, which is at right angles to 
44-Dcf.ii.CE the common fei^ion of the planes, has been proved to be per- 
pendicular to the other plane CK; therefore the plane DE is at right 
angles to the plane CK. In like manner, it may be proved that all 
the planes which pafs through AB are at right angles to the plane 
CK. Therefore if a ftraight fine, &c. Q^E. D. 

PROP. XIX, THE OR. 
TF two planes cutting one another be each of them per- 



j^ 



pendicular to a third plane ; their common fedion (hali 



a. 4 



t ^ 



' \>c perpendicular to the fame plane. 

Let the two planes AB, EC be each of them perpendicular to a 
third plane, and let BD be the common fedlion of the firft two. BD 
is perpendicular to the third plane. 

If it be not, from the point D draw, in the plane A B, the 
ftraight line DE at right angles to AD the common feftion of the 
plane AB with the third plane ; and in the plane BC draw DF at 
right. angles to CD the common feftion of 
the plane BC with the third plane, and be- 
caufe the plane AB is perpendicular to the 
third plane, and DE is drawn in the plane 
AB at right angles to AD their common 
fedlion, DE is perpendicular to the third 

.Def.i I . pliuie *• in the fame manner, it may be pro- 
ved that DF is perpendicular to the third 
plane, wherefore fi;om the point D two 
ftraight lines ftand at right angles to the 
third plane, upon the fame fide of it, which A 

,., ,,. is impoflible^. therefore from the point D 

there cannot be apy ftraight line at right angles to die third plane, 
except BD the coomion feAion of the planes AB, BC. BD there- 
fore is perpendicylar to the third plane. Wherefore if two 
planes, &c. Q^E. D. 
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TF a folid angle be contained by three plane angles, any sccN. 
two of them are greater than the third. 

Let the folid angle at A be contained by the three plane angles 
BAC, CAD, DAB. any two of them are greater than the third. 

If the angles BAC, CAD, DAB be all equal, it is evident that 
any two of them are greater than the third, but if they are not, let 
BAC be that angle which is not Icfs than either of the other two, 
and is greater than one of them DAB ; and at the point A in the 
Araight line AB, make in the plane which pafles through BA, AC, 
the angle BAE equal '^ to the angle DAB ; and niake AE equal to »• ^3- 1< 
AD, and through E draw BEC cutting n 

A B, AC in the points B, C, and join 
DB^ DC. and becaufe DA is equal to 

■ 

AEj and AB is common, the two DA, 
AB are equal to the two EA, AB, and 
the angle D A B is equal to the angle 
E AB. therefore the bafe DB is equal *> S^ 
to the bafe BE. and becaufe BD, DC 

are greater ^ than CB, and one of them BD has been proved equal 
to BE a part of CB, therefore the other DC is gieatcr than the re- 
maining part EC. and becaufe DA is equal to A£, and AC com- 
mon, but the bafe DC greater than the bafe EC ; therefore the angle 
DAC is greater «* tlian the angle EAC j and, by the conftruftion, the <*• 
angle DAB is equal to the angle BAE ; wherefore the angles DAB, 
DAC are together greater than the angle BAC, but BAC is not 
le(s than either of the andes DAB, DAC, therefore BAC with either 
of them is greater than the other. Wherefore if a foud angle, ^c. 
C^E. D. 

PROP. XXI. THEOR. 

17 VERY folid angle is contained by plane angles w^icW 
together arc lefs than four right angles, 

. Fuil, Let the folid angle at A be contained by three plane angles 
BAC, CAD., DAB. thefe three together are lefs than four right 
ai^es. Take 
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Take in each of the'ftraight lines AB, AC, AD any points 6, C, 
D, and join BC> CD, DB. then, becaofe the folid angle at B is con- 
tained by the three plain angles CBA, ABD, DBC, any two ot 
them are greater * than the third ; therefore the angles CBA, ABD 
are greater than the angle DBC. for the fame reafon, the angles 
BCA; ACD are greater than the ang^e PCB ; and the angles CD A, 
ADB greater than 6DC. wherefore the fix angles CBA, ABD; 
BCA, ACD, CD A, ADB are greater 
than the three angles DBC, BCD, CDB. 
but the three angles DBC, BCD, CDB 
are equal to two right angles ^4 therefore 
the fix angles CBA, ABD, BCA, ACD, 
CDA, ADB are greater than two right 
angles, and becaufe the three angles 6f 
each of the triangles ABC, ACD, ADB 
are equal to two right angles, therefore the nine angles of thefc 
three triangles, viz. the angles CBA, BAC, ACB, ACD, CDA, 
DAC, ADB, DBA, BAD, are equal to fix right angles, of thcfe 
the fix angles CBA, ACB, ACD, CDA, ADB, DBA are greater 
than two right angles, therefore the remaining three angles BAC, 
DAC, BAD which contain the folid angle at A, are lefs than four 
right angles. 

Next, Let the folid angle at A be contained by any number of 
plane angles BAC, CAD, DAE, EAF, FAB ; thefe together are 
iefs than four right angles. 

Let the planes in which the angles are be cut by a plane, and let 
the common feftions of it with thofe 
planes be BC, CD, DE, EF, FB. and 
hcczuk xht folid angle at B is contadned 
by three plane angles CBA, ABF, FBC, 
6f which any two are greater * than the 
third, the angles CBA, ABF are greater R 
than the angle FBC. for the fame reafon, 
ihe two plane angles at each of the points^ 
C, D, £, F, viz. the angles which are 
at the bafes of the triangles having the 
common vertex A, are greater than the 
third angle at the fame point, which is 
one of the angles of the polygon BCDEF. therefore all the 
iDgjies at the bafes of the triangles are together greater than all the 

angled 
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Ingres of the tx>lygon. and becaufe all the angles of the triangles Book XI. 
ire together equal to twice as many right angles as there are tri- \^v'kJ 
angles ^ ; that is^ as there are fides m the polygon BCDEF ; and b. 3». i. 
that all the angles of the polygcm together with.four right angles are 
likewile equal to twice as many right angles as there are fides in the 
polygon*; therefore all the angles of the triangles are equal to all die ^* '* ^^* 
angles of the polygon togedier with four right angles. But all the ^** '* 
angles at the bafes of the triangles are greater than all the angles of 
the polygon, as has been proved, wherefdi-e the remaining angles of 
the triangles, viz. thofe at the vertex, which contain the Iblid angle 
iit A, are lels than four right angles. Therefore every fblid angle,&c« 
Q^E. D. 

PROP. XXn. THEOR. 

IF every two of three plane angles be greater than the sec n. 
third, and if the ftraight lines which contain them be 
all equal ; a triangje may be made of the ftraight lines 
that join the extremities of thofe equal ftraight lines. 

Let ABC, DEF, GHK be three plane angles, whereof every two 
ire greater than the third, and are contained by the equal ftraight 
nnes AB, BC, DE, EF, GH, HK ; if dicir extremities be joined by 
£he ftraight lines AC, DF, GK, a triangle may be made of three 
ftraight lines equal to AC, DF, GK ; that is, every two of them arc 
together greater than the thh-d. 

if the angles at B, E, H are equal ; AC» DF, GK are alfo equal% a.4.v« 





ted any two of them greater than the third, but if the ai^es stre 
not all equal, kt the angle ABC be not lefs than either of the two 
atE, H; thcreforethcftraightlinf AC it notklsdianeitherofthe 
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BookXI. other two DF; GK ^ ; and it is plain that AC together with eithct: 

^i>^v-v; of the dthcr two muft be greater than the third, alfo DF with GK 

fc.4.or»4.i.are greater than AC. for, at the point B in the ftraight line AB 

c. ly I. make * the angle ABL equal to the angle GHK, and make BL equal 

to one of the ftraight Kncs AB, BC, DE, EF, GH, HK, and join 

AL, LC. then becaufe AB, BL are equal to GH, HK, and the 

angle ABL to the angle GHK, the bafe AL is equal to the bafe GK. 

and becaufe the angles at £, H are greater than the angle ABC, of 

which GHK is equal t6 ABL, therefore the remaining angle at £ is 





greater than the angle LBC. and becaufe the two fides LB, BC arc 
C(qual to the two DE, EF, and that the angle DEF is greater than' 
the angle LBC, the bafe DF is greater ^ than the bafe LC. and it. 
has been proved that GK is equal to AL; therefore DF and GK 
are greater than AL and LC. but AL and LC are greater ^ than 
AC ; much more then are,DF and GK greater than AC. Where- 
fore every t\vo of the ftraight lines AC, DF, GK are greater thaiv 
t'%%, t. the third, and therefore a triangle may be made f the fides of which 
ihall be equal to AC, DF, GK. (^E. D. 
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PROP. xxin. P R O B. 

T^O make a folid angle which {hall be contained by 
•^ thr^e given plane angles, any two of thent being 
greater than the thit-d, and all three together lefs than 
four right angles. 

Let the three pven plane angles be ABC, DEF, GHK, any two 
of which arc greater than the Aird,* and all of them together Jefo 
than four right angles. It is required, to make a folid angle contained 
by three plane angles equal to ABC, DEF, GHK, each to each.* 

FrojQEl 
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..' from the ftraight lines containing the angles, cut off AB, BC, Book XI. 
DE, EF, GH, HK all equal to one another; and join AC, DF, \^-srsJ 
tyK. then a triangle may be made • of three ftraight lines equal to »• »»• »^* 
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AC, DF; GK. let thfc be the triangle LMN^, fo that AC be equal to b. ix. ii 
LM, DF to MN, and GK to LN ; and about the triangle LMN de- 
(b-ibe ^ a circle, and find its center X, which will either be within 
the triangle, or in one of its fides, or without it. 

Firft, Let the tenttv X be within the triangle, and joirf LX, MX, 
NX. AB is greater than LX. if not, AB muft either be equal to, 
6r Icfs than LX ; firft, let it be equal.' then becaufe AB is equal tc^ 
LX, and that AB is alfo equal to BC, arid LX to XM, AB and BC 
are equal to LX and XM, each to each ; and the bafe AC is, by 
conftru^ion, equal to the bafe LM ; wherefore the angle ABC is 
equal to the angle LXM^. for the fame reafon the angle DEF is 
equal to the angle MXN, and the 
angle GHK to the angle NXL. there- 
fore the three angles ABC, DEF, 
G H K are equal to the three angles 
LXM, MXN, NXL. but the three 
angles LXM, MXN, NXL are equal 
to four right angles *; therefore alfo 
the three angles ABC, DEF, GHK 
arc equal to four right angles, but, |^ 
by the hypothefis, they are lefs than 
four right angles; which is abfurd. 

therefore AB is not equal to LX. but neither dan AB be fcfs tharf 
LX. for, if poffible, let it be lefs, and upon the ftraight line LMy 
on the fide of it on which is the ceAter X, defcribe the triangle 
LOM, the fides LO, OM of which are equal to AB, EC ; anJi be- 
caufe the bafe LM is equal to the bafe AC^ the angle LOr.i is ecu.! 

O \^ 
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hook XT. to the angle ABC «i. and AB, that is LO, hy the hypothefo* h left 

than LX ; wherefore LO, OM fall witbio the trianglp LXM; f<n 

if they fell upon its ildes, or without 

ity they would be equal to, or greater 

than LX, XM f. therefore the angle 
XOM, that is, the angle ABC is 

greater than the angle L^M ^ . in the 

fame manner it may be proved, that 

the angle D£F b greater than the 

angle MXN, and the angle GHK 

greater than the angle NXL. there- fj^ 

fore the three angles ABC, DEJ, 

GHK are greater than three angles 

LXM, MXN, NXL ; that is, than four right angles, 'but the famtf 

angles ABC, D£F, OH^ are lefs than four right angles ; which iff 

abfurd. therefore AB i§ not lefs than LX, aod it has been proved 

that it is not equal to LX } wherefore AB is greater than LX. 
Next, Let the center X of the circle fiUl in one <^ the fides of 

the triangle, viz. in MN, and join 

X L. in this cafe alfo A B is greater 

than LX. if not^ AB Is either equal 

to LX or Icfs than it. firft, let it be 

equal to LX« therefore AB and BC, 

th.'rr Ui D£ and £F are equal to MX 

and XL, that is to MN. but, by the 

tonllrufVion, MN is equal to DF; 

therefore D£^ EF are equal to DF, 
fid. I. t^hich is impoffiblcf. wherefore AB 

is not equal to LX; nor is it lefs; 

for thet), much more/ an abfurdity ^ould follow, therefore AB is 

greater than LX. 

But let the cemcr X of the circle fell vKthout the triangle LMN, 

and join LX, MX, 'N^. In this cafe likewifc AB is greater than 

LX. if not, it is either equal to, pr lefs thdn LX. firft, let it be 

equil ; it may be proved, in the fame rtwnner as in the firft cafe,' 

(hat the angle ABC is equal to the angle MXL, and GHE to LXN ; 

therefore the whole angle MXN is equal- to the two angles ABC«' 

<iHK. but ABC and GHX are t<^ther greater than, the angle 

ty£P; therefore alfo the angle MXN is greater than DEF. andbev 

4m6i D£/ EF ave eqnal to MX, XN» aad the bafe DF to the bale 
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^fN, the angle MXN h eqnal <> to the aiigle DEF. and it has been Book XI. 
px>ved that it is gfeater than DfeF, which is abfurd. therefore AB Kjy^ 
is not equal to LX. nor yet is it lefs ; for then, as has been proved d.B.i. 
m the iirft cafe, the angle ABC is greater than the angle MXL, and 
the ancrle GHK greater than the angle LXN. at the po'int B ia 
ihe ftraight Ibe CB itfake the angle CBP ^qual to the angle GHK; 




and make BP fqual to HK, atid join CP, AP, ind becaufe CB id 
eqnal to Gti •/ CB, BP are equal td GH, HK, each to each, and 
they contain equal angles ; wherefore the bsife CP is equal to the 
bafe GK, that is to LN. and in the Ifofceks trangles ABC, MXL^ 
becaufe the angfe ABC is greater than the angle MXlr, therefore' 
^e angle Ml.3t at the baife is greater ^ than the angle ACB at the & 3^^ *< 
bafe. for the fame reafon, becaufe the 
angle GHK, or CBP,ife greater than th6 
angle LXN, the angle XLN is greater 
than the angle B C P. therefore (he 
whole angle MLN Ts greater than the 
whole angle ACP. and becaufe ML, 
LN are equal to AC, CP, each to each/ 
but the angle MLN greater than the w 
ingle ACP, the bafe MN is greater ^ 
than the bafe AP. and MN is equal to 
DF ; therefore alfo DF is greater than 
AP. Agaln,becaufeDE,EF areequat 
to AB, BP, but the bafe DF greater 
flian the bafe AP, the angle DEF is greater ^ than the angle ABP* k. «'i. x. 
and ABP is equal to the two angles ABC, CBP, that is to the xv/o 
angles ABC, GHK; therefore the angle DEF is greater than the 
two angles ABC, GHK ; but it is alfo lefs than thefe ; which is im- 
^ofliblc. therefore AB is not lefs than LX ; and ift has been prO'f 
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Book XI. vcd that it is not equal to it; therefore AB is greater tfaan-I^X. - 
From the point X ereft * XR at right angles to the plane of tho 
circle LMN. and becaufe it has been proved in all the cafes, that 
AB is greater than LX, find a fquare equal to the excefs of tb& 
fquare of AB above the fquare of LX, 
aixl make RX equal to its fide, and 
join RL, RM, RN. becaufe RX is 
perpendicular to the plane of the circle 
m.j.Dcf.ii.LMN, it is ° perpendicular to each of 
the ftraight lines LX, MX, NX. and 
becaUjfe LX is equal to MX^ and XR 
common, and at right angles to each w 
of them, the bafe RL is equal to the 
bafe RM. foi; the fame reafon, RN is 
equal to each of the two RL, RM. 
therefore the three ftraight lines RL, 
RM, RN are all equal, and becaufe 
the fquare of XR is equal to the excefs of the fquare of AB above 
the fquare of LX ; therefore the fquare of AB is equal to the 

«• 47. 1, fquares of LX, XR. but the fquare of RL is equal « to the fame 
fquares, becaufe LXR is a right angle, therefore the fquare of AB 
is equal to the fquare of RL, and the ftraight line AB to RL. but 
each of the ftraight lines BC, DE, EF, GH, HK is equal to /tB, 
and each of the two RM, RN is equal to RL. wherefore AB, BC, 
DE, EF, GH, HK are each of them equal to each of the ftraight 
lines RL,. RM, RN. and becaufe RL, RM, are equal to AB, BC 

♦. g. I. and the bafe LM to the bafe AC ; the angle LRM is equal o to the 
anole ABC. for the fame reafon, the angle MRN is equal to the 
ande DEF, and NRL to GHK. Therefore there is made a folid 
angle at R, which is contained by three plane angles LRM, MRN, 
NRL, which are equal to the three given plane angles ABC, D£F» 
GHK, each to each. Which was to be done. 
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TF each of two folid angles be contained by three plane sccn, 

angles equal to one another, each to each ; the planes 
in which the equal angles arfe have the fame inclination to 
ou^ another. 

Let therf be two folid angles at the points A, B ; and let the 
angle at A be contained by the three plane angles CAD, CAP., 
EAD ; and the angle at B by the three plane angles FBG, f'BPI, 
HBG; of which the angle CAD is equal to the angle FBG, and 
CAE to FBH, and EAD to HBG. the planes in which the equal 
angles are, have the fame inclination to one another. 

In the ftraight line AC take any point K, and in the plane CAD 
from K draw the ftraight line KD at right angles to AC, and in 
the plane CAE the 
ftraight line KL at right 
angles to the fame AC. 
therefore the angle 
DKL is the inclination* 
of the plane CAD to 
the plane CAE. in BE 
take BM equal to AK, 
and from the point M 

draw, in the planes FBG, FBH, the ftraight lines MG, MN at right 
angles toBF; therefore the angle GMN is the inclination * of the 
plane FBG to the plane FBH. join LD, NG ; and becaiife in the 
triangles KAD, MBG, the angles KAD, MBG are equal, as.alfo 
the right angles AKD, BMG, and that the fides AK, BM, adjacent 
to the equal angles, are equal to one another, therefore KD is equul'^ b. id. r. 
to MG, and AD to BG. for the fame reafon, in the triangles KAL, 
MBN, KL is equal to MN, and AL to BN. and in the triangles 
LAD, NBG, LA, AD are equal to NB, BG, and they contain equr.l 
angles; therefore the bafc LD is equal *^ to the bafe NG. laflly, c. 4. x. 
jq the triangles KLD, MNG, the iiJes DK, KL are ev:;i!al to GM, 
MN, and the bafe LD to the bafe NG ; therefore the angle DKL is 
equal d to the angle GMN. bi:t the angle DKL is the inclination of d. 8. i. 
tKc plane CAD to the plane CAE, and the ar^le GMN is the in- 
clination of the plane FBG to the plane FBH, v/hich planes have 

3 therefore 




a. d.Dcf.ii. 
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BookXI. tfaerefo^ the fame indination^to one another* and in the fame map- 
v.^vx^ ner it may be demonftrated^ that the othpr plaaes in which the equal 
^. 7.£>cf.i I. angles are, have the fame inclination to one another. Therefore if 
twp kXid angles, &c. (^E. D. -^ 

PROP. 13. THEQR. 

^ N. TF two folid angles be contained, each by three plan^ 
angles which arc equal to one another, each to each, 
and alike fitqated ; tbefc folid angles are equal to one 
another. 

* 

Let there be two folid angles at A ^d B, of which the iblid 
angle at A is contained by the three plane angles CAD, C AE, BAD; 
and that at B, by diie three plane angles FBG, FBH, HBG ; of which 
CAD is equal to FBG ; CAE to FBH ; and E;AD tq HBG. the 
folid angle at A, is equal to the folid angle at B. 

Let the folid angle at A be applied to the ioHd angle at 6 ; and 
firft, the plane angle CAD being applied to the plane angle FBG, (b 
as the point A may coincide with the point B, and the ftraight line 
AC with BF ; then AD coincides 
with BG, bccaufe the angle CAD 
is equal to the angle FBG. and 
becaufe the inclination of the 
plane CAE to the plane CAD is 
«. A. II. equal * to the inclination of the 
plane FBH to th^ plane FBG, 
the plane CAE coincides with the plane FBH, becanfe the planes 
CAD, FBG coincide with one another, and becaaiie the ftraight 
lines AC, BF coincide, and that the angle CAE is eqnal to the ang^ 
FBH, dierefore AE coincides with BH. and AD coinddes with 
BG, wherefore the plane EAD coincides with the plane HBG, 
therefore the folid angle A coincides with the iblid angle B, and ooo^ 
h. 8. Ajl i.fequently they are equat*> to one another. Q^^E. D, 

I 

PROP. 
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Book XI. 
PROP, a THEOR. v>VSiV 

C OLID figures contained hj the fame number of equal spc n. 
'^ and fimilar planes alike dtuated, and having none of 
their folid angles contained hj more than three pl«mc 
angles ; are equal and (knilar to one another. 

Let AG» KQJbe two folid figures contsdned by the fame number 
of fimilar and equal planes, alike fituatedr viz. let the plane AC be 
iimilarand equal to the plane KM; the plane AF to KP; BG to 
LQj CD to QN; DE to NO; aad laftly. FH fimilar ^nd equal 
tt> PR. die folid figure AG is equal and fimilar to the folid fi- 
gure EQ^ 

Becaufe the folid angle at A is eontuoed by the three plane angles 
BAD, B A£» £AD which, by the hypotfaefis, are equal tq the plane 
angles LKN, LEO, OEN which contain the foUd angle at E, each 
to each ; therefore the folid angle at A is equal * to the folid angle ^' '* "* 
^ at E. in the fame manner, the other iblid angles of the figures are 
equd to (me another. If then the folid figure AG be applied to the 
folid figure EQ^, 

firft, the plane fi- H G 

gure AC being ap- S. jj 
plied to the plane 




figure EM ; the jy 
ftrai^tlineABco- \ 
indding with EL, 
the figure AC muft 
coincide vndi die figure EM, becaufe they are equal and fimilar. 
therefore the firaight lines AD, DC, CB coincide with EN, NM, 
ML, each with each ; and the points A, D, C, B with the points 
K, N« M, L. and the folid angle at A coincides * with the folid 
an^ at E; wherefore the plane AF coincides with the plane EP, 
and the figure AF with the figure EP, becaufe they are equal and 
fimilar to one another, therefore the ftraight lines A£, £F, Ffi co- 
indde with EO, OP, PL ; and the points E, F with the points O, P. 
In the fame manner, the figure AH coincides with the figure ER, 
and the ftnug^t line DH with NR, and the point H with the point 
R. and becaufe the folid angle at B is equal to the folk! angle at L, 
it may be proved in die iame manner, that the figure BG coincides 

O 4 >yith 



«r^ 



»i6 THEELEME NT S 

BookXf, with the figure LQ^, and the ftraight line CG with MQ_, aQ4 
the point G with the point Q^ fince therefore all the planes and 
fides of the folid figure AG coiacide with the planes and fides of thp 
^olid figure KQ^ , AG is equal and fimilar to K(^ and in the fame 
manner, any other folid figures whatever contained by the fame 
ous&ber of equal and fimilar planes, alike fituated, and having none 
pf their foIld angles contained by more than three plane angles^.may 
be proved to be equal and fimilar to one another. Q^E. D. 



PROP. XXIV. THE OR. 



Se«K. 



TFafoIid,be contajncd by fix planes, two and two of 
(Which are parallel ; the oppqfice planes are ilmilar acd 
equal parallelograms. 

Let the folid CDGH be contained by the parallel planes AC, GF; 
pG, CE ; FB, AE. its oppofite planes are fimilar and equal pa- 
rallelograms. 

Becaufe the two parallel planes, EG, CE are cut by the plane 

a. x6. II. j^Q^ their common fcftions AB, CD are parallel*, again, becaufe 
the two paiallel planes BF, AE are cut by the plane AC, their com- 
mon feflions AD, BC are parallel '. and AB is parallel to CD ; 
therefore AC is a parallelogram, in 
like manner, it may be proved that 
each of the figures CE, FG, GB, BF, A 
AE is a pai ullelogram. join AH, DF ; 
and becaufe AB is parallel to DC, arid 
BH to CF ; the two ftraight lines AB, 
}^H, which meet one another, are pa- 
rallel to DC and CF which meet one 
another and are not in the fame plane 

|>. lo. II. with the/)thcr two; wherefore they contain equal angles *>; the 

angle ABH is therefore cqr.al to the angle DCF. and becaufe AB, 

, BH are equal to DC, CF, and the angle ABH equal to the angle 

/c. 4. I. DCF, therefore the bafc AH is equal ^ to the bafe DF, and the tri- 
angle ABH to the triangle DCF. and the parallelogram BG is 

d. 34. '. double <J of the triangle ABH, and the parallelogram CE double of 
the triangle DCF ; therefore the parallelogram BG is equal and fi- 
. milar to the paiallelogiam CE. in the fame manner, it may be pro- 
ved that the parallelogram AC is equal and funilar to the parallelo- 
gram 
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gram GF, and the parallelogram AE to BF. Therefore if a £0- Book XL 

lid, &c. Q. E. D. v^^^v^Oi 

■ - i» 

PROP. XXV. THE OR. 

"|F a folid parallelepiped be cut by a plane parallel to SeeN. 
Jk two of its oppofite planes; it divides the whole into 
two folids, the bafe of one of which (hall be to the bafe 
of the other, as the one folid is to the other. 

Let the folid parallelepiped ABCDbe cut by the plane EV which 
is parallel to the oppofite plaaes AR, HD, and divides the whole into 
the rwo folids ABb V, EGCD ; as the bafe AEFY of the firft is to 
the bafe EHCF of the odicr, fo is the folid ABFV to the folid 
EGCD. 

Produce AH both ways, and take any number of ftraight lines 
HM, MN each equal to EH, and any number AK, KL each equal 
to EA, and complete the parallelograms LO, KY, HQ^, MS, and 
the folids LP, KR, HU, MT. then becaufe the ftraight lines LK, 
KA, AE are all equal, the parallelograms LO, KY, AF are equal *. a. jtf. i . 




and likewife the parallelograms KX, KB, AG * ; as alfo ^ the pa- b. S4. 
rallelograms LZ, KP, AR, becaufe they are oppofite planes, for 
the fame reafon, the paraUelograms EC, HC^, MS are equal*; and 
the parallelograms KG, HI, IN, as alfo •> HD, MU, NT. there- 
fore three planes of the folid LP, are equal and fimilar to three 
planes of the folid KR, as alfo to three planes of the folid AV. but 
the three planes oppo/ite to thefe three are equal and fimilar ^ to 
them in the feveral folids, and none of their folid angles are con- 
tained by more than three plane angles, therefore the three folids 
LP, KR, AV arc equal * to one another, for the fame reafon, the *• ^• 
dvee folids ED^ HU, MT are equal to one another, -therefore what 
%- multiple 
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BookXK. mnlttple bcwa the \m& LF is of the bafe AF» the (kne mdciple h 
Vb/VNJ the folid LV of the folid AV. for the iaine reafeo^ whatever mul-r 

dpie the bafe NF is of the bafe HF, the fame moltiple is die Iblid 

NV of the folid £D. and if the bafe LF be^qmd to the bafe NF, 
C.G. u. the folid LV is equal ^ to th^ folid NV ; and if the bafe LF be 

greater than the bafe NF, the folid LV is greater than the felid NV; 

and if left, lefs. iioce then there are four mag^itndes, to:, the two 
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bafes AF, FH» and the tviro foUds AV, ED, and of the bafe AF am) 
fetid AV, thfe bafe LF and folid LV are any equimultiples whsitever; 
and of the bafe FH and folid ED, the bafe FN and fdid NV are any 
equimultiples whatever ; and it has been proved, that if the baft; 
LF is greater than the bafe FN, the foiid LV is greater than the fo- 
4.f.Dff£.|.lidNV; and if equal, equs^; and if lefs, lefs. Therefi»e ^ as the 
bafe AF is to the bafe FH, fo is the folid AV to the folid ED. 
Wherefore if a folid, &c. Q^E. D. 

PROP, XXVI. PROR 

sk K. A "^ ^ given point in a given ilraight line^ to make ^ 
Jl\ folid angle equal to a given folid angle contained bf 
three plane angles. 

Let AB be a g^ven ftraight llne,^ A a g^en point in it, and D i^ 
giy^en folid angle contamed by the three plane angles EDC, EDF» 
FDC it is required to make at the point A in theftrsd^t Jiae AA 
a fi^d angle equal to the folid angle D. 

a. tf . tt. la the ftraight line DF take any point F,. from which draw * F& 
perpendicular to tlie plane EDC, meeting that jriane in G ; jom DG^ 

k*i.f. and at the p(Mnt A in the ftraight Ime AB. make ^ the ang^ BALe^ 
qnal to the angle EDC,. and in the plane BAls*4nakc tlie angjk BAS 
eqn9ltad2fi.anglfi EDG;, then make AK eqpai.te BG^and fina* 

tht 



the point K ^laf^^KH at right aogles to the plane BAL; and mabr BookXL 
KH equal to GF, ai^d joia AH* then the folid 4Qgle at A which i& V^v>JI 
contained by the three plane angles BAL, BAH, HAL is equal to «• «*• "• 
the folid ang^e at D contained by thc'three plane angles £DC» EDF, 
FDC. 

Take the equal flraight Hues AB, DE, and join HB,' KB, FE, 
pEJ and becaufe FG is perpendicular to the plane £DC, it makes 
right angles <i with every ftraight line meeting it in that plane, ^-s-^^'*^ 
therefore each of the angles FGD, FOE is a right angle, for the 
fame reafon, HKA, HKB ar^ right angles, and becaufe KA, AB 
are equal to GD, DE, each to each, and contain equal angles, there- 
fore the baie BK is equal ^ to the bafe EG. and KH is equa} to GF, «. 4. u 
and HKB, FGE are right angles, therefore HB is equal^to F£. agua» 
))ecaufe AK, KH a^e equal to DG^ GF, and contain right angles, 
the bafe AH is equal to the bafe DF ; and AB is equal to VE ; 
therefore HA, AB are equal to FD, D£, and the bafcHB is equal 
to the bafe FE; there- ^ 

forcthe angle BAH ^ D 

isequal^toctie angl^ '^^ , >^ f. •. 1, 

EDF. for the fame 
realbpythe angle HAL 
is equal to the angle 
FDC. becaufe if AL 
and D C be made e- 
qual, and KL, HPL., 
CQ^ FC bq joined, fince die whole angle BAL is equal to tba 
whole EDC, and the parts of them B AK, EDG are, by the conftruc- 
tijon, equal ; therefore the remaining aa^ K AL is equal to the re* 
maialDg angle GDC. and becaufe KA,. AL are equal to GD, DC, 
andcontain equal angles, the bafe KL is equal "^ tge the bale GG^ 
andKH 18 equal to GF, fo that LK, KH are equal to CG, GF» and 
tfatjr eoiiiidn r^t aoglei; therefore the bafe HL is equal to die 
bafeSC. again» becaufe HA» AL are equal to FD, DC, and the 
ba6^HL,to.the We FC».tiie ofi^ HAL is equal f to ti)c angle FDC 
therefore becaufe the ihnee i^ane augles BAL, BAH, HAL whldt 
contain the' folid an^ at A, avo equal to the three plane ang^ea 
EDC, EDF, FDC which contain the folid angle at D, each toeach» 
and are fituated in the fiune order ; the folid angle at A is equal * to g.B.t|« 
Aorlhiftangk* at P, Therefore at a glydi point in a ^vea ftraight 
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BookXl. line a foUd angle has been made equal to a ^ven folid angle oofir 
tained by three plane angles. Which was to be done. 

PROP. XXVn. PROB. 

nr*0 defcribe from a given ftraight line a folid paralle-^ 
Icpipcd fimilar, and fimilarly ficuated to one given. 



Let AB be the given ftraight line, and CD the given folid paral- 
klepiped. It is required from AB to defcribe a folid parallelepiped 
fimilar, and fimilarly fituated to CD. 

At the point A of the g^ven ftraight line AB make * a folid 
angle equal to the folid angle at C, and let BAK, KAH, HAB 
be the three plane angles which contain it, fo that BAK be c- 
qual to the angle ECG, and KAH to GCF, and HAB to FOE, 
and as EC to CG, fo make ^ BA to AK, and as GC to CF, fo 
make »> KA to AH ; wherefore, ex aequali ^, as EC to CF, fo is 
BA to AH. complete the parallelogram BH, and die folid AL. and 
becaafe, as EC to 



«•»<. II. 



b. I». tf. 
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c. B. ti. 
f. ii.Def. 
It. 



CG, fo BA to AK, 
the fides about the 
equal angles ECG, 
BAK are proportio- 
nals ; therefore the -tr \ i 
parallelogram BK is \[ 
fimilar to EG. for ^ 
the fame reafon the 
ptrallelogram KH is fimilar to GF, and HB to FE. wherefore three 
parallelograms of the folid AL are fmiilar to three of the folid CD ; 
aad the three oppofite ones in each folid are equal ^ and fimilar to 
thefe, each to each, alfo, becaufe the plane angles which contain 
the folid angles of the figures are equal, each to each, and fituated in 
the fame order, the folid angles are equal *, each to each. There- 
fore the folid AL is fimilar f to the foUd CD. wherefore from a gi- 
ven ftraight line AB a folid parallelepiped AL has been defcribed 
fimilar, and fimilarly fituated to the given one CD. Which was to 
be done. 



PROP, 
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PROP. XXVIIL THEOR. 



Book XI. 



TF a folid parallelepiped be cut by a plane pailing thro' see n. 
^ the diagonals of two of the oppofire planes; it (hall be 
cut into two equal parts. 



* Let AB be a folid parallelepiped, and D£, CF the diagonals of 
the oppoHte parallelograms AH, GB» viz. thofe which are drawn 
betwixt the equal angles in each, and becaufe CD, F£ are each of 
them parallel to G A, and not in the fame plane with it, CD, £F are 
parallel^; wherefore the diagonals CF, D£ are. in t^ie plane in 




b. 



c. 34. 1. 



<i. 



14- >ti 
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which the parallels are, and are them- 
fdves parallels *>. and the plane CD£F 
fhall cut the (olid AB into two equal 
parts. 

Becaufe, the triangle COF is equal ^ to 
the triangle CBF, and the triangle DAE 
to DHE ; and that the parallelogram 
CA is equal ^ and fimilar to the oppofite 
one B£ ; and the parallelogram GE to 
CH : therefore the prifm contained by the two triangles CGF, 
DAE, and the three parallelograms CA, GE, EC, is equal ^ to the 
priftn contained by the two triangles CBF, DHE, and the three 
parallelograms BE, CH, EC ; becaufe they are contained by the 
fame number of equal and fimilar planes, alike fituated, and none of 
their folid angles are contained by more (han three plane angles. 
Therefore the folid AB is cut into two equal parts by the plane 
CDEF. Q^E. D. 

' N. B. The infixing ftn^ht lities of a parallelepiped, mentioned 
' in the next and fome following Propofitlohs, are the fides of the 
' paraUelograms betwixt the bafe and the oppofite plane piarallcl 
' to it.' 



PROP. XXIX. THEOR. 

COLID paralFeleprpeds upon the fame bafe, and of the ^^' 

fame altitude, the infifting ftraight lines of which are 
tcrmmated in the fame ftraight lines in the plane oppofite 
to the bafe, are equal to one another. 

Let 
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tH«ELEMlEHTS 

htt 6i6 foM pairaMepipeds AH» AK be upon die fame "baie AB,' 
and of the f^me altitude, and let their infifUng ftraight lines AF» AG, 
LM, LN } CD, C£, BH, BK be ternnnated in the fame ftraight 
lines FN, DK. the folid AH is equal to the foUd AK. ^ 

Firft, Let thd parallelograms DG, HN which are oppoiite to the 
bafe AB have a common fide HG. then becaufe the iblid AH is cut 
by the plane AGHC paffing throngh the diagonals AG, CH of tfa^ 
oppofite planes ALGF, CBHD, AH is cut into two equal parti" bf 
the plane AGHC. therefore the p| »» tr 

foiid' AH is double of the prifm [ >. " >^Vr^ \y 

which is cont^ed by the tri- ^^ — Jii— - HrV/^ 
angles ALG, CBH; for the ^-^ t^l^ 

iame reafon, becaufe the folJd C ^^ [—7^ 
AK is cut by the plane LGHB M^ 
through the diagonals LG, BH A 

of the oppofite planes ALNG, CBKH, the fdid AK is double tt 
the fame prifm which is contasied by the triangles ALG, CBH/ 
Therefore the folid AH is equal to the folid AK. 

But let the parallelograms DM, EN oppofite to the bafe have no' 
OMXu^on fide, then becaufe CH, CK are parallelograms, CB is e*- 
qual b to each of the oppofite fides DH, £K ; wherefore DH is 
equal to EK. add, or take away the common part HE ; then DE is 
equal to HK. wherefore alfo the triangle CDE is equal ^ to the tri* 
angle BHK. and the parallelogram DG is equal <> to the parallelo-f 
gram HN. for the fame feafon, the triangle AFG is equal to th^ 
criangle LMN, and the pandlelogram CF is equal* to the paralld6» 




gram BM, and CG to BN ; for Aey are oppofite. Therfofe* A/ 
prifin which is contained by the two triangks AFG, CDE, and die 
tC It. three parallelograms AD, DG, GC is equal f to the prifin: con- 
tained by the rwo triangles LMN, BHK, and the three parallelo- 
grams BM, MK, KL. If therefoi^ the prifin LMN, PHK be taken 
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OPEUCLID. 

tnm die MkA of^ixrhicfa the bafe is the pvalldegHiBi AB, ttd !h 
^viiich FDKNiatheoneoppofitetoit$ and if froib this fame foUd 
there be taken the pririn AFG, CDE ; the remaioing folid, viz. the 
])ara]lekinpM AH» is equal to the remaining parallelepiped AK. 
Therefore foBd parallelepipeds, Ac. Q^E. D. 



PROP. XXXi THEOR. 

COLID |:^arallelcpipeds upon the fame bafe> and of s^m; 

the fame altitude, the infilling ftraight lines of which 
are not tentiHiatcd in the fame ftraight lines in die plane 
oppofite to the bafe, are equal to one another. 

Let the parallelepipeds CM, CN be upon the &nie bafe AB, and 
of the fame altitude, but their infiftiQg ftraight lines AF, AG, LM, 
LN, CD; C£, BH, BK not terminated in the fame ftraight Imes. 
the iblids CM, CN are equal to one another. 

Produce FD, MH, tlhd NO, KE, and let them ttiott me another 
in the points O, P, Q^, R ; and join AO, LP, BQ^, CR. and be- 
€au& the phae LBHM is parallel to the oppofite plane ACDF» an^ 



"»." 
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{hat tfie plane LSHM !s thstt in which are tti€ parolldl L8, 
MHPQ^» in which alfo is the figure BLPQ^; and tfee fknt ACDF 
b that in wlueh are the parallels AC, FDOR, in which alio is the 
figure CAOR ; therefore the figures BLPQ^, CAOR are in parallel 
ptiafiB. in like manner, becaufe the plane ALNG is parallel to the 
•ppoifite plane CBEE» wd that the plane ALNG is that in whidi 

are 
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Bookxr. are the parsdlds AL, OPGN» in which alfd is the %Dre ALPO ; and 
Sm^VX^ the plane CBKE is that in which are the parallels CB, RQEK, in 
which alfo is the figure CBQR ; therefore the figures ALPO, CBQR 
are in parallel planes, and the planes ACBL, ORQP are parallel ; 
therefore the foUd CP is a parallelepiped, but the folid CM of 
which the bafe is ACBL, to which FDHM is the oppofite paraUe- 
i ap. II. logram, fe eqnal * to the folid CP of which the bafe is the paraliek^ 




gram ACBL, to wh?ch ORQP is the one oppofite ; becaufe they art? 
upon the fame bafe, and their infilling ftraight lines AF, AO, CD, 
CR; LM, LP, BH, BQ^are in the fame ftraight lines PR, MQ^ 
and the folid CP is equal * to the folid CN, for they are up<Mi the 
fame bafe ACB L, and their infifting ftraight lines AO, AG, LP, 
LN; CR, CE, BQ^, BK are in the fame ftraight Imes ON, RK. 
therefore the folid CM is equal to the folid CN. Wherefore folid 
parallelepipeds, &c. Q^E. D. 

PROP. XXXL THE OR. 

^^' COLID parallelepipeds which arc upon equal bafes, 

and of the fame altitude, are equal to one another. 

Let the folid parallelepipeds AE, CF,' be upon equal bafes AB,' 
CD> and be of the fame altitude ;• the folid A£ is equal to the fb- 
lid CF. 

Firft, Let the infifting ftraight lines be at right angles to the bafes 
AB, CD, and let the bafes be placed in the fame plane, and fo as 

that 
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that tbe fides CL, LB be in a ftraight line; therefore the ftraight Book XI. 
line LM which is at right angles to the plane in which the bafes are, 
in the point L, is common * to the two folids A£, CF; let the 
other infifting linfes of the folids be AG, HK, BE; DF, OP, 
CN. and firft, let the angle ALB be equal to the angle CLD ; then 
AL^ LDare in a ftraight line *>. produce OD, HB> and let them b. 14. *. 
meet in Q^, and complete the folid parallelepiped LR the bafe of 
which Is the parallelogram LQ^, and of which LM is one of its in- 
iifiing ftraight lines, therefore becaufe the parallelogram AB is c- 
qual to CD, as the bafe AB is to the bafe LQ_ j fo is ^ the bafe CD c. 7. i. 
to the fame LQ^ md becaufe the folid parallelepiped AR is cut by 
the plane LM£B which is parallel to the oppofite planes AK, DR ; 
as the bafe AB is to the bafe LQ^, fo is ^ the folid AE to the folid d. a, tt. 
LR. for the fanle reafon, becaufe the folid parallelepiped CR is cut 
by the plane LMFD which is parallel to the oppofite planes CP^ 
BR ; as the bafeCD 

tothcbafeLCL, fo P F R 

is the folid CF to the 
iblidLR. but as the 
bafe AB to the bafe 
LQ^, fo the bafe Q 
CD to the bafe LQ^, 
as before was pro- 
ved, therefore as the 
folid AE to the folid 
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LR, fo is the folid CF to the folid LR ; and therefore the folid AE 

is equdl « to the folid CF. * -^ ^ 

But let the folid parallelepipeds SE, CF be upon equal bafes SB, 
CDi and be of the fame altitude, and let their infifting ftraight lines 
be at right angles to the bafes ; and place the bafes SB, CD in the 
fiune plane, fo that CL, LB be in a ftraight line ; and let the angles 
SLB, CLD be unequal ; the folid SE is alfo in this cafe equal to 
the folid CF. produce DL, TS until they meet in A, and from B 
draw BH parallel to DA; and let HB, OD produced meet in Q_, 
and complete the folids AE, LR. therefore the folid AE of which 
the bafe b the parallelogram LE, and AK the one oppofite to it, is 
equal f to the folid SE of which the bafe is LE, and to which SX is f. ap " • 
Qppoiite ; for they are upon the fame bafe LE, and of the fame al- 
titude, and their infifting ftraight lines, viz. LA, LS, BH, BT ; 
MG, MV, EK, EX arc in the fame ftiaight lines AT, GX. and 
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Book XI. becanfe the parallelogram AB is equal « to SB, for they arc npod 
the fame bafe LB, and between the fame parallels LB, AT ; and 
that the bafe SB is 
equal to the bafe CD; " F K 

therefore the bafe 

AB is equal to the gy>-^ /SpT^X 

bafe CD. and the 
angle ALB is equal 
to the angle C L D, 

therefore, by the firft ______ 

cnfc, the foHd AE is ~ jV S H T^ 

equal to the folid 

CF ; but the folid AE is equal to the folid SE, as was demonftra^ 
ted ; therefore the folid SE is equal ;o the folid CF. 

But if the infixing ftraight lines AG, tiK^ BE, LM ; ON, RS,- 
DF, OP, be not at right angles to the bafes AB, CD ; in this cafe 
likewife the folid AE is equal to the folid CF. from the points G, 
K, E, M; N, S, F, P, draw the ftraight lines GCL, KT, EV, 
MX ; , NY, SZ, FI, PU, perpendicular ^ to the plane in which arc 
the bafes AB^CD ; and let them meet it m the points Q_, T, V, X; 
Y, Z, I, U, and join QT, TV, VX, XQ^ ; YZ, ZI, lU, UY. then 
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bccaufe GQ_, KT are at right angles to the fame plane, they are 
L 6. II. parallel > to one another, and MG, EK are parallels; therefore the 
planes MQ^, ET of wiiich one pailes through MG, GQ^, and the 
other through EK, KT wliich are parallel to MG, GQ^, and not 
ik I^ *r. in the fame plane with them, are parallel ^ to one another, for the 
fame reafon, the planes MV, GT iue parallel to one another, there- 
fore the folid QE is a parallelepiped, in like manner, it may be pro- 
ved that the folid YF is a parallelepiped, but, from what has been 
dcmonftrated, the folid EQ^is equal to the folid FY, becaufe they 
tre upon equal bafes MK, PS, and of the fame aldtude, and have 

thdr 
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their inififling ftraight lines at right angles to the bafes. and the fo- Book XU 
iid EQ^is equal » to the folid AE; and the folid FY to the folid v.>y-v^ 
CF ; becaufe they are upon the fame bafes and of the fame altitude. ^- *5- ^^ 
therefore the folid AE is equal to the folid CF. Wherefore folid 3°' "" 
|)arallelepipeds> &c. Q^E. D. 

PROP. XXXII. THEOR. 

C OLID parallelepipeds which have the fame altitude^ sce K. 

are to one another as their bafes. 

Let AB, CD be folid parallelepipeds of the fame altitucie. they 
are to one another as their bafes ; that is, as the bafe AE to the 
bafc CF, fo th? folid AB to the folid CD. 

To the ftraight line FG apply the parallelogram FH equal * to »• Cor. 4^ 
AE, fo that the angle FGH be equal to the angle LCG ; and com- 
plete the folid piarallelepipedGKupon the bafe FH,one of whofe in* 
lifting lines is FD, whereby the folids CD, GK muft be of the fame ' 
iltitude. therefore the folid AB is equal ^ to the folid GK, becaufe fc. 3t. i 
they are upon e- 

qual bafes A E, B D K: 

FH, and are of 
the fame alti- 
tude, and be- 
caufe the folid 
parallelepiped 
CKiscutbythc 
plancDG which 

is parallel to its oppofite planes, the bafe HF is * to the bafe FC| as c. ij. i 
the folid HD to the folid DC. but the bafe HF is equal to the bafc 
AE, and the folid GK to the folid AB. therefore as the b«fc AE to 
the bafe CF, fo is the folid AB to the folid CD. Wherefore /ulia 
parallelepipeds, &c. Q^E. D. 

CoR. From this it is manifeft that prifms upon triangular bafes, 
of the fame altitude, are to one another as their bafes. 

Let the prifms thebafesof whichare thetriangks Al^M, CFG, 
andNBO, PDQ^the triangles oppofite to th^m, have the fame alti- 
tude; and complete the parallelograms AE,CF,and the folk! paralie-' 
kpipeds AB, CD, in the firft of which let MO, and m the other let: 
GQJbe one of the infifting lines, and becaufe the foil J parallelepi- 
peds AB, CD have the fame altitude, they are to one another na the 
brf« AE is to the bafc CF ; wherefore the prifms, v.'hi:h arc tl-.d;'' 

P 7. ' Iv.ilv"^'*^ 




d. x8. II. 



22a THfiELEMENTS 

Book XI. halves *>, arc to one another as thebaic A£ to the bafeCF; iioitUp 
i the triangle AOi to the triang^ CFG. 



PROP. XXXm. THEOR. 

C Imil AR (olid parallelepipeds are one to another in the 
triplicate ratio of their homologous fides. 

Let AB, CD be fimilar foliJ parallelepipeds^ and the fide AE ha- 
moiogous to the fide CF. the folid AB has to the folid CD, the tri^ 
plicate ratio of that which A£ has to CF. 

Produce A£, GE, HE, and in thefe prodnced take £K equal to 
CF, EL equal to FN, and EM equal to FR ; and complete the pa- 
rallelogram KL, and the folid KO. becaufe KE« EL are equal to 
CF, FN, and the angle KEL equal to the angle CFN, becaufe the 
angle AEG is equal to CFN, by resSon that the folids AB, CD are 
ilmilor ; therefore the parallelogram KL is iimllar and equal to the 
parallelogram CN. for the f*ime reafon, the paraHelcgram MK iS 
finiilar and equal to 
CR, cind alfo OE to 
FD. therefore three 
parallelograms of 
the folid KO are c- 
Cual and fimilar \-- 
to three paraljelo- ^ 
grams of the folid ^ 
CD. and the three 
cppofite ones in 
24. 1 1, each folid are equal* 
and fimilar to thefe. 

b. c. II. therefore the folid KO is equal i> and fimilar to the folid CD. com- 

plete the parallelogram GK, and complete the folids EX, LP upon 
the bafes GK, KL, fo that EH be an infifting fbraight line in each 
of them, \^ereby they muft be of the fame altitude with the folid 
AB. and becaufe the folids AB, CD arc fimilar, and by permutati- 
on, as AE is to CF, fo is EG to FN, and fo is EH to FR ; and FC 
IS equal to EK, and FN to EL, and FR to EM ; tlierefore as AE to 

c. t. 6. EK, fo is EG to EL, and fo is HE to EM. but as AE to EK, fo • 

is the parallelogram AG to the parallelogram GK ; and as GE to 
EL, fo ^ is GK to KL> and as HE to EM, fo«is PE to KM. there- 
fore 
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fore as the parallelogram AG to the parallelogram GK, fo is GK Book XL 
to KL, and PE to KM. but as AG to GK, fo *» is the folid AB to v-vx^ 
the folid EX ; and as GK to KL, fo<>is the folid EX to the folid PL; a. xs . 1 1 • 
and as PE to KM, fo <* is the folid PL to the folid KO. and there- 
fore as the folid AB to the folid EX, fo is EX to PL, and PL to 
XO. but if four magnitudes be continual proportionals, the firft is 
laid to have to the fourth the triplicate ittio of that which it has to 
the fecond. therefore the folid AB has to the fdid KO, the tripli- 
cate ratio of that which AB has to EX. but as AB is to EX, fo is 
the parallelogram AG to the parallelogram GK, and the ftraight line 
AE to the flraight line EK. wherefore the folid AB has to th^ folid 
KO, the triplicate ratio of that which AE has to EK. and the fo- 
lid KO is equal to the folid CP, and the ftraight line EK is equal to 
the ftraight line CF. Therefore the folid AB has to the folid CD, ^ 
the triplicate ratio of that which the fide AE has to .the homologous 
fide CF. Q^E. D. 

Cor. From this it is manifeft, tHat if four ftraight lines be con- 
tinual proportionals, as the firft is to the fourth, fo is the folid pa- 
rallelepiped defcribed from the firft to the fimilar folid fimilarly de- 
fcribed from the fecond ; bccaufc the firft ftraight line has to the 
fourth, the triplicate ratio of that which it has to the fecond, 



P R O P. D. T H E O R, 

^OLID parallelepipeds contained by parallelograms sce k. 
*^ equiangukr to one another, each to each, that is, of 
which the fplid angles are equal, each to each; have to 
one another the ratio which is the fame with the ratio 
compounded of the ratios of their fides. 

Let AB, CD be folid parallelepipeds, of which ATi is contained 
by the parallelograms AE, AF, AG equianguliU*, each to each, to the 
parallelograms CH, CK, CL which contain the foli4 CD. the ratio 
which the folid AB has to the folid CD is the fame with that which 
is compounded of the ratios of the fides AM to DL, AN to DX, 
and AC to DH. 

P 3 Pro<?aco 
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Book XI. Produce. MA, NA, OA to P, Q_, R> fo that AP be equal to 

S^/'Y^U DL, AQ^to DK, and AR to DH ; and complete the folid parallele- 
piped AX contained by the parallelograms AS, AT, AV fimllar and 
fequal to CH, CK; CI-, each to each, therefore the folid * AX is 

a. C II. equal * to the folid CD. complete likewifc the folid AY the bafe of 
which is AS, and of which AO is one of its infilling ftraight lines. 
Take any flraight line a, and as MA to AP, (b make a to b ; and as 
NA to AQ^, fo make b to c ; and as OA to AR, fo c to d. then 
bccaufe tlic parallelogram AE is equiangular to AS, AE is to AS, 
as the ftraight line a to c, as is demon ftrated in the 2 3 . Prop. Book 6. 
and the folids AB, AY, being betwixt the parallel planes BOY, 
E AS, are of the fame altitude, therefore the folid AB is to the fo- 

|j. 3»- "• lid AY, as •> the bafe AE to the bafe AS ; that is, as the ftraight line 
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c- 15. XI. a is to c. and the folld AY is to the folid AX, as ^ the bafe OQjs 

to the bafe QR ;. that is, as tlie ftraight line OA to AR ; that is, as 

the ftraight line c to the ftraight line d. and becaufe the folid AB is 

to the folid AY, as a is to c, and the folid AY to the folid AX, as 

c is to d ; ex aequali, the folid AB is to the folid AX, or CD which 

is equal to it, as the ftraight line a is to d, but the ratip of a to d 

4.Pcf.A.s.is faid to be compounded ^ of the ratios of a to b, b to c, and c to 

d, which are the fame with the ratios of the fides MA to AP, NA 

to AQ_, and OA to- AR, each to each, and the fides AP, AQ_, 

V\R are' equal to the fides DL, DK, DH, each to each. Therefore 

'the folid AB has to the folid CD the ratio which is the fame with 

that which is compounded of the ratios of the fides AM to DL, AN 

to DK, and AO to DH. Q^E. D. 

PROP. 
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PROP. XXXIV. THEOR. 

'TPHE bafes and altitudes of equal folid parallelepipeds, 
"*• are reciprocally proportional ; and if the bafes and 
altitudes be reciprocally proportional, the folid paralleled 
pipeds are equal. 

Let AB, CD be equal fdid parallelepipeds } their bafes are reci* 
procally proporticmal to their altitude ; that is, as the bafe £H is 
to the bafe NP, fo is the altitude of the folid CD to the altitude of 
the folid AB. 

Firft, Let the iafifting ftraight lines AG, EF, LB, HK ; CM, 
NX, OD, PR be at right angles to the bafes. as the bafe EH to the 
bafe NP, fo is CM to AG. 

K B IL D 



Book XI. 




if the bafe EH be equal to 
the bafe NP, then becaufe 
the folid A B is likewife e- 
qual to the folid CD, CM 
ihall be equal to AG. be- 
caufe If the bafes EH, NP 
be equal, but the altitudes 
AG, CM be not equal, nei- 
ther (hall the folid AB be equal to the folid CD. but the folids 
are equal, by the hypothefis. therefore the altitude CM is not un- 
equal to the altitude AG ; that is, they are equal, wherefore as the 
bafe EH to the bafe NP, fo is CM to AG. 

Next, let the bafes EH, NP not be equal, but EH greater tlian 
the other, fmce then the folid AB is equal to the folid CD, CM is 




therefore greater than 
AG. for if it be not, nei- 
ther alfo, in this cafe, 
would die folids AB, CD 
be equal, which, by the 
hypothe/is, are equal. 
Make then CT equal to 
AG, and complete the 
ibiid parallelepiped CV 
of which the bafe is NP, 
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and altitude CT. Beaufe the folid AB is equal to die folid CD, 
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Book XI. therefore the folid AB Is to the folid CV, as ■ the folid CD to th« 
folid CV. but as the folid AB to the folid CV, fo »> is the bafe EH 
to the bafe NP ; for the foHds AB, CV are of th<5 faipe altitude ; and 
as the folid CD to CV, fo ^ is the bafe MP to the bafe PT, and fo<> 
is the ftraight line MC to CT ; and CT is equal to AG. thgreforp 
as the bafe EH to the bafe NP, fo is MC to AG. wherefore the 
bafcs of the folid parallelepipeds AB, CD arc reciprocally prop<Mrti- 
pnal to their altitudes. 

Let now the bafes of the folid parallelepipeds AB, CD be reci- 
procally proportional to thejr altitudes ; viz. as the bafe EH to the 
bafe N P , fo the aldtude 
of the folid CD to the alti- 
tude of the folid AB ; the 
folid AB is equal to the fo- 
lid CD. let the infilling 
lines be, as before, at right 
angles to the bafes. then, 
if the bafe EH be equal to 
the bafe NP, fmcc EH is 

to NP, as the altitude of the folid CD is tp the ^titude of the folid 
AB, therefore the altitudp of CD is equal *^.to the altitude pf AB. 
but folid parallelepipeds upon equal bafes, and of the fame altitude 
are equal f to one another; therefore the folid AB is equal to the 
folid CD. 

But let the bafes EH, NP be unequal, and let EH be the greater 
of the two. therefore, fince as the bafe EH to the bafe NP, fo i; 
CM the altitude of the 
folid CD to AG the alti- 
tude of AB, CM is great- 
er * than AG. again, take 
CT equal to AG, and 
complete, as before, the 
folid CV. and, becaufe 
the bafe EH is to the " 
bafe NP, as CM to AG, 
and that AG is eqijal to 
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CT, therefore the bafe EH is to the bafe NP, as MC to CT. but 
as the bafe EH is to NP, fo <> is the folid AB to the folid CV; for 
the folids- AB, CV arc of the fame altitude ; and as MC to CT, fo 
is the bafe MP to the bafe PT, and the folid CD to the folid * CV. 

and 
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and therefore as the Iblid AB to the IbKd CV, lb is theiblid CD BookXI. 
to the folid CV; that is, each of the folids AB, CD has the feme v,^or>^ 
ratio to the folid CV ; and therefore the folid AB is equal to the 
foUd CD. 

Second general Cafe^ Let the infifting ftraight lines FE, BL, 
GA, KH ; XN, DO, MC, RP not be at right angles to the bafes of ♦ 
the folids ; and from the points F, B, K, G ; X, D, R, M draw per- 
pendiculars to the planes in which are the bafes E H, N P, meeting 
thofe planes in the points S, Y, V, T ; Q_, I, U, Z ; and com- 
plete the Iblids FV, XU, which are parallelepipeds, as was proved in ' 
tie laft part of Prop. 3 ift of this Book. In this cafe likewife, if 
the fd&ds AB, CD be equal, their bafes are reciprocally proportional 
to their altitudes, viz. the bafe EH to the bafe NP, as the altitude 
of the folid CD to the altitude of the iblid AB. Becaufe the folid 
AB is equal to the folid CD, and that the folid BT is equal ^ to the g. xp. or 
^lid BA, for they are upon the fame bale FX, and of the feme alti- 30- 



II 
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tudp ; and that the folid DC is equal « to the folid DZ, being up- 
00 the feme bafeXR, and of the fame altitude ; therefore the 
iblid BT is equal to the folid DZ. but the l»afes are reciprocally 
proportional to the altitudes of equal folid parallelepipeds of which 
the iniifting ftraight lines are at right angles to their bafes, as before 
was proved, therefore as the bafe FK to the bafe XR, fo is the alti- 
tude of the folid DZ to the altitude of the folid BT. and the bafe 
FK is equal to the bafe EH, and the bafe XR to the bafe NP. 
wherefore as the bafe EH to the bafe NP, fo is the altitude of the 
folid DZ to the altitude of the folid BT. but the aldtudes of the 
folids D Z, I^ C, as alfo of the folids B T, B A are the fame. 
Therefore as the bafe EH to the bafe NP, fo is the altitude of the 

foUd 
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Book XI. foM CD'to the altitude of the folid AB ;' that is, the ba{es of thQ 
iblid parallelepipeds AB, CD are reciprocally proportional to their 
altitudes. 

Next, Let the bales of the folids AB, CD be reciprocally pro- 
portional to their altitudes,' viz. the bafe EH to the ba& NP, as the 
altitude of the folid CD to the altitude of the folid AB ; the Iblid 
AB is equal to the folid CD. the &me conftrudion being made, be- 
cauie as the bafe EH to the bafe NP, fo is the altitude of the fo- 
lid CD to the altitude of the folid AB ; and that the bafe EH is e- 
qual to the bafe FK ; and NP to XR ; therefore the bafe FK is to 
the bafe XR, as the altitude of the folid CD to the altitude of AB^ 
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but the altitudes of the folids AB, BT are the fame, as alfb of CD 
and DZ ; therefore as the bafe FK to the bafe XR, fb is the altitude 
of the fdid DZ to the altitude of the folid BT. wherefore the bafes 
of the folids BT, DZ are reciprocally proportional to their altitudes; 
and their infifting fbaight lines are at right angles to the bafes ; 
wherefore, as was before proved, the folid BT is equal to the folid 
DZ. but BT is equal « to the folid BA, and DZ to the folid DC,, 
becaufe they are upon the fame bafes, and of the fame altitude. 
Therefore the folid AB is equal to the folid CD. Q^^E. D. 
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TF frpm the vertices of two equal plane angles there be sec n. 

drawn two ftraight lines elevated above the planes in 
>yhich the angles are, and containing equal angles with the 
fides of thofe angles, each to each ; and if in the lines a- 
bove the planes there be taken any points, and from them 
perpendiculars be drawn to the planes in which the firft 
named angles are ; and from the points in which they 
meet the planes, ftraight lines be drawn to the vertices of 
the angles firft named ; thefe ftraight lines ftiall contain 
equal angles with the ftraight lines which are above the 
planes of the angles. 

Let BAG, EDF be two equal plane aHgles ; and from the points 
A, D let the ftraight lines AG , DM be elevated above the planes of 
the angles, making equal angles with their fides, each to each ; viz. 
the angle GAB equal to the angle MDE,. and GAG to MDF ; and 
in AG, DM let any points G, M be taken, and from them let per- 
pendiculars GL, MN be drawn to the planes BAG, EDF meeting 




thefe planes in the points L, N ; and join LA, ND. the angle GAL 
is equal to the angle MDN, 

Make AH equal to DM, and through H draw HE parallel to 
GL. but GL is perpendicular to the plane BAG, wherefore HK is 
perpendicular * to the £ane plane, from the points K^ N, to the «• 8* ii< 
ftraight lines AB, AG, DE, DF, draw perpendiculars KB, KG, N£, 
MF; and join HB, BC, ME, EF. Becaufe HK is perpendicular to 

the 
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BodcXI. the plane BAG, the plane HBK which pafles Jthrongh HK is at 

Vi^vx^ right angles ^ to the plane BAG ; and AB is drawn id the plane BAG 

b. 18. 1 1, at right angles to the common feftion BK of the two planes ; therc- 

c.4.Def.ii.fore AB is perpendicular ^ to the plane HBK, and makes right 

#.|.Def.ii. angles'with every ftraight line meeting it in that plane, but BH meets 

it in that plane ;' therdbre ABH is a right angle, for the fame rea- 

foTiy DEM is a right angle, and is therefore equal to the angle ABH. 

and the angle HAB is equal to the angle MD£. therefore in the two 

tri^gles H AB^ MD£ there are two angles in one equal to two 

angles in the other, each to each, and one (ide equal to one fide, 

oppofite to one of the equal angles in each, viz. HA equal to DM ; 

f. »«. I. therefore the remaining fides are equal ^, each to each, wherefore 

AB is equal to DE. In the feme manner, if HC and MF be joined, 

it may be dcmonftrated that AC is equal to DF. therefore fincc AB 

is equal to DE, B A and AG are equal to ED and DF i and ^c 




angle BAG is equal tp the angle EDF ; wherefore the bale BC b 
f« 4- 1> equal f to the bafe EF, and the remaining angles to the remaining 
angles, the angle ABC is therefore equal to the angle DEF. and 
the right angle ABK is equal to the right angle DEN, whence the 
renmiing angle GBK is equal to the remaining angle FEN. for the 
iame reaibn, the angle BGK is equal to the angle EFN. therefc^ 
in the two triangles BGK, EFN there are two angles in one equal 
to two angles in the other, each to each, and one fide equal to one 
iide adjacent to the equal angles in each, viz. BG equal to EF ; the 
other fides therefore are equal to the other fides ; BK then is equal 
to EN. and AB is equal to DE ; wherefore AB, BK are equal to 
DE, EN ; and they contain right angles ; wherefore the bale AK is 
equal to the bale DN. and fince AH is equal to DM, the fquare of 
AH is equal to the fquare of DM. but the fquares of AK> KH are 

equal 
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tqtsl to the iquare < of AH, becaule AKH is a right angle, and the BookXIi 
fquares of DN, NM are equal to the fquare of DM, for DNM is a v^^vxy 
right angle, wherefore the fquares of AK, KH are equal to the g- 47. ti 
fquares of DN, NM ; and of thofe the fquare of AK is equal to the 
Iquare of DN. therefore the remaining fquare of KH is equal to 
the remaining fquare of NM ; and the flraight line KH to the 
ftraight line NM. and becaufe HA, AK are equal to MD, DN, each 
to each, and the bafe HlC to the bafe MN, as has been proved ; there- 
fore the angle HAK is equal ^ to the angle MDN; Q^E. D. h, 1. 1. 

Cor. From this it is manifeft, that if from the vertices of two 
equal plane angles there be elevated two equal ffa-aight jines con- 
taining equal angles with the fides of the angled, each to eaqh ; the 
perpendiculars drawn from the extremities of the equal fhisught lined 
to the planes of the firfl angles are equal to one another. 



Another Demonfh-ation of the Corollary. 

Let the plane angles BAC, EDF be equal to one another, and 
let AH, DM be two equal flraight lines above the planes of the 
angles, containing equal angles with BA, AC, ED, DF, each to 
each, viz. the angle HAB equal to MDE, and HAC equal to the 
angle MDF; and from H, M let HK, MN be perpendiculars to the 
planes B A(5, EDF ; HK is equal to MN. 

Becaule the fblid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal to the 
three plane angles EDF, EDM, MDF containing the folid angle at 
D ; the iblid angles at A and D are equal, and therefore coincide 
with one another ; to wit, if the plane angle ABC be applied to the 
plane angle EDF, the flraight line AH coincides with DM, as was 
fhcwii in Prop. B. of this Book, and becaufe AH is equal to DM, 
the point H coincides with the point M. wherefore HK which is 
perpendicular to the plane BAC coincides with ^MN which is per- i. 13. i«, 
pendicular to the plane EDF, becaufe thefe planes coincide with 
' ene another, therefore HK is equal to MN. Q^E. D* 

PROP. 
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PROP. XXXVI. THEOR. 

» 

TF three ftraight lines be proportionals, the folid paral- 
lelepiped defcribed from all three as its fides, is equal 
to the equilateral parallelepiped defcribed from the mean 
proportional, one of the folid angles of which is contained 
by three plane angles equal, each to each, to the three 
plane angles containing one of the folid angles of the 
other figure. 



Let A, B, C be three proportionals, viz. A to B, as B to C. The 
folid defcribed from A, B, C is equal to the equilateral Xolid de* 
fcribed from B, equiangular to the other. 

Take a folid angle D coht^uned by three plane angles EDF, FDG, 
GDE ; and make each of die ftraight lines ED, DF, DG equii to 
B, and complete the folid parallelepiped DH. make LK equal to A, 
i. 16. 1 1, and at the poiAt K in the ftraight line LK make ^ a foUd angle con- 
tained by the three plane angles LKM, MKN, NKL equal to the 
angles EDF, FDG, GDE, each to each ; and m^e KN equal to B,' 



o 









. 


\ 




\ 


KT 




\ 


M 




N 


^ 




k 


^ 






-y ^— 



JE D 



■^ ■ ^ ■■ ■ 



A 



B 







and KM equal to C ; and complete the folid pafalldepiped KO. anJ 
becaufe as A is to B, fo is B to C, and that A is equal to LK, and 
B to each of the ftraight lines DE, DF, and C to KM ; therefore 
LK is to ED, as DF to KM ; that is, the fides about the equal 
angles are reciprocally proportfonal ; therefore the parallelogram 
b. 14. tf. LM is equal ^ to EF. and becaufe EDF, LKM are two equal plane 
angles, and the two equal ftraight lines DG, KN are drawn fh>n3[ 
their vertices above their planes, and contain equal angles with their 
fides ; therefore the perpendiculars firom the points G, N, to thcr 

planes 
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Jplancs EDF, LKM are equal ^ to one another, therefore the foHds Book XI. 
KO, DH arc of the fame altitude ; and they arc upon equal bafes v-^vv> 
LM, EF, and therefore they arc equal ^ to one another, but the c. Cor. 35- 
folid KO is defcribed from thp three ftraight lines A, B, C, and the "' 
foUd DH from the ftraight line B. 'if therefore three ftrmght ^3»'"- 
lines, &c. Q^E. D. 

PROP, XXXVII. THEOR. 

TF four ftraight lines be proportionals, the fimilar folid see k. 

parallelepipeds fimilarly defcribed from them fhall alfo 
be proportionals, and if the fimilar parallelepipeds fimi- 
larly defcribed from four ftraight lines be proportionals, , 
the ftraight lines ftiali be proportionals. 

Let the four ftraight lines AB, CD, EF, GH be proportionals, 
Viz. as AB to CD, fo EF to GIJ ; and let the fimilar paralielepiped$ 
AKy CLj EM, GN be fimilarly defcribed from them. AK is to CL, 
AS EM to GN. 

Make • AB, CD, O, P continual proportionals, as alfo EF, GH, a. 1 1, *. 
Q_, R. and becaufe as AB is to CD, fo EF to GB ; CD is *> to O, b. 11, j , 
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as GH to Q^, and O to P, as Qjto R ; therefore, ex aequali ^, AB c »i. j. 
& to P, as EF to R. but as AB to P, fo <* is the folid AK to the a. Cor. 3 j, 
folid CL ; and as EF to R, fo ^ is the folid EM to the folid GN. 
therefore *> as the folid AK to the folid CL, fo is the folid EM to 
the folid GN, 

But 
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BookXI. fiat let the folid AK be to the folid CL, as the folid EM to t(ib 
folid GN. the ftraight line AB is to CD, as EF to GH. 

Take AB to CD, as EF to ST, and from ST defcribc « a folid 
paraHelepiped SV fimilar and fimyarly fltuated to either of the fo-f 
lids EM, GN. and bccaufe AB is to CD, as EF to ST, and that 
from AB, CD the folid parallelepipeds AK, CL are fimilarly defcri- 
bed ; and in like mamier the/olids EM, SY from the ftraight lines 



t. tj, II. 




^ka^^^M^irt— •P«aa^*»^PiH^^^ 



E 



a K 



£F, ST ; therefore AK is to CL, as EM to SV. but, by the hy^ 
f. ?. S' pothefis, AK is to CL, as EM to GN. therefore GN is equal f to 
SV. but it is likcwifc ilmilar and fimilarly fltuated to SV; therefore 
the planes which contain the folids GN, SV are fimilar and equal, 
and their homologous fides GH, ST equal to one another, and bc- 
caufe as AB to CD, fo EF to ST, and that ST is equal to fcJH ; AB 
is to CD, as EF to GH. Therefore if four ftraight lines, &c. 
Q^E. D. 
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PROP. XXXVm. THEOR. 

« 

*' TF a plane be perpendiciilai* to another plane, and a 
" ftraight line be drawn from a point in one of the 
" planes perpendicular to the other plane, this ftraight 
" line fliali fall on the common feftion of the planes. 



** Let the plane CD be perpendicular to the plane AB, and- k* 
'' AD be their common fe<ftion ; if any point E be taken in the plane 
" CD, the perpendicular drawn from E to the plane AB ihaU fall 
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** Por if it does not, let it, if pofliblc, fall elfcwhere, as EF; and Book XI. 
let it meet the plane AB in the point F ; and from F draw *, in 
the plane AB, a perpendicular FG to DA, which is alfo perpen- 
dicular *> to the plane CD; andjoinEG. then becaufeFG isper-b.4.D€f.ix4 
pendtcular to the plane CD, and p, 
the flraight line EG, which is 
in that plane, meets it; there- 
fore FGE is a right angle ^: but 
EF is alfo at right angles to the 
plane AB ; and thcrrfore EFG 
Isarjghtangle. wherefore t\\'o' 
of the angles of the triangle 

EFG are equal together to two right angles; which is abfurcf. 
therefore the perpendicular from the point E to the plane AB does 
not fall elfewhere than upon the ftraight line AD. it therefore 
fells upon it. If therefore a plane, &c. Q^E. D/' 




t.3.Dc/<zx«' 



PROP. X3^XIX. THEOR. 

TN a folid parallelepiped', if the fid^s of two of the op- See n. 
-^ pofite planes be divided riach into two equal parts, the 
tomnion feftion of the planes paffing thro' the points of 
divifion, and the diameter of the folid parallelepiped cue 
each other into two equal parts. 

Let the fides of 
the oppofite planes 
CF, AH of the folid 
pnrallelepped AF, 
b^ divided each into 
two equal parts in 
the points K, L, M, 
N;X,0,P,R; and 
join KL, MN, XO, 
PJl. and becaufc 
DK, CL are equal J^ 
and parallel, K L is 

parallel ' to DC. for * \ aNr"h---0^^s <-33» 

the fame reafon , 
MN is parallel to 
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hook XI. BA. and B A is parallel to DC ; therefore becaule KL, BA affe 
v^xv^v^' c^ch of them parallel to DC, and not in the fame plane with it, KL 
b. 9. I . is parallel ^ to BA. and becaufe KL, MN are eadi of them parallel 
to Bx^, and not in the fame plane with it, KL is parallel ^ to MN ; 
wherefore KL, MN are in one plane. ' III like manner, it may be' 
proved that XO, PR are in one plane. Let YS be the common fcc- 
tion of the planes KN, XR ; and DG the diameter of the folid pa- 
rallelepiped AF. YS and D G do meet,- and cat one another into 
two equal parts. 

Join DY, YE, BS, SG. becaufe DX is parallel to OE, the al- 
i.%$, t. tcruate angles DXY, YOE are equal * to one another, and becaufe 
DX is equal to OE, ^^ _. .-- 

and XY to YO, ^2 d^ ^ 

and contain equal ^^ ^ 

angles, thebafeDY 
i. 4. I. is equal ^ to the bafe 

Y E, and the other 

angles are equal ; 

therefore the angle 

XYD is equal to. 

^ the angle OYE, and 

^. r4. 1. DYE is a ftraight ^ 

line, for the fame 

reafon BSG is a 

ftraight line, and BS 

equal to SG. and 

becaufe CA is equal 

and parallel to DB, and alfo equal and pjCrallel to EG ; therdfore 

DB is equal.and parallel ^ to EG. and DE, BG join their extremi- 
i^. 33- ^« tics; therefore DE is equal and parallel * to BG. atld DG, Y S 

are drawn from points in the one to points in the other, and are 

therefoie in one plane, whence it is manifeft that DG, YS xauft 

meet one another ; let them meet in T. and becaufe DE is paraOel 

to BG, the alternate angles EDT, BGT are equal^; and die angle 
i*. f ^ I . IJTY i3 equal f to the angle GTS. therefore in die triangles DTY, 

GTS there are two angles in the one equal to two angles in the 

other, and one fide equal to one fide, oppofite to two of the equal 

angles, vi2. DY to GS ; for they are the halves of DE, BG. there- 
$ x^. X. fore the remaining fides are equals, each to each, .wherefore DT is 
, cquril to TG,. and YT equal to»TS. Therefore, if in a fojid, &c.' 

-:i^E.D. PROP. 




OF EUCLID. 

PROP. XL. THEOR. 

T^ there be two triangulaif prifms of the fame altitude, 
the bafe of one of which is a pafallelogram;. and the 
Safe of the other a triangle ; if th^ parallelogram be double 
of the triangle, the prifms ihall be equal to one another. 

. Let the prifins ABCDEF, GHKLMN be of the fame aldtude, 
the firft whereof is contained by the two triangles ABE, CDF, and 
the three parallelograitts AD, DE, EC ; and the other by the two 
triangles GHK, LMN and the three parallelograms LH, HN, NG ; 
and let one of them have a parallelogram AF, and the other a tri- 
angle GHK for its bale; if the parallelogram AEbe double of 
the triangle GHK, the prifin ABCDEF is equal to the prifin 
GHKLMN. 

Complete the folids AX, GO ; and becaufe the parallelogram A^ 
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is double of the triangle GHK ; and the parallelogram HK double * 
of the fame triangle ; therefore the paralldogmm AF is equal to 
HK. but folid parallelepipeds upon equal bafes, and of the fame al- 
titude are equal ^ to one another, therefore the foltd AX is equal to ^' 
the fold GO. and the prifm ABCDEF is half ^ of the folid AX ; «• 
and die prifm GHKLMN half « of the folid GO. therefore the prifm 
ABCDEF is equal to the prifm GHKLMN. Wherefore if there be 
two, &c. Q:^E. D. 
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BOOK XII. 



LEMMA I. 

Which is the firft Propofition of the teitih Book, aiiJ is ncceflSay tcr 

feme of the Propofitions of this Book. 

IF from the greater of two unequal magnitudes there be 
taken more than its half, and from the remainder 
rnore than its half; and fo on. there fliall at length re- 
main a magnitude kfs than the leaft of the propofed mag- 
nitudes. 



D 



Let AB and C be two- unequal magnitudes,- of which AB is thor 
f jeater. if from A B there be taken more than its 
half, and from- the remainder more than its half, 4 
and fo on ; there (hall at length remain a magnimde 
Icfs than C. 

For C may be multiplied fo as at length to be- K:" 
ceme greater than- AB. let it be fo multiplied, and 
let DE its multiple be greater than AB, and let DE Hf. 
be divided into DF, FG, GE, each equal to C. 
from AB take BH greater than its half, and from 
life remainder AH take HK greite? than its half, 
and fo on until there be as many divifions in AB 
as there are in DE. and let the divifions AK, KH, 
HB be as many as the divifions DF, FG, GE. and 
^.<:cauf^ D£ Is greater than AB, and that EG taken from DE is lefs 

than 
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than its half » but BH taken from AB is greater than its lialf, therefore Book XII. 
the remainder GD is greater than the remainder HA. again, be* 
caufe GD is greater than HA, and that GF is the half of GD, but 
HK is greater than the half of HA ; therefore the remainder FD is 
greater than the renuunder AK. and FD is equal to C» therefore C 
is greater than AK ; that is, AK is lefs than C. Q^£. D. 

And if only the halves be taken away, th^ fame thing may in the 
fame way be deoK^iftrated. 



PROP. I. THEOR. 

CIIMILAR polygons infcri bed in circles^ are to one 
another as the fquares of their diameters. 

Lef ABQDE, FGHKL be two circles, and in them the fimil^r 
polygons ABCDE, FGHKL ; and let BM, GN be the diameters of 
the circles, as the fquare of BM is to the fquare of GN, fo is the 
polygon ABCDE to the polygon FGHKL. 

Join BE, AM, GL, FN. and becaufe the polygon ABCDE is fi- 
milar to the polygon FGHKL, the angle BAE is equal * to the angle '• * ' ^*^- ^' 
13FL, and as BA to AE, fo ' is GF to FL. wherefore the two tri- 
angles BAE, GFL having one angle in one equal to one angle in the 





other, and the fides about the equal angles proportionals, are equi- 
angular ^ ; and therefore the angle AEB is equal to the angle FLG. b. 
but AEB is equal ^ to the angle AMB, becaufe they ftand upon the c. 
fame circumference ; and the angle FLG is, for the ftme reafon, 
equal to the angle FNG. therefore alfo the angle AMB is equal to 

FNG. and the right angle BAM is equal to thp right jangle G FN; J- 
wherefore the reqialning angles in the triangles ABM, FGN are e- 
quai, and they are eqpiangular to one ano.ther. therefore as BM to 
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i^ook XII • GN, (6^ is B A to GF, and theiefoie die duplicate ratio of BM to GK, 

^\,^'y^kj is the &jne ^ with the dupticate ratio of BA to GF. but the ratio 

c. 4- tf • of the fquare of BM to the fqaare of GN» is the duplicate > ratio 

^•"•^*^*of that which BMhae to GN;attd^he ratio of the polygon ABCDE 

and 1*. s. * « 





to the polygon FGHKL is the duplicate ^ of that which BA has to 
GF, therefore as the fquare of BM to the fquare of GN, fo is thd 
polygon ABCDE to the polygon FGHKL, Wherefore fimilar po- 
lygons, &c. Q^E. D. 

PROP. n. THEOR. 

:c N. /^ I R CL E s are to one another as the fquares of their dia- 
^ meters. 



a. 41. I. 



Let ABCD, EFGH be two circles, and BD, FH their diameters, 
as the fqliare of BD to the fquaie of FH, (o is the circle ABCD to 
the circle EFGH. 

For, if it be not fo, the fquare of BD (ball be to the fquare of 
FH, as the circle ABCD is to fome fpace either Icfs than the circle 
EFGH, or greater than it *. Firft, let it be to a fpace S lefs than 
the circle EFiGH ; and in the circle EFGH defcribe the fquare 
EFGH. this fquare is greater than half of the drcle EFGH ; be- 
caufe if through the points E, F, G, H, there be drawn tangents 
to the circle, the fquare EFGH is half * of 'the fquare defcrib^ a- 



* For there is fome fquare equal to 
the circle ABCD; let P be the (ide of it. 
and to three (Iraight lines BD, FH and 
P, there can be a fourth proportional, 
let this be Q^ therefore the fquares of 
diefe foiir Araight fines arc proportion 



pals ; that is, to the iquares of BD, FH 
and the circle ABCD it is polCble there 
may be a fourth proportional. Let this 
be S. and in like manner are to be un- 
derftood fbnie things in iome of the foU 
lowing PcopofitioDS. 

bont 
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jboiit the circle; a&d the circle is lefs than the fqnare de&rlbcd aboutBook XH. 
It ; therefore the fquare EFGH is greater than half of the circle* o^vx--' 
Divide the drcumferences £F, FG, GH, HE, each into two equal 
parts in the pdnts K, L, M, N, and jwn EK, KF, FL, LG, GM, 
MH, HN, NE. therefore each of the triangles EKF, FLG, GMH^ 
HNE is greater than half of the fegment of the drcle it (lands in ; 
becaufe if ftraight lines touching the circle be drawn through the 
points Ky L, My N, gnd parallelograms upon the ftrmght lines £F, 
FG, GH, HE be c«Mnpleted ; each of the triangles EKF, FLG, 
GMH, HNE (hall be the half* of the parallelogram in which it is. a. 41. if 
but every fegment is lefs than the parallelc^ram in which it is, 
wherefore each of the triangles EKF, FLG, GMH, HNE is greater 
than half the fegment of the cit-cle whjch contains it. and if thefe 
drcumferences before named be divided each into two equal parts, 
and their extremities be joined by ftraight lines, by continuing to do. 




this, there will at length remain fegments of the circle whjch toge- 
ther (hall be lefs than the excefs of the circle EFGH above the 
fpace S. becaufe, by the preceeding Lemma, if from the greater of 
two unequal magnitudes there be taken qiore than its half, and from 
the remainder more than its half, and fp on, there (hall at Icni^th 
remain a magnitude lefs than the leaftof the propofed magnitudes. 
Let then the fegments EK, KF, FL, LG, GM, MH> HN, NE be 
thofe that remain and are together lefs than the excefs of the circle 
EFGH above S. therefore the reft of the circle, viz. the polygon 
EKFLGMHN is greater than the fpace S. Dcfcribe likcwife in the 
circle ABCD the polygon AXBOCPDR flmilar to the polygon 
EKFLGMHN, as, therefore, the fquare of BD is to the fquare of 
FH, fo «' is the polygon AXBOCPDR to the polygon EKFLGMHN. 
hut the fquare of BDis alfo to the fquare of FH,as the circle ABCD 

0^4 i3 
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^ook XII.ls to the fpace S. therefore as the circle ABCD is to the fpace S> fi^ 
is *^ the polygon AXBOCPDR to the polygon EKFLGMHN. but 
the circle ABCD is greater than the polygon contamed in it; where- 
fore the fpace S is greater «> than the polygon EKFLGMHN. bttt 
jt is likewife lefs, as has been demonftrated ; which is impoffible. 
Tlierefore the fquare of BD is not to the (qnare of FH, as the drde 
AI>CD is to any fpace lefs thaii the drde EFGH. in the (ame man- 
ner it may be demonftrated that ndther is the fquare of FH to the 
fquare of BD, as the drde EFGH is to any fpace lefs than the 
cirde ABCD. Nor is the fquare of BD to the fquare of FH, as the 
circle ABCD is to any fpace greater than the circle EFGH. for, if 
poflible, let it be fo to T a fpace greater than the cirde EFGH. 
therefore, invei-fdy, as the fquare of FH to the fquare of BD, fo is 





the fpace T to the cirde ABCD. but as the fpace f T is to the 
cirde ABCD, fo is the drde EFGH to fome fpace, which muft be 
lefs <i than the circle ABCD, becaufe the fpace T is greater, by hy- 
pothciis, than the cirde EFGH. therefore as the fquare of FH is to 



f For as in the foregoing Note at • it 
was explained how it was poflible there 
could be a fourth proportional to the 
f juares of RD. FH and the circle ABCD, 
Mhich was oamcd S. fo in Wke manner 



there can be a fourth proportional to 
this other fpace* named T, and the 
circles ABCD, EFGH. and the Uke is to 
be underdood in fome of the foliowiog 
fropoiicioq;. 

the 
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iriie fquare of BD, fo is the circle EFGH to a (ptce lefs than the Book Xll. 
circie ABCD, which has been demonftrated to be impoffible. there- 
Vore the fquare of BD is not to the fquare of FH, as the circle 
ABCD is to any fpace greater than the circle EFGH. and it has 
i)een demonffa-ated that ntither is the fquare of BD tx) the fquare of 
FH, as the circle ABCD to any fpace lefs than the circle EFGH. 
wherefore as the fquare of BD to the fquare of FH, fo is the circle 
ABCD to the circle EFGH f. Circles, therefore, are, &c. Q^E. D. 



PROP. in. THEOR. 

T^ VERY pyramid having a triangular bafe, may be di- sec |^, 
'^ vided into two equal and fimilar pyramids having. 
triangular bafes, and yhicb are fimjlar to the whole -py- 
ramid ; and into two equal priiins which together are 
greater than half of the whole pyramid. 



Let there be a pyramid of which the bafe is the uiangle ABC 
and its vertex the point D, the pyramid ABCD may be divided into 
two .equal and fimilar pyramids having 
triangular bafes, and fimilar to the whole; 
and into two equal prifms vhich together 
are greater than half of the whole py- 
ramid. 

Divide AB, BC, CA, AD, DB, DC, 
each into two equal parts in the points £, 
F, G, H, K, L, and join EH, EG, GH, 
HK, KL, LH, EK, KF, FG. Becaufe AE is 
equal toEB, and AH to HD, HE is pa- 
rallel * to DB. for the fame reafon, HK is 
parallel to AB. therefore HEBK is a pa- 
rallelogram, and HK equal ^ to EB. but 
£B is equal to AE ; therefore alfo AE is 
equal to HK. and AH is equal to HD ; 

wherefore EA, AH are equal to KH, HD, each to each ; and the 
angle E AH is eqxxA ^ to the angle KHD ; therefore the bafe EH is 

I Becanfe as a fourth proportional to the f^joares of BD, FH and the circle ABCD 
is poffible, and that it can neither be left nor greater than the circle EFGH, it muft 
ht e^ual to it. 
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Book XlI.equal to the bafe KD, and the triangle AEH equal ^ and fimilar to Hk 
triangle HKD. for the fame reafon, the triangle AGH is equal and 
fimilar to the triangle HLD. and becaufe the two ftralght Unes £H» 
HG which meet on^ another are parallel to KD» DL that meet one 
another, and are not in the fame plane with them» they contain equsd.^ 
«igle$ ; therefore the angle EHG is equal to the angle KDL. again, 
becaufe EH, HG are equal to KD, DL, each to each, and the angle 
EHG equal to the angle KDL ; dierefore the baie EG is equal to 
the bafe KL, and the triangle EHG equal ^ and fimilar to the 
triangle KDL. ifor the iame reafon, the triangle AEG is alfo e- 
qual and fimilar to the triangle HKL. Therefore the pyramid of 
which the bafe is the triangle AEG, and of which the vertex is th^ 

f. C ii« point H, is equal f and fimilar to the py- 

ramid the bafe of which is the triangle 
KHL, a;id vertex the point D. and be- 
caufe HK is parallel to AB a fide of the 
triangle AD6, the triangle ADB is equi-* 
angular to the triangle HDK, and their 

g. 4*«. fides are proportionals s. therefore the 

triangle ADB is fimilar to the triangle 
HDK. and for the fame reafon, the tri- 
angle DBC is fimilar to the triangle DKL; 
and the triangle ADC to the tilangle 
HDL ; and alfo the triangle ABC to the 
triangle AEG. but the triang^ AEG is 
fimilar to the triangle HKL, as before 
was proved, therefore the triangle ABC is 
h.tt.c. fimilar *« to the triangle HKL. and the pyramid of which the bafe is 
i. B. II. & the triangle ABC, and vertex the point D, is therefore fimilar < to 
ii.Dcf.li. the pyramid of which the bafe is the triangle HKL, and vertex the 
fame point D. but the pyramid of which the bafe is the triangle 
HKL, and vertex the point D, is fimilar, as has been proved, to the 
pyramid the bafe of which is the triangle AEG, and vertex the point 
H. wherefore the pyramid the bafe of which is the triangle ABC, 
and vertex the point D, is fimilar to the pyramid of which the bafe 
is the triangle AEG and vertex H. therefore each of the pyramids 
AEGH, HKLD is fimilar to the whole pyramid ABCD. and be- 
k. 4«. «. caufe BF is equal to FC, the parallelogram EBFG is double ^ of 
the triangle GFC. but when there are two prifms of the fame al- 
titude, of which one has a parallelogram for its bafe, and the other 

a tri- 
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an^ that is half of the parallelogram, thefe prifins are equal > toBeok 
one another ; therefore the prifin having the parallelogram EBFG 



for its bafe, and the ftraight line KH oppofitfe to it, is equal to the ^ 40. »; 
priim having the triangle GFC for its bafe, and the triangle HKL 
oppofite to it ; for they are of the (ame altitude, becaufe they, are 
between the parallei '^ planes ABC, HKL. and it is manifeft that m. 15. n. 
each of thefe prifins is greater than either of the pyramids of which 
the triangles AEG, HKL are the bafes, and the vertices the points H, 
Dj becaufe if EF be joined, theprifin having the parallelogram EBFG . 
for its bafe, and KH the ftraight line oppofit^ to ij:^' is greater than 
Jthc pyramid of which the bafe is the triangle EBF, aQd vertex the 
point K; but this pyramid is equal f to the pyramid the bafe of f. c. n. 
which is the triangle AEG, and vertex the point H ; becaufe they 
are contained by equal and fimilar planes, wherefore the prifin hav- 
ing the parallelogram EBFG for its baie, and oppofite fide KH, is 
greater than the pyramid of which the bafe is the triangle AEG, and 
Vertex the point H. and the prifm of which the bafe is the paralle- 
Iqgram.EBFG, and oppofite fide KH is equal to the prifm haiing 
the triangle GFC for its bafe, and HKL the triangle oppofite to it ; 
and the pyramid of which the bafe is the triangle AEG, and vertex 
H, is equal to the pyramid of which the bafe is the triangle HKL, 
and vertex £>• therefore the two prifms before mentioned are 
greater than the two pyramids of which the bafes are th^ triangles 
AEG, HKL, and vertices the points H,D. Therefore tht whole py- . 
ramid of which the bafe is the triangle ABC, and vertex the point 
D, is divided into two equal pyramids fimikr to one another, and 
to the whole pyramid ; and hitp two equal prifms ; and the two 
prifins are together greater than half of, the whole pyramid. 
<^E. D. 



PROP. 
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Book XII, 
O-V^w^ PROP. IV. THEOR. 

See N. TF there be two pyramids of the fame altitude, upon rrlr 
angular bafes, and each of them be divided into two 
equal pyramids fimilar to the whole pyramid, and alfo into 
two equal prifms 5 and if each of thefe pyramids be di- 
vided in the fame manner as the firft two, and fo on. as 
the bafe of one of the firft two pyramids is to the bafc of 
the other, fo (hall a]] the prifms in one of them be to all 
the prifms in the other, that are produc9d by the fame 
number of divifious. 1 

Let there be two pyramids of the fame aidtnde upon the triangu- 
lar bafes ABC, DEF, and having their vertices in the points G, H; 
and let each of them be divided into two equal pyrajnids finular to \ 
the whole, and into two equal prifms ; and let each of the pyramids 
thus made be conceived to be divided m the lite manner, and fo on. 
as the bafe ABC is to the bafe DEF, fo are all the prifins in the py- 
ramid ABCG to all the prifms in the pyramid DEFH made by the 
fame number of divifions. 

Make the fame coaftruftion as in the foregoing propofidon. and 
becaufe BX is equal to XC, and AL to LC, therefore XL is paral- 

a. *. 6. lei « to AB, and the triangle ABC fimilar to the triangle LXC. for 
the fame reafon, the triangle DEF is fimilar to RVF. and becaufe 
BC is double of CX, and EF double of FV, therefore BC is to CX, 
as £F to FV. and upop BC, CX are dcfcribed the fimilar and fimi- 
larly fituated reftilineal figures ABC, LXC ; and upon EF, FV, in 
like manner, are defcribed the fmiilar figures DEF, RVF. therefore 

%, %%. «. as the triangle ABC is to the triangle LXC, fo *> is the triangle 

DEF to the triangle RVF, and, by permutation, as the triangle ABC 

to the triangle DEF, fo is. the triangle LXC to the triangle RVF, 

, and becaufe the planes ABC, OMN, as alfo the planes DEF, STY 

•. i|. II. are parallel*, the perpendiculars drawn from the points G,H to the 
bafes ABC, DEF, which, by the Hypotheiis, are equal to on6 ano- 

d. 17. II. ther, (hall be cut each into two equal ^ parts by the planes OMN, 
ST Y,becaufe the flraight lines GC,HF are cut into two equal parts in 
the points N, Y by the lame planes, therefore the priGns LXCOMN, 

RVFSTY are of the fame altitude; and therefore as the bafe LXC 

to 
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ko the bafe RVF ; that is, as the triangle ABC to the triangle DEF, Book XII. 
ib « is the p ifm having the tri^gle LXC for its bafe, and OMN the v^^vx^ 
triangle oppofitc to it, to the prifrnTof which the bafe is the triangle cCor.j*. 
RVF, and the oppofite triarigle STY. and becaufe the two prifms in "• 
the pyramid ABCG are eqpal to one another, ^id alfo the two prifms 
in the pyramid DEFH equal to one another, as the prifm of which 
the bafe is the parallelogram KBXL-and oppofite fide MO, t<J the 
prifm having the trian^e LXC for its bafe, and OMN the triangle op- 
pofite to it ; (o^ is the prifm of which the bafe is the parallelogram f. ?• f » 
PEVR, and dppofite fide TS, to the prifm of which the bafe is the 
triangle RVF, and oppofite triangle STY. therefore^ componendo; 
fts the prifions KBXLMO, LXCOMN together are unto the prifm 





LXCOMN; fo are the prifms PEVRTS, RVFSTY to the prifm 
RVFST Y. and, permutando, as the prifms KBXLMO, LXCOMN 
aie to the prifms PEVRTS, RVFSTY ; fo is the prifm LXCOMN 
to the prifm RVFSTY. but as the prifm LXCOMN to the prifm 
RVFSTY, fo is, as has been proved, the bafe ABC to the bafe 
DEF. therefore as the bafe ABC to the bafe DEF, fo are the t^^'o 
prifms in the pyramid ABCG to the two prifms in the pyramid 
DEFH. and likewife if the pyramids now made,- for example the 
two OMNG, ST YH be divided in the fame manner ; as the bafe 
OMN is to the bafe STY, fo fhall the two prifms m the pyramid 
OMNG be to the two prifms in the pyramid ST YH. but the bafe 
OMN b to the bafe STY, as the bafe ABC to the bafe DEF ; there- 
fore as the bafe ABC to the bafe DEF, fo are the two prifms in die 

pyramid 



)/' 
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Book Xll.pyrao^ ABCG to the two prifins in the pyramid DEFH; and fd 
are the two prifins in the pyramid CMNG to the two prifins in the 
pyrstoidSTYH; and fo are all fern* to all four, and the £une thing 
may be (hewn of the prifins made by dividing the pyramids AKLO 
Knd DPRS, ind of all made by die &me number of diYifioos. 
<^E. D* 



P R O P. V. T H E O R. 



toN. 



*OYx.AMiD^ of the fiune altkudc which have criangalar 
• bafe$> are to one another as their bafes. 



r 

Let the pyramtcis of which the triangles ABC, DEF are the 
baies, and of which the vertices ar^ the points G/H> be of the fiune 
idtitnde. as ibc baie ABC to the bafe DEF; ib is die pyramid 
ABCG to the pyramid DEFH. 

For, if it be not fo^ the bafe ABC moft be to the bafe DEF, as 

the pyramid ABCG to a ibiid either lefs than the pyramid DEFH, 

' or greater than it *. Fii*ft, let it be tp a folid lefs than it, viz. to the 

folid Q^ and divide the pyramid DEFH into two equal pyramids, 

fimilar to the whole, and into two equal prifmsl. therefore thefe 

A. 3* >^« two prifms are greater * than the half of the whole pyramid, and^ 
agam, let the pyramids made by this divifion be in like marnier di" 
vlded, and fo on^ until the pyramids which remain undivided in the 
pyramid DEFH be, all of them together, leis than die excefs of tbc 
pyramid DEFH above the folid Q^ let thefe, for example, be tbe^ 
pyramids DPRS, STY H. therefore the prifins, which make the reft 
of the pyramid DEFH, are greater than the folid Q^ divide likewife 
the pyramid ABCG in th^ iame manner, and into as many parts, 
as the pyramid DEFH. therefore as the bafe ABC to the bafe DEF, 

6^4* 12* {o ^ are the prifms in the pyramid ABCG to the prifms in the pyra- 
mid DEFH. but as the bafe ABC to the bafe DEF, fo, by hypo- 
thefis, is the pyramid ABCG to the fc^d Q^; and therefore, as the 
pyramid ABCG to the folid C^, fo are the prifms in the pyranud, 
ABCG to the prifms in the pyramid DEFH. but the pyramid 

tr f4* S' ABCG is greater than the prifms cont^ed in it ; wherefore ^ alfo 

the folid Qjs greater than the prifms in the pyramid DEFH. but 

it is alfo lefs, which is impoffible. therefore the bafe ABC is not to* 

* This may be explained the fame waj as at the note * in Fropofition i. in tfaic 
l&ecaie. 

the 



O F E U C, L I D. 25 J 

the bafe DEF, as the pyramid ABCG to smy folid which is lefs than Bodk Xli, 

the pyramid DEFH. in the fame manner it may be demonftrated, 

that the bafe DEF is not to the bafe A^C, as the pyramid DEFH 

to any folid which is lefs than the pyramid ABCG, Nor can the 

bafe ABC be to the bafe DEF, as the pyramid ABCG to any folid 

which is greater than the pyramid DEFH. for, if it be poffible, let 

it be fo to a greater, viz. the folid Z. arid becaufe the bafe ABC is 

to the bale DEF, as the pyramid ABCG to thie folid Z ; by inverfi- 

on, as the bafe DEF to the bafe ABC, fo is the folid Z to the pyra« 

taid ABCG. but as the fdld Z is to the pyramid ABCG, fo is the 







pyramid DEFH to fome folid f , which muft be lefs ^ than the py- d. i4« 5* 
ramid ABCG, becaufe the folid Z is greater than the pyramid 
DEFH. and therefore, as the bafe DEF to the bafe ABC, fo is the 
pyramid DEFH to a folid lefs than the pyramid ABCG ; the cxm- 
trary to which has been pnyved, therefore the bafe ABC is not to 
the bafe DEF, as the pyrasAl ABCG to any iblid which is greater 
than the j^yramid DEFH. and h has been proved that neither is the 
bafe ABC to the bafe DEF, as thepyranud ABCG toaify fc£d 
which is leg than die pyramid DEFH. Therefore as the bafe ABC 
& to die bafe DEF, fo is the pyramid ABCG tb die pyramid DEFH. ' 
Wherefore pyramids, &c. Qj^E. D. . ' 

•f TUt may be espUtned the fiutte wsy a^ the like at the mark f ia Prop. a. 

. ♦ 

prop; 
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PROP. VI. THEOR. 



• teN. "DYramids of the fame altitude which have polygons 

for their bafes, are to one another ars therr bafes. 

Let the pyratnids whfch have the polygons ABCDE, FGHKL^ 
for their bafes, and that vertices in the points M, N, be of the fanae 
altitude, as the bifc ABCDE to the bafe FCiiKL, fo is the pyra- 
mid ABCDEM to the pyramid FGHKLN. 

Divide the bafe ABCDE into the triangles ABC, ACD, ADE ; 
and the bafe FGHKL into the trmngles FGH, FHK, FKL. and 
upon the bafes ABC, ACD, ADE let there be as many pyramids of 
which the common vertex is the point M, and upon the remaining 
baiesas many pyramids having their common vertex in the point 
t. /. x'a. N. therefore, fmce the triangle ABC is to the triangle FGH, as » 
the pyramid ABCM to the pyramid FGHN; and the triangle ACD 
to the tiiangle FGH, as the pyramid ACDM to the pyramid FGHKj* 




and alfo the triangle ADE to the triangle FGH, as the pyramid 
ADEM to the pyramid FGHN ; as all the firft antecedents to their 

b. ». Cor. common confcquent, fo *> are all the other antecedents to their com- 
*^- *• mon confequent ; that is, as thehafe ABCDE to the bafe FGH, fo 
i» the pyramid ABCDEM to the pyramid FGHN. and for the 
fame reafon, as the bafe FGHKL to the bafe FGH, fo is the pyra- 
mid FGHKLN to the pyramid FGHN. and, by inverfion, as the 
bafe FGH to the bafe FGHKL, fo is the pyramid FGHN to the 
pyramid FGHKLN. then becaufe as the bafe- ABCDE to the bafe 
FGH, fo is the pyramid ABCDEM to the pyramid FGHN ; and as 
the bafe FGH to the bafe FGHKL, fo is the pyramid FGHN to the 

*. »». $. pyramid FGHKLN; therefore, ex aequali*^, as the bafe ABCDE to 

the 
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the bafe FGHKL, fo the pyramid ABCDEM to the pyramid Book Xll.' 
FGHKLN. Therefore pyramids, &c. Q^E. D. Vi>V-Nii 

PROP. VII. THEOR. 

> 

T7 VERY pnfm having a triangular bafe may be divided 
^^ into three pyramids that have triangular bafcs> and 
are equal to one another. 

Let there be a prifin of which the bafe is the triangle ABC, and 
fct DEF be the triangle oppofite to it. the prifm ABCDEF may be 
divided into three equal pyramids having triangular baies. 

Join BD, EC, CD ; and becaufe ABED is a parallelogram of 
which BD is the diameter, the triangle ABD is ^qual* to the tri- a. 34. i. 
angle EBD ; therefore the pyramid of which the bafe is the triangle 
ABD, and vertex the point C, ?s eqitarl *> to the pyramid of which b 5. i*. 
the bafe is the triangle EBD, and vertex the point G. but this p7- 
ramid is die fame with the pyramid the bafe of which is the triangle 
EBC, and vertex the point D ; for they arc contained by the fame 
planes, therefore the pyramid of which the bafe is the triangle 
ABD, and vertex the point C, is equal to the pyramid the bafe of 
which is the triangle EBC, and vertex the point D. again, becaufe 
FCBE is a parallelogram of which the dia- 
meter is CE, the triangle ECF is equal ■ to 
the triangle ECB ; therefore the pyramid 1\ 
of which the bafe is the triangle ECB, and 
vertex the point D, is equal to the pyra- 
mid the bafe of which is the triangle ECF, y 
and vertex the point D. but the pyramid 
of which the bafe is the triangle ECB, and k 
vertex the point D has been proved equal 
to the pyramid of which the bafe is the triangle ABD, and vertex 
the point C. Therefore the prifm. ABCDEF is divided into three 
equal p)Tamids having triangular bafes, viz. into the pyramids 
ABDC, EBDC, ECFD. and becaufe the pyramid of which the 
bafe is the triangle ABD, and vertex the point C, is the fame with 
tltc p)Tamid of which the bafe is the triangle ABC, and vertex the 
point D, for they are contained by the fame planes ; and that the 
pyramid of which tlic bafe is the triangle ABD, and vertex tic 
point C^ has been demonftrated to be a third part of the prifin the 

R bafe 
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l^ook Xll.bafe of which is the triangle ABC, and to which DEF is the bp-' 
Kjty^kJ pofite tf langle ; therefore the pyramid of which the bafe is the tri- 
angle ABC, and vertex the point D, is the third part of the priiin 
which has the &me baie, viz. the triangle ABC, and DEF is the 
oppofite triangle. Qj^fe. D. 

CoR. I . From this it is manifeft, that every pyramid is thethird 
part of a prifm which has the fame bale, and is of an equal altitude 
with it ; for if the bafe of the prifm be any other figure than a tri- 
angle, it may be divided into prifms having triangular baies. 

CoR. 2. Pri(ms of equal altitudes are to one another as their 
bafes ; becaufe the pyramids upon the fame bafes, and of the {ame 
tf. 6, I*, altitude, are ^ to one another as their bafes. 



\ 



PROP. Vin. THEOR. 

CImilar pyramids having triangular bafes, are one to 
^ another in the triplicate ratio of that of their homo- 
logous fides. 

Let the pyramids having the triangles ABC, DEF for their bafes/ 
and the points G, H for their vertices, be fimilar and fimilarly fitu- 
ated. the pyramid ABCG has to the pyramid DEFH, the triplicate 
ratio of that which the fide BC has to t^e homologous fide EF. 

Complete the parallelograms ABCM, GBCN, ABGK, and the 
folid parallelepiped BGML contained by thefe planes and thofe op-' 
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jjolite to them, and in like manner complete the folid^ parallelepiped 

EHPO contained by the three parallelograms DEEP, HEFR, 

DEHX, and thofe oppofite to them, and becaufe the pyramid 

# r^.Dcf. j^QQ jg (imii^ ^^ thg pyramid DEFH, the angle ABC is equal • to 
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the angle DEF, and the angle 'GBC to the angle HEF, and ABG Book XU. 
to DEH. and AB is *>. to BC, as DE to EF ; that is, the fides about v--^y^ 
die equal angles are proportionals ; wherefore the parallelogram^- *.i^*:*-tf- 
^M is fimilar to EP. for the fame reafon, the parallelogram BN is 
ii inilar to ER, and BK to EX. therefore the three parallelograms 
BM, BN, BK are fimilar to the three EP, ER, EX, but the three 
BM, BN, BK are equal and fimilar ^ to the three which are oppofite c. a4. "• 
to them, and the three EP, ERj EX equal and fimilar to the three 
oppofite to them, wherefore the folids BGML, EHPO are con- 
tained by the fame number of fimiUr planes ; and their folid angles 
are equal** ; and therefore the folid BGML is, fimilar ■ to the folid d. B. ix. 
EHPO. but fimilar folid parallelepipeds have the triplicate ^ ratio c. 33. 12. 
of that which their homologous fides have, therefore the folid 
BGML has to the folid EHPO the triplicate ratio of that which tlie 
iide BC has to the homologous fide EF. but as the folid BGML 
is to the folid EHPO,' fo is ^ the pyramid ABCG to the pyramid f. 15. 5. 
D£FH ; becaufe the pyramids are the fixth part of the folids, fince 
the prifm, which is the half « of the folid parallelepiped, is triple *» S- *8- 11. 
of the pyramid. Wherefore likewife the pyramid ABCG Jiias to the "• 7- "• 
pyramid DEFH, the triplicate ratio ctf that which BC has to the 
homologous fide EF. Q^E. D. 

Cor. From this it is evident, that fimilar pyramids which have sce N. 
multangular bafes, are likewife to one another in the triplicate ratio 
of their homologous fides, for, they may be divided into fimilar pyra- 
mids having triangular bafes, becaufe the fimilar polygons which arc 
their bafos may be divided into the fame number of fimilar.triangles 
homologous to the whole polygons ; therefore as one of the tri- 
angular pyramids in* the firft multangular pyramid is to one of th^ 
triangular pyramids in the other^ fp are all the triangular pyramids 
in the firft to all the triangular pyraiAids in the other ; that is, fo is 
the firft multangular pyramid to the other, but one triangular py- , 
f^imid is to its fimilar triangular pyramid, in the triplicate ratio of 
Aeir homologous fides ; and therefore the firft multangular pyra- 
mid has to the other, the triplicate ratio of that which one of th^ 
iides of the firft has to the homologous fide of the other. 

ft 
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P R O P. IX. T H E O R. 

'HT^HE bafes and altitudes of equal pyramids having tri- 
"^ angular bafes are reciprocally proportional, and tri- 
angular pyramids bf which the bafes and altitudes are re- 
ciprocally proportional, are equal to one another. 

Let the pyramids of which the triangles ABC, DEF are the 
biifes, and whicli have their vertices in the poiijts G, H be equal ta 
one another, the bafes and altitudes of the pyramids ABCG, DEFH 
are reciprocally proportional, viz. the bafe ABC is to the bafe DEF; 
as the altitude of the pyramid DEFH t6 the altitude of the pyra- 
mid ABCG. 

Complete the parallelograms AC, AG, GC, DF, DH, HF ; and the 
foli i parallelepipeds BGML, EHPO contained by thcfe planes and 
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thole oppofite to them, and becaufe the pyramid ABCG is equaJ 10 
the pyramid DEFH, and that the folid BGML is fextuple of the 
pyramid ABCG, and the ibiid EHPO fextuplc pf the pyrtmid 
5. DEMI ; theieforc the foiid BGML is equal • to the folid EHPO. 
but the balls and altitudes of equal folid parallelepipeds are recipro^ 
cally proportion;il ^' ; therefore as the bafe BjM to the bafe EP, fo is 
the akitude of the folid EHPO to the altitude of the folid BGML. 
but as the bafe BM to the bafe EP, fo is ^ the triangle ABC to the 
tri. nglc DEF ; therefore as the triangle ABC to the triangle DEF, 
10 is I kc altitude of the folid EHPO to the altitude of the folid 
PGML. but the altitude of the folid EHPO is tlic fame with the 
"iltii^idc of tl;c pyramid DEFH; and the altitude of the folid 

BGML 
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BGML is the feme with the altitude of the pyramid ABCG . tliere- Bock x i i . 
fore, as the bafe ABC to the bafe DEF, fo is the altitude of the v,>^->^ 
pyramid DEFH to the altitude of the pyramid ABCG. wherefore 
the bafes and altitudes of the pyramids ABCG, DEFH are recipro- 
cally proportional. 

Again, Let the bafes and altitudes of the pyramids ABCG, 
DEFH be reciprocally proportional, viz. the bafe ABC to the bafe 
DEF, as the altitude of the pyramid,DEFH to the altitude of the 
pyramid ABCG. the pyramid ABCG is equal to the pyramid 
DEFH. 

The fame conftruAion being made, becaufe as the bafe ABC to 
the bafe DEF, fo is the altitude of the pyramid DEFH to the alti- 
tude of the pyramid ABCG ; and as the bafe ABC to the bafe 
DEF, fo is the parallelogram BM to the parallelogram EP ; there- 
fore the parallelogram BM is to EP, as the altitude of the py- 
ranud DEFH to the altitude of the pyramid ABCG. but the al- 
titude of the pyramid DEFH is the fame with the altitude of the 
folid parallelepiped EHPO ; and the altitude of the pyramid AL>CG 
is the fame with the altitude of the folid parallelepiped BGMI.. as, 
therefore, the bafe BM to the bale EP, fo is the altitude of the fo- 
lid parallelepiped EHPO to the altitude of the folid parallelepiped 
B G M L. but folid parallelepipeds having their baies and alti- 
tudes reciprocally proportional, are equal ^ to one another, there- *>• 34. ti- 
fore the folid parallelepiped BGML is eqr:d to the folid paralklepi- . 
ped EHPO. and the pyramid ABCG is the fixth part of the (oVvl 
BGML, and the pyramid DEFH the fixth part of the foliJ EHPO. 
therefore the pyramid ABCG 1^5 equal to the pyramid DEFH. 
Therefore the bafes, &c. Q^E. D. 

PROP. X. THEOR. 

"P VERY cone is the third part of a cylinder which has 
•*~^ the fame bafe, and is of an equal altitude with ic. 

Let a cone have the fame bafe with a cylinder, viz. the circle 
ABCD, and the fame altitude, the cone is the third part of the cy- 
linder ; that is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it muft either be pT'eatt r 
than the triple, or Icfs than it. Firft, Let it be greater than t: e 
triple; and dcfcribc the fqnare ABCD in the circle; this fqnnrc i> 

R 3 g.uv.a- 
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Book XII grelter tj>an the half of the circle ABCD f. upon the fquare ABCQ 



erefl a prifm of the fame altitude with the cylinder ; this prifisa is 
grcarer than half of the cylinder; becauie if a fqiiare be deicribed 
about the circle, and a prifm ere6led upon the iquare, of the fame 
altitude with the cylinder, the infcribed (quare is half of that cir- 
ciimfci ibed ; and upon thefe fquare bafes are areAed folid paraliele- 
pipeds, viz. the prifms, of the fame altitude; therefore the prifin 
Tipon the fquare ABCD is the half of the prifm upon the fquare de- 
fc! ibed about the circle ; beciufe they are to one another as their 

a- 3i' «i- bafes*. and the cylinder is lefs than the prifm upon the fquare dc- 
fcribed abo\it the circle ABCD. therefore the prifm upon the fquare 
ABCD of the fame altitude with the cylinder, is greater than half 
of the cylincier. Bifeft the circumferences AB, BC, CD, DA in the 
points E, F, G, H ; and join AE, £B, BP, FC, CG, GD, DH, HA. 
then, each of the triangles AEB, BFC, CGD, DHA is greater than 
the half of the fegment of the circle in 
which it flands, as was (hewn in Prop. 
2. of this Book. Ercft prifms upon 
each of thefe triangles of the fame alti- 
tude with the cylinder ; each of thefc 
pnifms is greater than half of the feg- •»J 
mcnt of the cylinder in which it is ; be- 
icaiifc if through the points E, F, G, H X7^ 
J^arallels be drawn to AB, BC, CD, 
DA, and parallelograms be completed ^ 

upon the fame AB, BC, CD, DA, and folid parallelepipeds be e- 
refted upon the parallelograms; the prifms upon the triangles AEB, 

b. ». Cor. j3pe^ cG£)^ DHA are the halves of the folid parallelepipeds \ and 
^* '** the ftgmcnts of the cylinder which are upon the fegments of the 
circle cut off by AB, BC, CD, DA, are lefs than the folid parallele- 
pipeds which contain them, therefore the prifms upon the triangles 
AEB, BFC, CGD, bllA, are greater than half of the fegments 
of the cylinder in which they are. therefore if each of the circum- 
ferences be divided into two equal parts, and Ilraight lines be drawn 
from tlie points of divifion to the extremities of the circumferences, 
aiidl upon the triangles thus made prifins be erefted of the feme alti- 
tude with the cylinder, and fo on, there mull at length remain fome 
,:. Lemma, fegments of the cylinder which together are lefs ^ than the excefs of 
the cylhider above the triple of the cone, let them be thofe upon the 
ilgments of the cu-cle AE, EB, BF, FC, CG, GD, DH,H[A. there- 

' t As wvLS (bcwn in I'rop. ». of this Book. foTC 
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^bre the reft of the cylinder, that is the prifin of which the bafe isBook XU. 
the polygon AEBFCGDH, and of which the altitude is the fame 
with that of the cylinder, is greater than the triple of the cone, but 
this prifm is triple ^ of the pyramid upon the iame bafe, of which ^ 
the vertex is die fame with the vertex of the cone ; therefore the 
pyramid upon the bafe AEBFCGDH, hamg the fame vertex with 
the cone, is greater than the cone, of which the bafe is the circle 
AfiCD. but it is alfo lefs, for the pyramid is contained within the 
cone; which is impoilible. Nor can the cylinder be lefs than the 
triple of the cone, let it be lefs if poflible. therefore, inverfely, the 
cone is greater than the third part of the cylinder. In the circle 
ABCD defcribe a fquare, this fquare is greater than the half of the 
circle, and upon the fquare ABCD ereft a pyramid having the fame 
vertex with the cone ; this pyramid is greater than the half of the 
cone ; becaufe, as was before demonflrated, if a fquare be deicribcd 
about the circle, the Iquare ABCD is 
the half of it; and if upon thefe 
fquares there be erefted folid pai"alle- 
lepipcds of the fame altitude with the 
cone, which are alfo prifms, the 
prifm upon the fquare ABCD fhall 
be the half of that which is upon the 
fquare defcribed about the circle; for 
they are to one another as their ba- 
fes*; as are alfo the third parts of 

them, therefore the pyramid the bafe of which is the fquare ABCD 
is half of the pyramid upon the fquare defcribed about the circle, 
but this lad pyramid is greater than the cone which it contains ; 
therefohe the pyramid upon the fquare ABCD having the fame ver- 
tex with the cone, is greater than the half of the cone. Bifecl thp' 
circumferences AB, BC, CD, DA in the points E, F, G, H, and 
join AE, EB. BF, FC, CG, GD, DH, HA. therefore each of thp 
triangles AEB, BFC, CGD, DHA is greater than half of the fcg- 
ment of the circle in which it is. upon each of thefe triangles eredt 
pyramids having the ftme vertex with the cone, therefore each of 
thefe pyramids is greater than the half of the fegment of the cone 
in which it is, as before was demonflrated of the prifms and fcg- 
mcnts of the cylinder, and thus dividing each of the circumferences 
into two equal parts, and joining the points of divifion and their ex- 
tremities by ftraight lines, and upon the triangles ercfting pyramids 

R 4 having 
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took XII. having their vertices the {ame with that of the cone, and fo on, 
there muft at length remain fome fcgments of the cone which toge- 
ther fhall be lefs than the cxcefs of the cone above the third part of die 
cylinder, let thefe be the fegmcnts upon AE, EB,BF, FC,CG*GI>, 
DH, HA. therefore the reft of the 
cone, that is the pyramid, of which' 
the bafe is the polygon AEBFCGDH, 
and of which the vertex is the fame 
with that of the cone, is greater than 
the third part of the cylinder, but this 
pyramid is the tliird part of the prifm 
iipon the fiime bafe AEBFCGDH, 
and of the fame altitude with the cy- 
linder, therefore this prifm is greater 

than the cylinder of which the bafe is the circle ABCD. but it is 
alfo lefs, 'for it is contained witl.jn the cylinder ; whicli is impof- 
fible. therefore the cylinder is not lefs than the triple of the cone. 
and it has been demonftrated that neither id^it greater than the triple, 
therefore the cylinder is triple of the cqne, or, the cone is the third 
I^art of the cylinder. Wherefore every cone, &c. C^E. D. 

PROP. XI. THEOR. 




Sv 



"^ ^- f^OKES and cylinders of the fame altitude, are to one 






another as thfir bafcs. 



Let the cones and cx^linders, of which the bafes arc the circles 
ABCD, EFGH, and the axes KL, MN, and AC, EG die diameters 
of their bafes, be of die fame altitude, as the circle ABCD to the 
circle EFGH, fo is the cone AL to the cone EN. 

If it be not fo, let the circle ABCD be to the circle EFGH, as 
(he cone AL to fome folid cither lefs than the cone EN, or greater 
than it. Firft, let it be to a folid lefs than EN, viz. to the folid X ; 
and let Z be the folid which is equal to the excefs of the cone EN 
above the folid X ; therefore the cone EN is equal to the'folids X, 
2 together, in the circle EFGH defcribe the fquare EFGH, there- 
fore this fquare is greater than the half of the circle, upon the 
fquare EFGfl creft a pyramid of the fame altitude with the cone ; 
this pyramid is greater than half of the cone, for if a fquare be de- 
fcribed about the circle, and a pyramid be crcftcd upon it, having the 

iame 
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jame vertex with the cone f, the pyramid infcribed in the cone is half Book XII. 
of the pyramid circumicribed about it, becauie they are to one ano- v^<vx^ 
ther as their bafes *. but the cone is lefs than the circumicribed py- a. tf . t*. 
ramid ; therefore the pyramid of which the bafe is the fquare 
EFGH, and its vertex the fame with that of the cone, is greater 
than half of the cone, divide the circumferences EF, FG, GH, HE, 
each into two equal parts in the points O, P, R, S, and join EO, OF, 
FP, VGy GR, RH, HS, SE, therefore each of the triangles EOF, 
FPG, GRH, HSE is greater tlian half of t^e fegment of the circle 






1 



\J 



\ 



X 




In which it is. upon each of thefe triangles ereft a pyramid having; 

the lame vertex with the cone ; each of thefe pyramids is greater 

than the half of the fegment of the cone in which it is. and thus 

dividing each of thefe circumferences into two equal parts, and from 

the points of divifion drawing ftraight lines to the extremities of the 

drcumferences, and upon each of the triangles thus made erefting 

pyramids having the fcme verte?: with the cone, and fo on, there muft 

at length remain fome fegments of the cone which are together lefs*> b. LemiM. 

than th *folid Z. let thefe be the fegments upon EO, OF, FP, PG, 

t Vertex is put in place of altitude which ic in the Greek, becaufe the pyramid, 
in what follows, is fuppofed to be circumfcribed about the cone, and Co mud liave 
the fame vertex, and the iame change is made b fome places foUowuif. 

GR, 
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^ook XII. GR, RH, HS, SE. therefore the remainder of the cone, viz. the 
pyramid of which the bafe is the polygon EOFPGRHS, and its 
. vertex the fame with that of the cone, is greater than the folid X. 
In the drcle ABCD dcfcribc the polygon ATBYCVDQjJmilar to 
the polygon EOFPGRHS, and upon it ereft a pyramid of the fame 
altitude with the cone AL. and becaufc as the fquare of AC is to 
the fquare of EG, fo "" is the polygon ATB YCVDQjo the polygon 
EOFPGRHS ; ^nd as the fquare of AC to the fquare of EG, fb 
is ^ the circle ABCD to the circle E F G H ; therefore the circle 
ABCD is * to the circle EFGH, as the polygon ATBYCVDQjq 
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the polygon EOFPGRHS; but as the circle ABCD to the circl© 
EFGH, fo is the cone AL to the folid X ; and as the polygon 

«. €. 1%. ATBYCVDQ^to the polygon EOFPGRHS, fo is * the pyramid of 
which the bafe is the firft of thofe polygons, and vertex L, to the 
pyramid of which the bafe is the other polygon, and its vertex N. 
therefore as the cone AL to the folid X, fo is the pyramid of which 
the bafe is the polygon ATBYCVDQ^, and vertex L to the pyramid 
the bafe of which is the polygon EOFPGRHS, and vertexri^. but 
the cone AL is greater than the pyramid contained in it ; therefore 

f. «4. |. the folid X is greater ^ than the pyramid in the cone EN. but it is 
Ids, as was ihewn ; which is abfurd. therefore the circle ABCD is 

not 
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not to* the drdeEFGH^as the cone AL to any iblid which is lefs than Book XII. 



the cone £N. In the fame manner it may be demonftrated that the 
circle EFGH is not to the circle ABCD, as the cone EN to any ib- 
lid leis than the cone AL. Nor can the circle ABCD be to the circle 
EFGH, as the/xme AL to any folid greater than the cone EN. • for, 
if it be poffible, let it be fo to the folid I which is greater than the 
cone EN, therefore, by inverfion, as the circle EFGH to the circle 
ABCD, fo is the folid I to the cone AL. but as the folid I to the 
. cone AL, fo is the cone EN to fome folid, which muft be fels f than ^- «4. f • 
the cone AL, becaufc the folid I is greater than the cone EN. 
therefore as the circle EFGH is to the circle ABCD, fo is the cone 
EN to a folid lefs than the cone AL, which was fhewn to-be im- 
poflible. therefore the circle ABCD is not to the circle EFGH, as 
the cone AL is tQ any folid greater than the cone EN. and it has 
been demonfh*ated that neither is the circle ABCD to the circle 
EFGH, as the cone AL to any folid lefs than die cone EN. there- 
fore the circle ABCD is to the circle EFGH, as the cone AL to the 
cone EN. but as the cone is to the cone, fo ^ is the cylinder to the g. i j. f. 
cylinder ; becauie the cylinders are triple *> of the cones, each of !»• «o. «»• 
each* Therefore as the circle ABCD to the circle EFGH, fo are the 
cylinders upon them of the fame altitude. Wherefore cones and 
cylinders of the fame altitude, are to one another as their bafos. 
Q^E. p. 

PROP. XII. THE OR. 

OImilar cones and cylinders have to one another thp ^^* 

triplicate ratio of chat which the diameters of their 
bafes have. 

Let the cones and cylinders of which the bafos are the circles 
ABCD, EFGH, and die diameters of the bafes AC, EG, and KL, 
MN the axes of the cones or cylinders, be iimilar* the cone of ' 
which the bale is the circle ABCD, and vertex the point L, has to 
the cone of which the bafo is the circle EFGH, and vertex N, the 
triplicate ratio of that which AC has to EG. 

For if the cone ABCDL has not to the cone EFGHN the tri- 
plicate ratio of that which AC has to EG, the cone ABCDL ihall 
have the triplicate of that ratio to fome folid which is lefs or greater 

than 
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Bode XII. than the cone EFGHN. Firft, let it have it to a lefs.Tiz. to the Iblld 
X.^'Vs^ X. make the fame OMiftrufHon as la the preceedtng Proporition,aBd 
it may be demonflrated the very fame way as in that PropoGtioii, 
;that tiie pyranud of which the bafe is the polygon EOFPGRHS, and 
vertex N is greater than the folid X. Defcribe alfo in the circle 
ABCD the polygrai ATB YCVDQ^fimilar to the polygwi 
EOFPGRHS, up<Mi which erefl a pyramid having the feme vertex 
with the cone ; and let LAQJ>e one of the triangles contuning the 
pyramid upon the polygon ATBYCVDQ__thc vertex of which is 
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L ; and let NES be one of the triangles containing the pyramid vpoa 
(he polygon EOFPGRHS of which the vertex is N ; and join KQ_ , 
MS. becaufc dien the cone ABCDL is fimilar to the cone EFGHN. 
AC is ■ to EG, as die axis KL to the axis MN ; and as AC to EG, 
foi-isAKtoEM; dierefbre as AK to EM, fo is KL to MN ; and, 
alternately, AK to KL, as EM to MN. and the right angles AKL, 
EMN are equal ; therefore, the fides about thefc equal angles being 
proportionals, the triangle AKL is fimilar ' to the triangle EMN. 
again, bccaufe A£ is to KQ_, as EM to MS, and that thefe fides 
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ire about equal angles AX Q^, EMS, becaufe thefe angles are, Book XIL 
each of them, the fame part of four right angles at the centers K, \,^y^s^ 
M ; therefore the triangle AKQJs flmilar ^ to the triangle EMS. c. 6, 6, 
and becaufe it has been (hewn that as AK to KL, lb is EM to MN, 
'and that AK is equal to KQ_, and EM to MS, as QK to KL, fo is 
SM to MN; and therefore, the fides about the right angles QKL, 
S MN bemg proportionals, the triangle LKQ^is Amilar to the tri- 
angle NMS. and becaufe of the fimilarity of the triangles AKL, 
EMN, as LA is to AK, fo is N£ to EM ; and by the fimilarity of the 
triangles AKQ^, EMS, as KA to AQ^, fo ME to ES ; ex acquali<«, ^- **• S- 
LA is to AQ^, as NE to ES. again, becaufe of die fimilarity of 
the triangles LQK, NSM, as LQjo QK, fo NS to SM ; and from 
the fimilarity of the triangles KAQ^, MES, is KQjo QA, fo MS 
to SE ; ex aequali <*, LQjs to QA, as NS to SE. ani it was pro- 
ved that QA is to AL; as SE to EN ; therefdire, again, ex aequali, 
as QL to LA, fo is SN to NE. wherefore the triangles LQA, NSE, 
having the fides about all their angles proportionals, are equiangu- 
lir * and fimilar to one another, and therefore the pyramid of T;^hich c. 5. 6, 
the bafe is the triangle AKQ^, and vertex L, is fimilar to the pyra- 
mid the bafe of which is the triangle EMS, and vertex N^ becaufe 
the^ folid angles are equal f to one another, and they are contained f.*B. 11. 
by the fame number of fimilar planes, but fimilar pyramids which 
have triangular bafes have to one another the triplicate « ratio of that g. 8. is. 
which their homologoas fides have ; therefore the pyramid AKQL 
has to the pyramid EMSN the triplicate ratio of that which AK has 
to EM. In the lame manner, if ftraight lin^ be drawn from the 
points D, V, C, Y, B, T to K, and from the points H, R, G, P, 
F, O to M, and [^fyramids be eredled upon the triangles having the 
lame vertices with the cones, it may be dembufhated that each py- 
ramid in the firft cone has to each in the other, taking them in the 
fame order, the triplicate ratio of that which the fide AK has to the 
£de EM ; that is, which AC has to EG. but as one antecedent to 
its coniequent, lb are all the antecedents to all the confequents ^ ; h. i»< $• 
therefore as the pyramid AKQL to the pyramid EMSN, fo is the 
whole pyramid the bafe of which is the polygon DQATB YCV, and 
vertex L, to the whole pyramid of which the bafe is the polygon 
HSEOFPGR, and vertex N. wherefore alfo the firft of thefc two 
lad named pyramids has to the other the triplicate ratio of that which 
AC lias to EG. bat, by the hypothefis, the cone of which the bafe 
is the circle ABCD, and vertex L has to the folid X, the triplicate 

ratio 
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Book Xli. ratio of thftt whidi AC tus tb EG ; therefore as the cone of which 
; the bafe is the circle ABCD, and rencx L, is K) the fcdid X, fo 
is the pyranud the bafe of which is the polygim DQATBYCV, 
and vertex L to the pyramid the bale of which it the pcdygcn 
HSEOFPGR and vertex N. but the feid ccaie is greater than the 
pyramid contained in it, therefore the l<did X is gream- ■ thao the 
pyramid the bafe of which is the ptJygon HSEOFPGR, and vertex 
N. but it is al(b lefs; which is impoffible. tberdoFe tbc cone of 
which the bafe is the drcle AHCD, and vertex L has not to any fo- 




lid which is lefs tlian the confe of which the bafe is the curie 
EFGH and vertex N, the triplicate ratio of that which AC has to 
EG. In the fame manner it may be demonlb^ted that neither has 
the cone EFGHN to any folid which is lefs than the cone ABCDL, 
the triplicate ratio of that which EG has to AC. Nor can the cone 
ABCDL have to any folid which is greater than the cone EFGHN, 
the triplicate ratio of that which AC has to EG. for, if it be pof- 
fible.Iet it have it to a greater, vii, to the folid Z. therefore, invcrfc- 
ly* the folid Z has to the cone ABCDL the triplicate ratio of that 

which 
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which EG has to AC. but as the folid Z is to the cone ABCDL, Book XII. 

fo IS the cone EFGHN to fomc folid, which mufl be lefs * than the v^^pvx> 

cone ABCDL, becaufe the folid Z is greater than the cone EFGHN, i. 14. s. 

therefore the cone EFGHN has to a folid which is lefs than the cone 

ABCDL, the triplicate ratio of that which EG has to AC, which 

was demonftrated to be impoflible. therefore the Cone ABCDL has 

not to any folid greater than the cone EFGHN, the triplicate ratio 

of that which AC has to EG ; and it was demonftrated that it 

toold not have that ratio to any folid lefs than the cone EFGHN. 

therefore the cone ABCDL has to the cone EFGHN, the triplicate 

ratio of that which AC has to EG. but as the cone is to the cone, 

fo ^ the cylinder to the cylinder, for every cone is the third part of k. 15. $: 

the cylinder upon the fame bafe, and of the fame altitude, tbert- 

fore alfo the cylinder has to the cylinder, the triplicate ratio of that 

^hich AC has to EG. Wherefore fimilar cones, &c. Q^E. D. 



PROP. Xin. THE OR. 

TFa cylinder be cut by a plane parallel to its oppofite secir. 

planes, or bafes ; it divides the cylinder into two cy- 
linders, one of which is to the other as the axis of the 
firft to the axis of the other. 

Let the cylinder AD be cut by the 
{)lane GH parallel to the oppofite planes 
AB, CD, meeting the axis EF in the 
point K, and let the line G H be the 
tommon fef^ion of the plane G H and 
the furface of the cylinder AD. let 
AEFC be the parallelogram, in any po- 
fition of it, by the revolution of which a 
tbout the ftraight line EF the cylinder 
AD is defcribed ; and let GK be the 
common feAion of the plane GH, aiid 
the plane AEFC. and becaufe the pa- 
rallel planes AB, GH are cut by the 
plane AEKG, AE, KG, their common 

fefHons with it, are parallel •; where- T I c ^ f^ "Y" »• '^- *¥ 
«>re AK is a parallelogram, and GK e- 
qaal to E A the ftraight line from the V 
<^ter of tho circle AB. for the &me 

feafoo^ 
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Book Xll.reafon^ each of the ftraight lines drawn from the point K to the Ihe 
y^^Y^^ GH may be proved to be equal to thoie which are drawn from the 
center of the circle AB to its circumference, and are therefore all 
e<jual to one another, therefore the line GH is the circumference of 
b.r5.De£.i.a circle ^of which the center is the pdnt K. therefore the plane GH 
divides the cylinder AD into the cylinders AH, GD ; for they are 
the fame which would be defcribed by the revoludon of the paral- 
lelograms AK, GF about the ftraight Unes £K, KF. and it is to be 
ihewn that the cyUnder AH is to the cylinder HC, as the axis £K 
to the axis KF. 

Produce the axis EF both ways; and take any number of 
flraight lilies £N, NL, each equal to £K ; and any number FX, 
XM, each equal to FK ; and let planes 
parallel to AB» CD pafs through the 
points L, N, X, M. therefore the com- 
, mon fe(^ions of thefe planes with the 
cylinder produced are circles the centers 
of which are the points L, N, X, M, 
as was proved of the plane G H ; and 
thefe planes cut off the cylinders PR, 
RB, DT, TQ^ and becaufc the axes 
X.N, NE, £K are all equal, therefore 
. the cylinders PR, RB, BG arc *= to one 
anoiiicr as their bafes. but their bafes 
are equal, and therefore the cylinders 
PR, RB, BG are equal, and becaufe 
the axes LN, NE, EK are equal to one T 
anotner, as alfo the cylinders PR, RB, 
BG, and that there are as many axes as V 
cylinders ; therefore whatever multiple 

the axis KL is of the axis KE, the fame multiple is the cylinder PG 
x>f the cylinder GB. for the fame reafon, whatever multiple the axis 
MK is of the axis KF, the fame multiple is the cylinder QG of the 
cylinder GD. and if the axis KL be equal to the axis KM, the cy- 
linder PG is equal to the cylinder GQ_; and if the axis KL be 
greater than the axis KM, the cylinder PG is greater than the cy- 
linder GQ^; and if lefs, Icfs. fince therefore there are four magni- 
tudes, viz. the axes EK, KF, and the cylinders BG, GD, and that 
of the axis EK and cylinder RG there has been taken any equimul- 
ples whatever, viz. the axis KL and cylinder PG ; and of the axis 

KF 
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EF and cylinder GD, any equimultiples whatever, viz. the axis Km Book Xiu 
and qflinder GQ_; and it has been demonflrated if the axis KL be v>V<i> 
greater than the axis KM, the qrlinder PG is greater than the cylin- 
der GQ^; and if equal, equal ; and if lefs, lefs. therefore <i the axis d.s.B«f. ii 
EK b to the ^txis KF, a| the. cylinder BO to the cylinder GDi 
Wherefore If a cylinder, &c. Q^E^ D. 

■ • 

PROP. XIV. THEOk. 

/^^ ONES and cylinders upon equal bafcs arc to chB 
^^ another aa thch: ahitudcsi 

' • • • • . * i •' 

Let the cylinders EB, FD be upon the equal oafes AB, CD. as 
the cylinder ^B to the cylinder FD, fo is the axis GH to the 
axisKL. 

Produce the axis KL to the point N, and make LK eqital to thd 
axis GH, and let CM be a cylinder of Which the bafe is CD, and 
axis LN. and becaufe the cylinders £B, CM have the fame altitude, 
they are to one another as their bafes^. but their baies are eqtiid,there^ a. li. ili 
fore alio the cylinders EB, CM 



are equal, and becauie the cy- 
linder FM is cut by t^e plane CD 
parallel to its oppofite planes, as 
thecylinder CM to the cylinder £ 
Fd, lb is <> the axis LN to the 
asds KL. but the cylinder CM 
is equal to the cylinder EB, and 
the axis LN to the axis GH. 
therefore as the cylinder EB to A. 
the cylinder FD, (o is the axis 
^GH to the axis KL. and as the cylinder EB to the cylinder Ft), Cd 
is « the cone A BG. to the cone CDK, becaufe the cylinders are c. f^ j. 
tr^>le <* of the cones, therefore alfo the axis GH is to the axis KL. d. lo. m* 
as the cone ABG to the cone CDK, and the cylinder EB to the cy* 
Wer FD. Wherefore cooes, &c. Q^E. D. 
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SeeN. 



npH E bafes and altitudes of equal cones and cyTindcr«# 
''' are reciprocally proportional ; and if the bafes and 
altitudes be reciprocally proportional, the cones and cy* 
Huders are equal co one another* 



Let the circles ABCD, EFGH, the diameters of vhich are AQ 

EG, be the bafes, and KL, MN the axes, as alfo the altitudes^ of 
equal cones nnd cylinders; and let ALC, ENG be the cones, and 
AX, EO the cylinders, the bafes and altitudes of the cylinders AX, 
EO are reciprocally proportional ; that is, as the bafe ABCD to the 
bafe EFGH, fo is the altitude MN to the altitude KL. 

Either the altitude MN is equal to the altitude KL, or theie al< 
titudes are not equal. Firft, let them be equal ; and the- cy^nders 
AX, EO being alio ecual, and cones and cylinders of the fiune alti- 

i*. ir. II. rude bein;; to one another as their bafes*, therefore the bafe ABCD 

b. A. 5. is equal ^ ro the lafe EFGH ; and as the bafe ABCD is to the bafe 
EFGH,fo2stheal- 
ritiide MN to the 
altitude KL. but 
let the altitudes KL, 
MN be unequal, 
and^N the greater 
of the two , a: d 
from MN take MP 
equal to K L, and, ^ 
through the point" 
P, cut the cylinder 
EO by the plane 
TYS parallel to the oppofite planes of 'the ciVdcs EFGH, RO; 
therefore the common feflion of the plane TTS and the cylindef to 
is a circle, and confequently ES is a cylinder, the bafe of which is 
the circle EFGH, arid altitude MP.- andbecauTe the cylinder AX 

^. 7. 5' is cqiial to the cylinder EO, ati AX is to the cylinder ES, fo* i»^ 
the cylinder EO* to tRe fame ES. bnt as the cylinder AX toAc 
cylinder ES, fo • is the bafe ABCD to the bafe EFGH ; for the cy- 
linders AX, ES are of the fame altitude; and as the cylinder EO 

J. tj. «a'. to tht cylinder ES, fo * is the altitude MN to the altitude MP, be- 

» *. caufe 
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ianfe the cylinder EO is cut by the plane TVS parallel to Its op- Bpok XlU 
J^fite plapes. therefore as the bafe ABCD to the bafe £FGH, fo v>v^ 
is the altitude MN to the altitude MP. but MP is equal to the 
^titode KL ; wherefore as the bafe ABCD to the bafe £FGH, fo 
h the altitude MN to the altitude KL ; that is» th^ bafes and alti- 
tades of the equal cylinders AX, EO are reciprocally proportional. 

But let the bafes and altitudes of the cylinders AX, £0, be re* 
dprocally proix>rtional, viz. the bafe ABCD to the bafe EFGH, as 
tbe altitude MN to the altitude KL. the cylinder AX is equal to thtf 
cyhoder EO. 

Firft, let the bafe ABCD be equal to the bafe EFGH, then be-^ 
caule as the bafe ABCD i^ to the bafe EFGH, fo is the altitude 
MN to the altitude KL ; MN is equal ^ to KL, and therefore the b. A. /; 
cyfinder AX is equal * to the cylinder EO. an. i/^' 

But kt the bafes ABCD, EFGH be unequal, tod let ABCD be 
the greater ; and becaufe as ABCD is to the bafe EFGH, fo is the 
altitude MN to the altitude KL, therefore MN is greater ^ than 
KL ; then, the iaoie conftruAion being made as before, becaufe as 
Che bafe ABCD tp the bafe EFGH, (o is the altitude MN to the al^ 
titude KL ; and becaufe the altitude KL is equal to the altitudo 
MP ; therefore the bafe ABCD is ■ to the bafe EFGH, as the cylio- 
isT AX to the cylinder ES ; and as the altitude MN to the altirudrf 
MP or KL, fo is the cylinder £0 to the cylinder ES. therefofe th<s 
cylinder AX is to the cylinder ES, as the cylinder £0 is to the (Iinid 
ES. whence the cylinder AX is equal to the cylinder £0. and 
fhc ial^b reafonbg holds in cones. Q^ E. D. 

-*'. ^ J FROf. XVI. ]?feOB. 

nnO defcribc in the grcatcf ©if two circfei that fiatc thi 
'^ fanae center, a polygon of an even number of cquat 
fides, that (hall not meet the lefTer circle. 

Let ABCD, EFGH be two gl;ren cfrcles having the feme dentct' 
K. it is required to infcribe in the greater circle ABCD a polygon 
^? of an even number of equal fides, that (hall not meet the klTe/ 
&de. 

Through the center K draw the ftraight line BD, ind frdm thtf 
iM^t G, where ii naeets die circumference of the kfler «irdcy dra^^ 

S a GA 
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Fook XII. GA at right angles to BD» and produce it to C ; therefiire AO 

x^.y^v^'U touches^ the circle EFGH. then if the drcumfereQce BAD be \A-^ 

a. 1 6. 3. ieAed, and the half of it be again bifefled^ and fo on, there maft 

b. Lemma, at length remain a circumference lefs ^ than At), let this be LD ^ 

and from the point L draw LM 

perpendicular to BD, and produce 

it to N ; and join LD» DN. there- 
fore LD is equal to DN, and be- 

eaufe^LN is parallel to AC, and that jQ 

AC touches the circle EFGH; 

therefor^ LN does not meet the 

circle EFGH. and much lefs (hall 

the ftraight lines LD, DN meet the 

circle EFGH. fo that if ftfaight lines eqnal to LD be applied Ig 

the circle ABCD from the point L around to N, there Ihall be de- 

fcrlbed in the drcle a polygon of an eved number of equal fides not 

meeting the Id&r circle, Whioh was to be ddnc. 




» aS. 3. 
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"If two trapeziums ABCD, EFGH be infcribcd m the 
circles the centers of which are the points K, L ; and 
if the fides AB, DC be parallel, as alfo EF, HG ; and the 
6ihtr four fides AD, BC, EH, FG be all equal to one 
another; but the fide AB greater chao £F, and DC 
greater than HG. the ftraight Imc KA from the center 
of the circle in which the greater £kie&a»re, is g^reatef than 
the ftraight line LE drawn from the center to the dr* 
cumferenCe of the other circle- 

If it DC pofTible, let KA be not greater than LE ; then KA muft 
be either equal to it, or lefs. Firft, let KA be equal to LE. there- 
fore becaufe in two equal circles, AD, BC in the one are equal to 
EH, FG in the other, the circumferences AD, BC are equal • to 
the cu-cumferences EH, FG ; but becaufe the fbaight Hues AB» 
DC are refpeftively greater than EF, GH, the circumferences AB, 
DC are greater than EF, HG. therefore the whole drcumfereoce 

ABCD is greater than the whole EFGH } but it is aUb equal to it, 

whicb 



1 
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wKch is impoffible. therefore tlve /hraight line KA is not equal 

CO LE, 

But kt KA be lefs than LE, and make LM equal to KA, and 
from the center L, and diftance LM defcribe the ckcle MNOP, 
meeting the ftraight lines LE, LF, LG, LH, in M, N, O, P ; and 
join MN. NO, OP, PM which are refpeftively parallel ^ to, and lefs 
than EF, FG, GH, HE. then, becaufe EH is greater than MP, AD 
is greater than MP ; and the circles ABCD, MNOP are equal, 






Hoo'v }<ft. 





b. «. tf. ., 



therofcm fhe^drcuinfer^Qoe AD It greater than MP ; for the fine 
xeafoni th^ circumference BC is greater than NO ; and becaT^.fc the 
ftr^g^t liiie, AB is greater than EF which is greater than MN, much 
nioreis AB greater thaa MN. therefore the circumference K\\ is 
l^terthanMN; aad'forthe fine rdafdn','the circumference DC 
fa greater tteii PO. therefore the? whole cb-cumference ABCD is 
gttator thaa the wbole MNiO]^^ bat It is MkewKe equal to it, whicii 
is inqiofiEUe. ttodforct KA«i9 mot.It^s ^hati L£ ; nor is it equal 
lo !):( the ftn^ghf Jin^ KA muft therefore be greater than L£. 
QlE. d. 

Cor. And if there be an Ifofceles triangle the fides of which 

f apcfi^aj to AD,.BC, but its bafe lefs than AB the greater of the 
two fi4es AB, DC ; the ftraight line K A may, in the fame manner, 

- be demooftrated to be gi^eater than the ftraight line drawn from the 
center to the circumference of the circle defaibed about the tri- 
angle. 

■ S3 PROP. 
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Pook Xtl, 

S^ry-^j PROP. XVn. PROB. 

Sec N. nnO defcribc in the greater of two fphercs which havj^ 
•^ the fame center, a folid polyhedron, the fuperficies 
of which fhail not meet the leffer fpherc. 

Let there be two fphcres about the fame center A ; it is required 
to dtlcilbc in the greater a folid polyhedron the fuperficies of which 
ftiall not meet the lefler fphere. 

Let the fpheres be cut by a plane pafling thro' the center ; the 
commoiyfeftions of it with the fpheres ihall be circles ; becgufe the 
iphere is defcribed by the revolution of a femidrcle about the dia- 
meter rcmainirg unroovcable; fo that in whatever pofition the femi* 
circle be conceived, the common fedlion of the plane in which it is 
with the fuperficies of the fphere is the circumference of a circle ; 
and this is a great circle of the fphere, becaufe the diameter of the 
t. i^. 3* fphere which is liktwife the diameter of the circle, is greater * than 
any ftiaight line in the circle or fphere. let then the circle made by 
the fertion of the plane with the greater fphere be BCDE, and with 
the lefTer fphere be FGH ; and draw the two diameters BD, CE at 
right angles to one another, and in BCDE th^ greater of the two 

b. x^. II. circles dcfcribe ^ a polygon of an even number of equal fides pot 

riX'cring tbekfcr circle FGH; and let its fides, in BE the fourth 
part of the» circle, be BK, KL, LM, ME; join KA and produce it 
to N ; and from A draw AX at right angles to the plane of thfc circle 
PCDE meeting the fuperficies of the fphere in the point X ; and let 
planes pafj, thro' AX and each of the ftraight lines BD, KN, which, 
fi cm what has been faid, (hall produce great cirdes on the fuperfi- 
cics of the fjhcre. and let BXD, KXN be the fcmidrclcs thus made 
upon the dirmeters BD, KN. therefore, becaufe XA is at right 
aiir^lcs to the plane of the circle BCDE, every plane which paf- 

c. 18. II. f^s thro' XA is at right * angles to the plane of the circk BCDE; 

where fore (l;e femicides BXD, KXN are at right angles to that 
plane, and becaufe the ftroicircles l:ED, BXD, KXN, upon thcc- 
qr.al dhn etcis ID, KN are equal to one another, their fourth parts 
}F, 1<X, KX are eqv.al to one another, therefore as many fides of 
the polypon as are in the fourth part BE, fo many there art in BX, 
jr \ t\ i:al to the fides BK, KL, LM, ME. let thcfe polygons be 
defaibed, and |heir fides be BO, OP, PR, RX; KS, ST, TY, 

yx, 
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and Join OS, PT, RY; and. from the points O, S draw OV, Boo'c XII. 
SCi_ perpendiculars to AB, AK. and becaufc tlie plane BOXD is at v,-o^x^ 
right angle? to the plane BCDE, and in one of them BOXD, OV is 
drawn perpendicular to A B the common feftipn qf the planes, 
therefore OV is perpendicular* to the plane BCDE, for the famed 4-005.11. 
reaQ>n SQ^is perpendicular to the feme plane, becaufe the plane 
KSXN is at right angles to the plane BCDE. Join VQ_, and be- 
caofe in the equal femiclrcles BXD, KXN the circumferences BO, 




KS are equal, and OV, SQ^are perpendicular to their diameters, 
therefore • OV is e^ud to SQ_, and BV equal to KQ^ but the 
whole BA is equal to the whole KA, therefore the remainder VA is 
equal to the remainder QA. as therefore BV is to VA, fo is KQjo 
QA, wherefore VQJs parallel * to BK. and becaufe OV, SC^are 
each of them at right angles to the plane of the circle BCDE, OV is 
parallel f to SQ_; and it has been proved that it is alfo equal to it ; f. 6. 
therefore QV, SO are equal and parallel «. and becaufe QV is pa- g- 33 
rallcl to SO, and alfo to KB J OS is parallel »» to. BK 5 anduhercfore h- 9. 

S 4 CO, 
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Sook XII. BO, ES vhicb jcdn them are in the fiune plane in in^iich thefe pad.* 
\^-Y>~/ Icis arc, and the quadrilateral 6gnre KBOS Is b one plane and if 
PB, TK be joined, and perpendiculars be drawn from the pcina P, 
T to the ih^ght lines AB, AK, it may be demonftrated that TP ii 
parallel to KB In the very fame way th^t SO was Ihpni to be paial- 
|i g. II. lei to the fame KB ; wherefore *^ TP is parallel to SO, and the qDa< 
drilateral figure SOPT is in one plane. fi:»- the fante reafon the qu; 
drilateral TPRY is in one plane, and the figure YRX is ai£> in goe 




plane 1. therefore, if from the points 0, S, P, T, R, Y there be 
di-3wn /Iraipht lines to the point A, there (hall be formed i folid 
polyhedron between the circumferences BX, KX compofed of pyra- 
mids the bafes of which arc the quadrilaterals KBOS, SOPT, 
TPRY, and the triangle YRX, and of which the common vertex Is 
tl)e point A. and if the Cime conftruflion be made upon each of the 
iides KL, LM, ME, as has been done up<Mi BK, and the like be 
done alio in the other three quadrants, and in the other hcmifpherei 
ihert Hull be formed a foiid polyhedron defaibed in Uw fiJwre, 

compowi 
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fompofed of pTrainids the bafes of which are the aforeiaid qnadri- Book XII, 
lateral figures, and the triangle YRX, and thofe formed in the like v^^y-%./ 
manner in the reft of the fphere, the common vertex of them all 
being the point A. and the fuperficies of this folid polyhedron does 
not meet the leflcr fphere in which is the <;irde FGH. for from the 
point A draw ^ AZ perpendicular to the plane of the quadrilateral k. n. it. 
KBOS meeting it in Z, and join BZ, ZK. and becaufe AZ is per- 
pendicular to the plane KBOS, it makes right angles with every 
flraight line meeting it in that plane ; therefore AZ is perpendicular 
to BZ and ZK. and becaufe AB is equal to AK, and that th^ 
fquares of AZ, ZB, are equal to the fquare of AB ; ^nd the fquares 
of AZ, ZK to the fquare of A|C* ; therefore the fquares of AZ, • 4f • «• 
ZB arc equal to the fquares of AZ, ZK. take from thefe equals the 
fquare of AZ, the remaining fquare of BZ is equal to the remaining 
fquare of ZK ; and therefore the ftraight line BZ is equal to ZK, 
in the like manner it may be demqnftrated that the ftraight lines 
drawn from the point Z to the pmnt^ O, S are equal to BZ or ZK. 
therefore the circle defcribed from the center Z, and diftance ZB 
(hall pafs thro' the points K, 0, S, and KBOS (hall be a quadrilateral 
figure in the circle, and becaufe KB is greater than QV, and QV 
equal'to SO, therefore KB is greater than SO. but KB is equal to 
each of the ftraight lines BO, KS ; wherefore each of the circumfe- 
rences cut off by KB, BO, KS Is greater than that cut off by OS ; 
and thefe Idiree circumferences together with a fourth equal to one 
of tl^em^ are greater than the fame three together with that cut off 
by O^ ; that is, than the whole circumference of the circle ; there- 
fore the circumference fubtended by KB is greater than the fourth 
part of the whole circumference of the circle KBOS, and confequent- 
ly the angle BZK at the center Is greater than a right angle, and 
becaufe the angle BZK is obtufe, the fquare of BK is greater 1 than 1. 1*. *•' 
the fquares of BZ, ZK ; that is, greater than twice the fquare of 
BZ. Join KV, and becaufe in the triangles KBV, OBV, KB, BV 
are equal to OB, BV, and that they contain equal angles ; the angle 
KVB is equal "to the angle OVB. and OVB is a right angle ; m. 4. i» 
therefore alfoKVBis a right angle, and becaufe BD is lefs than twice 
DV, the reftangle contained by DB, BV is lefs than twice the reft- 
angle DVB ; that is » , the fquare of KB is lefs than twice the »• •• *• 
fquare of KV. but the fquare of KB is greater than twice the 
fquare of BZ ; therefore the fquare of KV is greater than the fquare 
QfBZ. and becaufe BA is equal to AK, and that the fquares of 

BZ, 
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Book XII. BZ» ZA are equal together to the fquare of BA, and the fquares of 
*^»^V^^ KV, VA to the fquare of AK ; therefore the fquares of BZ, ZA 
are equal to the fquares of KV, VA ; and of thefc the fquare of K V 
is greater than the fquare of BZ, therefoie the fquare of VA is lels 
than the fquare of ZA, and the ftraight line AZ greater than VA^ 
much more then AZ is greater than AG, becaule in the proceeding 
Propofition it was ftitwn that KV falls without the circle FGH. and 
AZ is perpendicular to the plane KBOS, and is therefore the (horteft 
of aU the ftraight lines that can be drawn from A the center of the 
fphere to that plane. Therefore the plane KBOS does not me«:t the 
leilcr fphere. 

And that the other planes between the quadrants BX, RX fall 
vixbout the lefler fphere, is thus demonftrated. from the point A 
draw AI perpendicular to the plane of the quadrilateral SOFT, and, 
join TO ; and as was demonfti ated of the plane KB' 'S and the point 
Z, in the fame way it may be^ftiewn that the point I is the center of 
a circle defcribed about SOFT, and that OS is greater than PT ; 
and PT was (hewn to be parallel to OS. therefore becaufe the two 
trapcriums KBOS, SOFT iafaibed in circles have their fides BK, 
OS parallel, as alfo OS, PT ; and their other fides BO, KS, OP, 
ST all equal to one another, and that BK is greater than OS, and OS 
«. %, Lem. greater than PT, therefore the ftraight line ZB is greater <> than 10. 
<*. Join AO which will be equal to AB ; and becaufe AIO, AZB arc 
right angles, the fquares of AI, 10 are equal to the fquare of AO or 
of AB ; that is, to the fquares of AZ, ZB ; and the fquare of ZB 
is greater than the fquare of 10, therefore the fquare of AZ is leis 
than the fquare of AI ; and the ftraight line AZ kfs than the ftraight 
line AI. and it was proved that AZ is greater than AG ; much 
more then is AI greater than AG. therefore the plane SOPT fialb 
wholly without the lefler/phere. in the fame manner it may be de* 
monftrated that the plane TPRY falls without the iame fphere, as • 
alio the triangle YRX, viz. by the Cor. of 2d Lemma, and after 
the fame way it may be demonftrated that all the {Janes which con- 
tain the folid polyhedron fall without the leller fphere. therefore in 
the greater of two fpheres which have the fame center, a folid poly* 
hedron is defcribed the fuperficies of which does not meet the lefler 
iphere. Which was to be done. 

But the ftraight line AZ may be demonftrated to be greater than 
AG otherwife-and in a fliorter manner, without the help of Prop. 
1 6. as follows. From the point G draw GU at right angles to AG 

« 

and 
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.aod jdii AU. if then the circumference BE be bifeOed, and its haffBook XIL 
again bifeAed, and (o on, there will at length-be left a drcumferenoe v^y^ 
lefs than the circumference which is.fubtended by a ftraight- line e« 
qual to GU infcribed in the circle BCDE. Jet this be the circumfe- 
rence KB. therefore the flraight Imc KB is lefs than GU. and be^ 
caufe the angle BZK is obtufe, as* was proved in the.preceeding, 
therefore BK is greater than BZ. but GU is greater than BK ; 
much more then is CU greater than BZ, apd the fquare of GU than 
the fqnarc of BZ. and A U is equal to AB ; therefore the fquare of 
AU, that^s the (quares of AG, GU are equal to the fquare of AB, 
that is to the fquarcs of AZ, ZB ; but the fquare of BZ is lefs than 
the fquare of GU ; therefore the fquare of AZ is greater than the 
fquare of AG, and the ftraight line AZ confeqoently greater than • 
the ftraight line AG, 

CoR. And if in the lefler fphere there be defcribed a folid poly- 
hedron by drawing ftraight lines betwixt the points in which the 
fli;aight lines from the center of the fphere drawn to all the angles of 
the folid polyhedron in the greater fphere meet the fuperfides of the 
lefler ; in the fame order in which are joined the points in which the 
fame lines from the center meet the fuperfides of the greater fphere ; 
the folid polyhedron in the fphere BCDE has to this other folid po- 
lyhedron the triplicate ratio of that which the diameter of the fphere 
BCDE has to' the diameter of the other fphere. for if thefe two fo' 
lids be4ivided into the fame number of pyramids^ and in the fame 
onler ; the pyramids (hall be fimilar to one another, each to eadi. 
becauie they have the folid angles at their common vertex, the cen- 
ter of the fphere, the fameMn each pyramid, and their other folid 
anglesrat the bafes equal to one another, each to each *, becaufe ••B. n. 
tliey are contained by three plane angles equal each to each ; and the 
pyramids are doncained by the fame number of fimilar planes ; and 
are therefore fimilar *> to one mother, each to each, but fimilar py- '>•««• ^^- 
ramids have to one another the triplicate ^ ratio of their homologous 
fides, therefore the pyramid of which the bafe is the quadrilateral 
KB08, and vertex A, has to the pyramid in the other fphere of the 
iame order, the triplicate ratio of their homologous fides ; that is, 
of that ratio which AB from the center of the greater fphere has 
to the ftraight line from the fame center to the fuperficies of the 
lefler fphere. and in like manner each pyramid in the greater fphere 
has to each of the fame ofder in the lefler; the triplicate ratio of that 
. -which AB has to the £^diaffleter of the leflTer fphere. and as, one 

antecedent 
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Book XII. antecedent is to its coiiiequent» fe are all the antecedents to all the 
^Ig^^^ij^ <onfeqaents. ' Wherefore die whole folid polyhedron in the greatsr 
iphere has to the whole iblid polyhedron in the other, the triplicate 
rado of that whith AB the femidiaineter of tl^ firft has to the i^ 
midiameter of the other ; that is, which the duuneter BD of the 
greater has to the diameter of the other fphere. . 

PROP. XVra. THEOR, 

CPheres have to one another the triplicate ratio of 
that which their diameters have. 

Let ABC, DEF be two fpheres of which the diameters are BC» 
£F. the fphere ABC has to the fphere DEF the triplicate ratio of 
Chat wUch BC has to EF. 

For if it has not, the fphere ABC fhall have to afpheredther Ie& 
or greater than DEF, the triplicate ratio of that which BC has to 
EF. Firft, let it have diat ratio to a lefs, viz. to the fphere GHK; 
and let the fphere DEF have the fame center ^th GHK ; and in 
n. 17* >»• the greater fphere DEF defcribe * a folid polyhedron the fuperfides 
of which does not meet the leiler fphere GHK; and in the fphere 




FM 




ABC defcribe another fmiilar to that in the fphere DEF. therefore 
the folid polyhedron in the fphere ABC has to the folid pcJyhedron 
^ Cor. 17. in the fphere DEF, the triplicate rado »> of that which BC has to 
"• EF. but the fphere ABC has to the fphere GHK, the triplicate ra- 
tio of that which BC has to EF ; therefore as the fphere ABC to 
the fphere GHK, fo is the folid polyhedron m the fphere ABC to the 
folid polyhedron in the fphere DEF. but the fphere ABC is greater 

e. 14. 1, than the ioUd polyhedron in it; therefore [ alfo the fphere GHK 'is 

greater 
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greater thatt die folid polyhedron in the fphere DEF. btit It is alfo Boiok XH. 
lefs, becaufe it b contained within it, which is impdflible. therefore v^v^ 
the fphere ABC has not to any fphere lefs th^ DEF, the triplicate 
ratio of that which BC has to EF. In the fame manner it may be 
demonftrated that the fphere D£F has not to any fphere left thaa 
ABC, the triplicate ratio of that which £F has to BC. Nor can the' 
fphere ABC have to any fphere greater than DEF, the triplicate ra- 
tio of that which BC has to EF; for if it can, let it have that ratio 
to a greater fphere LMN. therefore, by bverilon, the fphere LMN 
has to the fphere ABC, the triplicate ratio of that which the diameter - 
£F has to the diameter BC. bat as Ae fphere LMN to ABC, fo is 
the (phere DEF to fome fphere, which muft be lefs * than the fphere c. 14. i* 
ABC, becaufe the Sphere LMN is greater than the fphere DEF. 
therefore the fphere DEF has to a fphere lefs than ABC the tripfio 
cate ratio of that Which EF has to BC ; which wHs fhewn to be 
impoiBble. therefore the fphere ABC has not to any fpha*e greater 
than DEF the triplicate ratio of that which BC has to EF. and it 
was demonftrated that neither has it that ratio to any fphere lefs 
than DEF. Therefore the fphei-e ABC has to the fphere DEF, the 
triplicate ratio of that which BC has to EF. (^E. D. 
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DEFINITION I. BOOK I. 

IT is neceflary to confidcr a foHd, that is a magnitude which has 
length, breadth and thicknefs, in order to underfland aright 
the Definitions of a point, line and fuperfides ; for theie all 
ttife from a (olid, and cxlA in it. the boundary, or boundariesr 
which contain a folid are called fuperfides, or the boundary which 
is common to tiVo {blids which are contiguous, or which divides one 
folid into two contiguous parts, b called a fiiperfides. thus if BCGF 
be one of the boundaries which contain the folid ABCDEFGH, or 
which is the common boundary of this folid, and the folia 
BKLCENMG and is therefore in the one as well as the other folidjr 
i^ called a fuperfides, and has no thickneis. for if it have any, this 
thicknefs muft either be a part of ^ t /^ j^ 

/W7\ 
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the thicknefs of the Iblid AG^ or of 
the iblid BM, or a part of the thick-^ 
iiefs of each of them. It cannot be a H^ 
part of the thicknefs of the folid . 

BM, becaufe if this folid be remo- | jyj '\ J^ | }l { 
ved from the folid AG,* the fuperfi- 
des BCGF, the boundary of the fo- ^ -n -pr 
lid AG, reasons ftiil the fimcasit^ -" -"^ 
was. Nor can it be a part of the thicknefs of Aie folid AG, becdufe 
if this be removed from the folid BM, the fuperfides BCGF, the 
boundary of the foUd BM, does neverthelefs remain, therefore the 
fuperfides BCGF has no thicknefs ; but only length and breadth. 

The boundary of a fuperfides b called a line, or a line is the 
common boundaryof two fuperfides that are contiguous, or which 
divides one fiiperficies into two contiguous parts, thus if BC be one 
of the boundaries which contain the fuperfides ABCD, or which is 
the common boundary of this fuperfides and of the fuperfides 
KBCL which is contiguous to it, this boundary BC is called a line, 
and has no breadth, for if it have any, this muft be part either of 
the breadth of the fuperfides ABCD, or of the fuperficies KBCL, 
or part of each of them. It b not part of the breadth of the fuper- 
fides KBCL, for if this fuperfides be removed from the fuperfides 
ABCD, the line BC wluch is the boundary of the fuperfides ABCD 
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Book I. remains the fame as it was. nor can the breadth that BC b fnppo^ 
fed to have be a part of the breadth of the fuperficies ABCD> be- 
caufe if this be removed from the fuperficies KBCL, the line BC 
which is the boundary of the fu|3erficies KBCL does neverdidefi 
remain, therefore the line BC has no breadth, and becaufe the line 
BC is in a fuperficies, and tliat a fuperficies has no thicknefis, as vns 
fhewn ; therefore a line has neither breadth ngr thicknefs, but only 
length. 

The boimdary of a line is called a point, or a point is the ocxn- 
mon boundary or extremity of two ^ ^ /-n^ * 

lines that are contiguous, thus if B ^^ ^ iVL 
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be the extremhy of the line AB, or 
the common extremity of the twoE 
line AB, KB, this extremity is cal- 
led a point, and has no length, for 
if it have any, this length muft ei- 
ther be part of the length of the . 
line AB, or of the line KB. It is ^ B IC 

not part of the length of KB, for if the line KB be removed from 
AB, the point B which is the extremit}' of the line AB remains the 
fame as It was. nor is it part of the length of the line AB ; for tf 
AB be removtd from the line KB, the point B which is the' extre- 
mity of the line KB^ does neverthelefe remain, therefore the point 
B has no length, and becaufe a point is in a line, and a line has nei- 
ther breadth nor thicknefs, therefore a point has no length, breadth 
nor thicknefs. And in this manner the Defimtions of a point, line 
and fuperficies are to be underflood. 

s 

D E F. VII. B. I. 

Inftead of this Definition as it is in the Greek copies, a ftort 

diftinft one is given from a property of a plane fuperficies, which is 

manifeflly fiippofed in the Elements, viz. that a flraight line drawn 

from any point in a plane to any other in it, is wholly in that plane« 

D E f . VIII. fi. 1. 
It Teems that he who made this Definition defigned that it {hould 
comprehend not only a plane angle contained by two fbaight lines, 
but likewife the angle which ib'me conceive to be made by a ftraight 
fine and a curve, or by two curve lines, which meet one another in 
a plane, but tho' the meaning of the words iyr tviwt ; ^&t is, in 

s a ftraight 
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ft ftraight liae» or in the fame direftion» be plain, when two ftraight Bode I. 
lines are faid to be in a ftraight line, it does not appear what ought 
to be iinderftood by thele Words, when a ftraight line and a curve, or 
two curve lines, are faid to be in the fame direction ; at leaft it can- 
not be explained in this place; which makes it probable that this 
Definition, and that of the angle of a fegment, and what is faid of 
the angle of a femicircle, and the angles of fegments, in the 1 6. and 
3 1. Propofidons of Book 3. are the additions of fome lefs fkilful- 
Editor. on which account, efpecially fince they are quite ufelefs, 
ihdt Definitions are diftinguifhed from the reft by inverted double 
comoias. 

D E F. XVn. B. I. 
The words ** which alfo divides the drcle into two equal parts'* 
are added at the end of this Definition in all the copies, but are no\ii/ 
left out as not belonging to die Definition, being only a Corollary 
from it. Produs demoiifbates it by conceiving one of the parts into 
which the diameter divides the circle, to be applied to the other, for 
it is plain they muft coincide, elfc the fbaight lines from the centef 
to the circumference would not be all equal, the fame thing Is eafi-^ 
ly deduced from the 31. Prop, of Book 3. and the 24. of the 
fame ; from the firft of whidi it follows that femicircles are fimn 
■hr fegments of a circle, and from the other, that they are equal td 
-6ne another. 

D E F. XXXIII. B. 1. 

This Definidon has one condition mc»% than is neceflary ; be-< 
eauie every quadrilateral figure which has its oppofite fides equal to' 
one another, has like^xdfe its op^fite angles equal ; and on the con^* 
trary. 

Let ABCD be a quadrilateral figure, of which the oppofite fidcsf 

AB, CD are equal to one another ; as a r\ 

tifo AD and BC. jdn BD; the -^^ >^^ 

two fides AD, DB arc equal to the 
two CB, BD, and the bafe AB' is equal -^ ^ 

to the bale CD ; therefore by Prop. a. *^ ^ 

of Bode I . the angle ADB is equal to the angle CBD ; and by 
Prop. 4. B. I. the angle BAD is equal to the angle DCB, and 
ABD to BDC ; and therefore alfo the angle ADC is equ^l to thtf 
angle ABC. 
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)kx>k I. And if the aUgle BAD be equal to the oppofite 9hf^t BCD, an^ 
the angle ABC to ADC ; the oppofite fides are equal. Bccanie by 
Prop. 32. B. I. all the angles of the quadiilatend figure ABCD ate 
togethet^ equal to four right angles, and 
the two angles BAD» ADC are toge- 
ther equal to the two angles BCD, 
ABC. wherefore BAD, ADC are the 
half of all the four angles ; that is, 

BAD and ADC are equal to two right angles, and therefore AB, 
CD are parallels by Prop. 2 8. B. i . in the fame manner AD, BG 
are parallels, therefore ABCD is a parallelogram, and its oppofite 
fides are equal by 34. Prop. B. i • 

PROP. vn. B. I. 

There are two cafes of this Propofitioft, one of which is not ia 
the Greek text, but is as necef&ry as the other, and that the cafe 
left out has been formerly in the text appears plainly from this, that 
the fecond part of Prop. 5 . which is neccfiary to the DemoDfbatiQB 
of this cafe, can be of no ufe at all in the Elements, or any where 
elle, but in this Demonftration ; becaufe the fecond part of Prop. 5. 
clearly follows from the lirft part, and Prop. 1 3« B« i . this pan 
muft therefore have been added to Prop. 5. upcM account of (bme 
PropofitioQ betwixt the 5. and 1 3 . but none of theie Aand in need 
of it except the 7. Propofition, on account of wUdi it has been 
added, befides the tranflation from the Arabic has this cafe expli- 
citely demonilrated. and Produs acknowledges that the fecond part 
of Prop. 5 . was added upon account of Prop^ 7 • but ^ves a li&u- 
lous reafon for it, *' tha^ it might a&rd an anfwor toobjeftioDs made 
*' againft the 7 .'* as if the cafe oHnc 7 . which is left out, wc«, as 
he exprefly makes it, an obje6lion againft the propofition itfitf. 
Whoever is ciu*ious may read what Produs fays of this in his com- 
roentary on the 5 . and 7 . Propofitions \ for it is not worth whikrto 
relate his trifles at full length. 

It was thought proper to change the enuadation of this 7. Prop, 
fo as to preferve the very fame meaning ; the literal tranflatioo from 
the Gredc.bdng extremely hirfh, and difficult to be uaderfiood by 
be^aerSr 

PR of. 
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Book I. 
PROP. XI. B. I. 

A Corolloray is added to this Propofition, which is neceflary to 
Flop. I . B. II. and otherwiie. 

PROP. XX. and XXI. B. I. 

Prodos in his Commentary relates that the £]Mcnreans derided 
this Propofidon, as being manifeft even to afles, and needing no 
Demonftration ; and his anfwer is, tliat tho' the truth of it be ma- 
nifeft to ourfenies, yet it is fdence which muft gjive the reafon why 
two iides of a triangle are greater than the third, but the right an- 
fwer to this objef^ion againft this and the 2 1 . and ibme other plain 
Propofitions, is, that the number of Axioms ought not to be en- 
creafed without neceffity, as it muft be if thefe Propofitions be not 
demonftrated^ Moaf, Clairault in the Preface to his Elements of 
GeooiBtFy publifiied in French at Paris Ann. 1741. fays that Eu- 
did ha^been at the pains to prov& that the two fides of a triangle 
whtdi lA ifiduded within another are together lefs than the two 
fides of the- triaq^ which indudes It ; but he has forgot to add 
this oondit)ony vh« that the triangles muft be upon the fame bafe ; 
becaofb unlefs this be added, the iides of the included triangle may 
be greater than the fides of the triangle which indudes it, in any 
rado Which is lefs than that of two to one. as Pappus Alexandri- 
ntt$ has dbttoofh-ated in Prop. 3. B. 3. of his Mathematical Col- 
leftkxis, 

PROP. XXII. B. I. 

€oHie AttthoTB blame Eudid' becaufe he does not demon (Imte 
that the two cii^des made ufe o^in the conftrudion of this Problem 
BMift out one another, but this is very plain from the determination 
hchas.|^eBi, viz. that any two of the ftraight lines DF, FG, GH 
vmuft' be greater than die third, for 
who is fo dull, tho' only beginning 
^ learn the Elements* as not to 
fooAtt that die drde defcribed 
from die center F, at the diftance 

FD, muft meet FH betwuct F and «. ,j^ ri 1- is 

H, becaufe FD is lefs than FH ;" ^ * ^ . "" 
and that, for the like reafon, the drde defcribed from the center G, 
at the diffemce GH or GM muft meet DG betwixt D and G > and 
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Book I. thjit thefe circles muft ineet one another, becaufe FD and GH are 
together greater than FG ? and this 
determination is eafier to be under- 
ftood than that which Mr. Thomas 
Simpfon derives from it» and puts 
inftead of Euclid's, in the 49. page 
of his Elements of Geometry, that -rT^^ j^ P 
he may fupply the omiiOTion he r u 




H 



blames Euclid for ; wliich determination is, that any of the throe 
flraight lines mull be tefs than the fum, but greater than the dlSfc* 
rence of the other two. from this he (hews the circles muft meet 
one another, in one caie ; and fays that it may be proved after the 
ilame manner in any other caie. but the flraight line GM which he 
bids take from GF may be greater than it, as in the figure here an- 
nexed, in which cafe his demonflration muft be changed into ano* 
ther. 



PROP. XXIV. B. L 

To this is added '* of the two fides DE, DF, let DE be that 
" which is not greater than the other;" that is, take that fide of 
the two DE, DF which is not greater than the other, in order to 
make with it the angle EDG equal to J^ 
BAC. becaufe without this rcflriftion, 
there might be three different cafes of 
the Propofition, as Campanus and others 
make. 

Mr. Thomas Simpfon in p. a 62. of the 
fecond edition of his Elements of Geome- 
try printed Ann. 1760. obferves in his fei 
Notes, that it ought to have been fhewn 
that the point F falls below the line EG ; 
this probably Euclid omitted, as it is very eafy to perceive that DG 
being equal to DF, the point G is in the circumference of a drdc 
defcribed from the center D at the diflance DF, and toufl be in that 
part of it which is above the flraight line EF, becaufe DG falls 
ibove DF, the angle EDG bejng greater than the angle EDF. 

PROP. XXIX. B. I. 
The Propofition which is ufually called the 5. Poflulate, or 1 1 • 
Axiom, by fome the 1 2. on which this 29. depends, has ffvea a 
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great deal to do both to antient and modem Geometers, it feem$ Book I. 
not to be properly placed among the Axioms, as, indeed, it is not v>^v^s^ 
(eif-evident; bat it may be demonftrated thus. 

DEFINITION I. 

The dlftance of a point from a ftraight line, is the perpendii^ 
cular drawn to it from the point. 

DEF. 2. 

One ftraight line is faid to go nearer to, or further from another 
ftrdght line, when the diflance of the points of the firft from the 
other ftraight line become lefs or greater than they were; and two 
ftraight lines are faid to keep the fame diftance from one another, 
when the diftanc^ of the points of one of them from the other is 
always the fame. 

AXIOM. 

A ftraight line cannot iirft come nearer to another ftraight line, 
and then go further from it, be- /k _^ ^ 

fore it cuts i^; and, in like man- " — 

ncr, a ftraight line cannot go fur-D — ]p] 

thcr from another ftraight line, and ip ^ ^^ tt 

then come nearer to it ; nor can a ^ 

ftraight line keep the fame diftance from another ftraight line, and 
then come nearer to it, or go further from it; or a ftraight line. 
keeps always the fame direAion. 

For example, the ftraight line ABC cannot firft come nearer to 
the ftraight line DE, as from ^^e "O 

point A to the point B, and then, J^ - C ^ ^ ' 

*. * ' ' ^_ ' — ^-^ gurc above. 

from the point B to the point C, go Q IfP 

further from the fame DE. and, in jr% #j. "^ tt 

in like manner, the ftraight line ^ ^^ 

FGH cannot go further from DE, as from F to G, and then, from 
G to H, come nearer to the fame DE. and fo in the laft cafe as in 

fig. 2* 

PROP. I. 

If two equal ftraight lines AC, BD be each at right angles to tho 
fame ftraight line AB ; if the points C, D be joined by the ftraight 
line CD, the ftraight line EF drawn from any point E in AB unta 
CD, at right angles to AB, (hall be equal to AC, or BD. 

If EF be not equal to AC, one of them muft be greater than the 
other ; let AC be th? greater ; then becaufe FE is lefs than CA, the 
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Book I. ftraight line CFD is nearer to the ftraight line AB at die point P 
than at the point C, that is CF comes 
nearer to AB from the point C to F. 
but bccaufe DB is greacpr than FE, 
the ftraight line CFD is further from 
AB at the point D than at F, that is 
FD goes frirther from AB from F to 

D. therefore the ftraight line CFD a ir T5 

firft ccMDes nearer to the ftrai^t-line A IL, JD 

AB» and then goes further from it, before it cuts ir, which is im^ 
poffible. and the fame thing will follow, if FE be faid to be greater 
than CA, or DB. therefore FE is net unequal to AC, that is, it is 
equal to it. 

PROP. 2. 
If two equal ftraight lines AC, BD be each at right angle^ to the 
iame ftraight line AB ; the ftraight line CD which joins their extic- 
mxifsi nalces rig^t angles with AC and BD. 

Join AD, BC ; and becaufe in the triangles CAB, DBA, CA, 
AB are equal lo DB, BA, and the angle CAB equal to the angle 
DBA ; th^ bafe BC is equal ■ to the bafe AD. and in the triangles 
ACD, BDC, AC, CD arc equal to BD, DC, and the bafe AD is 
equal to the bafe BC, therefore the 
angle ACD is equal »> to the angle /^ 
BDC from any point £ in AB draw 
EF unto CD, at right angle^ to AB ; 
therefore, by-Prop, i • EF is equal to 
AC, or BDf wherefore, as has been A 
juft now ftwiwn^ die angle ACF is e- ' 
qual to the angle' EFC. in the fame manner the angle BDF is ecptti 
to the angle EFD ; but the angles ACD, BDC are equal, there: 
^.lo.Dcf.i.fore the angks EFCand EFD are equal, and right angles^; where* 
fore alfafhe angles ACD, BDC are ri^ht angles. 

Cor. Hence, if two ftraight finen AB, CD be at right angfa t9 
the fame ftraight Ime AC, aikd if betwixt them a ftraight line BD be 
drawn At right angles to either of them, as to AB ; then BD is 
eqnal to AC, and BDC is a rif;|ht angle. 

If AC be not equal to BD, take BG equal to AC, and join CO. 
therefore, by this Propofition, the angle ACG is a rig^t an^e ; but 
ACD is alfo a right angle, wherefore the angles ACD, ACG are 
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^qnai to one another, which is impoflible. therefore BD is equal to Book I. 
AC ; and by this Propoiitioa BDC is a right angle. \^^Y^kJ 

PROP. 3. 

If two ftraight lines which contain an angle be produced^ there 
may be found in either of them a point from which the perpendicu* 
lar drawn to the pther fliall be greater than any given ftndght 
line. 

Let AB, AC be two ftraight lines which make an angle with one 
another* and let AD be the given ftraight line ; a point may be 
found either in AB or AC, as in AC, from which the perpendicular 
drawn to the other AB (hall be greater than AD. 

In AC take any point E, and draw EF perpendicular to AB ; 
produce AE to G fo that EG be equal to AE ; and produce FE to 
H, and make EH equal to FE, and join HG. becaufe, in the tri- 
angles A£Fy GEH, AE, EF are equal to GE, EH, each to each, 
and oontam equal * angles, the angle GHE is therefore equal ^ to ». 15* >• 
the angle AFE which is a right angle, draw GK perpendicular to ^* 4- i* 
AB; and becaufe 

die ftral^t lines A F K B M 

FK, HG arc at t^T 
right angles to FH, p." 
and KG at right ^ " " 



angks to FK ; KG 



D 




H G 

is equal to FH, by P 
Cor, Pr. 2 . that is 

to the double pf FE. in the &me manner, if AG be produced to L 
fo that GL be equal to AG, and LM be drawn perpendicular to AB, 
then LM is double of GK, and fo on. In AD take AN equal to FE, 
tod AO equal to KG, that is to the double of FE, or AN ; alio 
tikcAPeqiialtoLM, thatistothedoubleofKG, or AO; andlet 
this be done till the ftndght line taken be greater than AD. lett^s 
ftrai^t line fo taken be AP, and becaufe AP is equal to LM, there- 
fore LM is greater than AD. Which was to be done. 

PROP. 4. 

If two ftraight lines AB, CD make equal angles EAB, ECD 
with another ftnught line EAC towyds the fiune parts of it; AB 
and CD are at right angles to fome ftraight line. 

BifeA AC in F, and draw FG perpendicular to AB ; takeCHin 
the ftraight line CD equal to AG andoln the contrary fide of AC to 
that on which AG is, and join FH. therefore, in the triangles AFG, 

CFH 
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Book I. CFILthc fides FA, AG are equal to FC, CH, each to each, and 

\^^v\J the angle FAG, that * is £A5 is eqnal 

a. IS. I. to the angle FCH ; wherefore »> the 
angle AGF is equal to CHF, and AFG 
to the angle CFH. to thefe laft add 
the common angle AFH, therefore 
the two angles AFG, AFH are equal 
to the two angles CFH, HFA which 
two laft are equal together to two right Q^ 
angles ^, therefore alfo AFG, AFH are 

equal to two right angles, and confequently "> GF and FH are in one 
flraight line, and becaufe AGF is a right angle, CHF which is e- 
qual to it is alfo a right angle, therefore the flraight lines AB, CD 
are at right angles to GH. 

PROP. 5. 
If two flraight lines AB, CD be cut by a third ACE fo as ta 
make the interior angles BAC, ACD, on the lame fide of it, toge- 
ther leis than two right angles ; AB and CD bemg produced fhall 
meet one another towards the parts on which are the two angles 
which are lefs than two right angles. 

At the point C in the flraight line CE make ' the angle ECF 
equal to the angle EAB, and draw to AB the flraight line CG at 
right angles to CF. then becaufe the angles ECF, EAB are equal 
to one another, and that the 
angles ECF, FCA are toge- 

^•»3^i« ther equal »> to two right 
angles, the angles EAB, 
FCA are equal to two right 
angles, but, by the hypothe- 
fis, the angles EAB, ACD 
are together lefs than two 
right angles, therefore the^|^ Q (^ 
angle FCA is greater than 
ACD, and CD falls between CF and AB. and becaufe CF and 
CD make an angle with one another, by Prop. 3 . a point may be 
found in either of them CD from ttrhich the perpendicular drawn to 
CF fhall be greater than the fhaight line CG. let this point be H, 
and draw HK perpendicular to CF meeting AB in L. and be- 
caufe AB, CF contain equal angles with AC on the fame fide of it, 
by Prop. 4. AB and CF are at right angles to the flrai^t line 

MNO 
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MNO which hifc&s AC in N and is perpendicukr to CF. therefore. Book I. 
by Cor. Prop. 2. CG and KL which are at right angles to CF are 
equal to one another, and HK is greater than CG, and therefore is 
greater than KL, and confequently the point H is in KL produced. 
Wherefore the ftraight line CDH drawn betwixt the points C, H 
which are on contrary fides of AL, muft neceflarily cut the ftrai^t 
line AB. 

PROP. XXXV. B. I. 

The Demonftration of this Propofition is changed, becaule if the 
method which is uied in it was followed, there would be three^caies 
to be ieparately demonffarated, as is done in the tranflation from the 
Arabic; for in the Elements no caie of a Propofition that requires 
a different Demonfb^don ought to be omitted. On this account we 
have chofen the method which Monf. Clairault has given, the firfl 
of any, as far as I know, in his Elements, page 2 1 . and which af- 
terwards Mr. Simpfon gives in his, page 3 2 . but whereas Mr. Simp- 
fon makes u(e of Prop. 26. B. i . from which the equality of the 
two triangles does not immediately follow, becaufe to prove that, 
the 4. of B. I • muft likewiie be made'ufe of, as may be feen, in the 
very fame cafe, in the 34. Prop. B.. i. it was thought better to 
make ufe only of the 4. of B. i . 

PROP, XLV. B. 1. 

The ftraight line KM is proved to be parallel to FL from the 
33. Prop, whereas KH is parallel to FG by conftru^ion, and 
KHM, FGL have been demonftrated to be ftraight lines, a Corolla- 
ry is added from Commandine, as being often u(ed. 



PROP. Xm. B. n. Book II. 

IN this Propofition only acute angled triangles are mentioned, 
whereas it holds true of every triangle, and the Demonftrations 
of the cafes omitted are added ; Commandine and Clavius have like^ 
wile g^ven their Demonftrations of tfaefe cafes. 

PROP. XIV. B. n. 
In the Demonftradon of this, ibme Greek Editor has ignorantly 
inferted the words, ** but if not, one of the two BE, ED is the 

«< greater; 
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Book ni. ^* greater; let BE be the greater and produce it to F,** as if it ivas 
of any ccxifequence whether the greater or kfler be produced 
therefore inftead of thefc words, there ought to be read only, ** but 
" if not, produce BE to F," 



Book III. P R O P. I. B. in. 

SEVERAL Authors, efpedally among the modem Mathemaii* 
dans and Logicians, inveigh too fererety againft indireft, or 
Apagog^c Demonftrations, and fomedmes ignorandy enough ; not 
being aware that there are fome things that cannot be demonftrated 
any odier way. of this the prefent Propofidon is a very dear in- 
ftance, as no direft Demonftration can be given of It. becauie, be- 
fides the Definition of a cirde, there is no prindple or property re* 
lating to a drcle antecedent to this Problem, from which dther a 
direft or incBreA Dcmonfbadon can be deducsed. wherefore it Is 
necef&ry that the point found by the conffa*uAion c^ the Pndilein be 
proved to be the center of the drde, by the hdp of this Defiahfon, 
and fome of die preceeding Propofidona. and becaufefai the l>e- 
monfh^tionl this Propofidon muft be brought In, viz. fbaight Goes 
from the center of a drcle to the circumference are equal, and that 
the point found by the conftrufHoa cannot be idibmed at the center, 
for this is the thing to be demoriffarated ; it is manifeft fome odier 
pcHnt mufl be afTumed as the center ; and if from this affumpdon an 
abfurdity follows, as Euclid den^onfltetes there muft ; then it is no( 
true that the point aflffamed is the center; and as any point what- 
ever was aflfumed, it follows that no point, estcept that found by die 
confb-uftion can be the center, from which the nec^ty of an ia- 
direA Demonfhadon in this cafe is evident. 

PROP, xm* B. nL ' 

As it is much eafier to imagfaie Aiat two chdes may touch ^one 

another witlun in more points than one, upon the ftme fide^ dian 

upon oppofite fides ; the figure of that <2afe o/uj^t not tchave been 

omitted ; but the conflmftion in the Greek text ^A^utd o^ brre 

futed widi diis figure fo wdl, becadfe the centers of the tildes mttft 

have been pbced near to the drcumferences. on- wMch aoOMt 

another confhnflion and demonflradon is given which is the ftm^ 

widi the fecond part of that y^ch Campanus has tranflated from 

die 
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the Arabic, where without any reaibn the Demooflration is divided Book III. 
into two parts. 

PROP. XV. B. m. 

The coDverfe of the fecoiid part of this Propoiitioh is wanting, 
tho* in the preceeding, the converle is added, in a like caie, both in 
the Enunciation and DemonAration ; and it is now added in this, 
befides in the Demonftration of the firft part of this 1 5 th the dia- 
meter AD ( fee Commandine's figure ) b proved to be greater than 
the ftraight line BC by means of another ftrai^t lin^ MN ; whereas 
it may be better done without it* on which accounts we have given 
a diflerent Demonftration, like to that which Euclid gives in the 
preceeding I4th9 and to that which Theodofius gives^ in Prop. 6. 
B. I • of his Spherics, in this very affair. 

PROP. XVI. B. in. 

In this we have not followed the Greek, nor the Laiin tranllation 
literally, but have given what is plainly the meaning of the Propo- 
iition, without mentioning the angle of the femicirde, or that wMch 
ibme call the comicular angle which they conceive to be made by the 
circumference and the ffaraight line which is at right angles to the 
diameter, at its extremity; which angles have furnifhed matter of 
great debate between fbme of the modern Geometers, and ffvca oc- 
ctdion of deducmg flrange con(cquences from them, whkh are quite 
avoided .by the maoner in which we have exprefled the Propofidon. 
and ia like maimer we have g^veo the true meaning of Prop. 3 1 . 
Bi 3* without mentioning the angles of the ^eater or kthr feg- 
meats* thefetflaf&ges Vieta with good reafcxi fulpe£b to be adulte- 
nted, in the 3$6« page of his Oper. &(ath. 

PROP. XX. B. III. 
The firft words of the fecoad part of this Demonftration, '' xi- 
'' xAa«>« In wixip'* are wrong tianlbued by Mr. Briggs and Dr. 
Gregory ** Rurfus inclinetur," for the tranflation ought to be ^' Rur- 
** ftts infledatur" as Commandine has it. a ftraight line is faid to 
be ioQcAed either to a (baight, or curve line, when a ftraight line is 
drawn to this line from a point, and from the point in. which it 
meets it, a ftraight line making an angle with the former is drawn 
to another point, as is e^ddent from the 90. Prop, of Euclid's Data ; 
kg thus the whole line betwixt the firft and laft points, is infleAed 

or 
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Bbbk III. or broken at the fx>int of inflexioQ where the two fba^t Siief 
meet. And in the like fenfe two ftraight lines are faid to be iiifle6ted 
from two points to a third point, when they make an angle at thif 
point; as may be feen in the defcription given 'by Pappus Alexan- 
drinus of Apollonius Books de Lods planis, in die Preface to his 7. 
Book, we have made tlie expreflioQ fiiUer from the 90. Prop, of 
the Data. 

PROP. XXI. i. ni. 

There are two cafes of this Propofition^ the fecond of which, viz. 
when the angles are in a fegment not greater than a fenidrde, is 
wanting in the Greek, and of this a mcMT fimple DemonftradoD is 
given than that whidi is in Conunandine. as being derived only from 
the firfl cafe, without die help of triangles; 

PROP. XXm. and XXlV. B. IH. 

' In Propoiition 24. it is demonftrated that the fegment AEB mnft 
coincide with the fegment CFD (fee Commandine's fignre) and that 
it cannot fall otherwife, as CX5D, fo as to cut the other cirde in a 
third point G, from this, that if it did, a cirde could cut another in 
more points than two. but this ought to have been proved to be 
impoffible in the 2 3 . Prop, as well as that one of the fegments can- 
not i^ within the other, this par<t then is left out in the 24. aD(f 

' put in its proper place the 2 3 d Propofidbn. 

PROP. XXV. B. m. 
This Propofition is divided into three cafes, of which two have 
the fame conftruAion and demonftration ; therefore it is now di^ 
nded only into two cafes. 

PROP. XXXIH. B. m. 

This alfo in the Greek is divided into three cafes, of ^ich two, 
viz. one, in whidi the pven angle is acute, and the other in which 
it is obtufe, have cxaAly the fame confb-uffion and demonfbatioQ ; 
on which account the demonfbation of the lafl cafe is left out af 
quite fuperfluous, and the addition of fome unfkilful Editor; bc^ 
fides the demonftration of the cafe when the angle giren is a right 
angle, is done a round about way, and is therefore changed to a 
EK>re flmple one, as Was done by ClaiduS/ 

PROP^ 
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Book III. 
PROP. XXXV. B. ni. 

As the 25. and 33. Propofitions are divided into more cafes, fo 
this 3 5. is divided into fewer cafes than are necedary. Nor can it 
be fuppofed that Euclid omitted theih becaufe they are eafy ; as he 
has ^ven the cafe which by far is the eafieft of them all, viz. that in 
which both the ftraight lines pafs tliro' the center, and in the fol- ' 
lowing Propofition he feparately demonftrates the cafe in which the 
Uraight line pafles thro^ the center, and that in which it does not 
pafc thro* the center, fo that it ieems Theon, or fome other,* has 
thought them too long to iniert. bui cafes that require difierent de- 
monftrations, (hould not be left out in the Elements, as was before 
taken notice of. thefe cafes are in the tranflation from the Arabic ; 
and are now put into the Text. 

PROP. XXXVII. B. m. 

At the end of this the words •* in thd^fame manner it may be de- 
*' monflrated, if the center be in AC" are left out as the addition of 
fome ignorant Editor. 



DEFINITIONS of BOOK IV. BooklV. 

WHEN a point is in a ftraight, or any other line, this point is 
by the Greek Geometers faid arlto^of, to be upon, or in 
that line, and when a fh*aight line or circle meets a cbrde any way» 
the one is faid anjtJ^cx^ to meet the Other, but when a ftraight line 
or circle meets a circle fo as not to cut it, it is faid i^dnlul^af, to 
touch the drde ; and thefe two terms are never promiiicuoufly ufed 
by them, therefore in the 5. Definition of B. 4. the compound 
ff aV7nra/ muft be read, inftead of the Ample airltirof. and in the 
1,2, 3. and 6. Deimitions in Conmiandine's tranflation *' tangit ** 
Inuft be read inflead of " contingit." and in the 1. and 3. Defini« 
tions of Book 3 . the fame change muft be made, but in the Greek 
text of Propofitions 11, 12, 13) 18, 19. B. 3. the compound 
tab is to be put for the Ample. 

PROP. IV, B. IV. 
In diis, asalfo in the 8. and 1 3 . Propofidons of this Book, it is 

dcmoofbated iadire£Uy that the cirde touches a ftraight line ; 

whereas 
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Book IVi whereas in the 17. 33. and 37. Propoiitions of Book 3. the iaiii^ 
thing 18 diredly demonftrated. and diis way we have chofen to uk 
in the Proportions of this Book^ as it is fhorter.- 

PROP. V. B. IV. 
f he Demonftration of this has been fpoiled by {bnxe vnfldlfiil 
liand^ f6r he does not demonflrate» as is neceflary, that the two 
ftraight lines which bifeA the fides of the triang^ at right angles, 
mufl meet one another ; and, without any reafon/ he diodes the 
Propofition into three cafes, whereas one and the fame ooBflra^on 
and demonftration ierves for them all, as Campanus has obferved ; 
which uielefs repetiticxis are now left out. the Greek text aUb in 
the Corollary is manifeftly vitiated, where mendon is oiade of a 
given angle, tho' there neithqr is, nor can be any thing- in the Pro-' 
pofition relating to a given angle. 

PROP. XV. and XVI. B. IV. 
In the Corollary of the firft of thefe^ the words equilateral and 
equiangular are wanting in the Greek, and in Prop. 1 6. inftead of 
the circle ABCD ought to be read the circumference ABCD, whci^ 
inendon is made of its containing fifteen equal parts. 



fibokV. I>£F. III. B. V. 

MANY of the modem Mathematicians rejeA this Definidonl 
the very learned Dr. Barrow has explained it at large at the' 
end of his third LeAure of the year 1 6616, in* which alfo he an- 
fwers the objeAions made againft it as well as the fubjeft would al- 
low, and at the end gives his opinion upon the whole, as follows. 

" I {hall only add, that the Author had, perhaps, no other de« 
** fign in making this Definidon, than (that he might more fuUy 
*' explain and embellifli his fubjeA) to give a general and fummarf 
** idea of ratio to b^inners, by premifing this Metaphyfical Defi- 
^* aidoD,. to the more accurate Definitions of rados that are tl^ 
*' iame to one another, or one of which is greater, or lefs than the 
'' other. I call it a Metaphyfical, for it is not properly a Mathema- 
'* tical Definition, fince nothing in Mathematics depends on it, or is 
" deduced, nor, as I judge, can be deduced fixMn it. and> the 
'* Definition of Analogy, which follows^ viz^ Analogy is die fimi- 

"litudc 
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'* litude of ratios, is of the fame kind, and can fervc for no purpofe Book V. 

** in Mathematics, but only to give beginners fome general, tho* grofs 

*• and confufed notion of Analogy, but the whole of the doftrine of 

'* katios, and the whole of Mathematics depend upon the accurate 

•* Mathematical Definitions which follow this, to thefe we ought 

" prindpally to attend, as the doftrinc of Ratios is more perfcftly 

" explained by them ; this third, and others like it, may be entirely 

** fpared without any lofe to Geometry : as we fee in the 7 . Book of 

" the Elements, where the proportion of numbers to one another is 

" defined, and treated of, yet without giving any Definition of the 

** ratio of numbers ; tho' fuch a Definition was as neceifary and ufe- 

" ful to be given in that Book, as in this, but indeed there is fcarcc 

** any need of it in either of them, tho' I think that ^ thing of fo 

" general and abllrafted a nature, and thereby the more difficult to 

** be conceived, and explained, cannot be more commDdioufly de- 

" fined, than as the Author has done, upon which account 1 

" thought fit to explain it at large, and defend it againft the capti- 

J* ous objeftions of thofe who attack it." to this citation from 

Dr. Barrow I have nothing to add, except that I fully believe the 

3. and 8. Definitions are not Euclid's, but added by fome unfkilful 

Editor. 

DEF. XI. B. V. 

It was neceflary to add the word " continual " before " propor- 
•* tionals** in this Definition; and thus it is cited in the 33. Prop.- 
of Book II. 

After this Definition ought to have followed the Definition of 
Compound ratio, as this was the proper place for it ; 'Duplicate ancl 
'Triplicate ratio being fpecies of Compound ratio. But Theon has 
made it the 5. Def. of B. 6. where he gives an abfurd and entirely 
nielefs Definition of Compound ratio, for this reafon we have place J 
another Definition of it betwixt the u.and 12. of this Book^ 

I 

tlrhidi, no doubt, Euclid gave ; for he cites it exprefly in Prop. 23 , 
B. 6. and which Clavius, Herigon and Barrow have likewife ^^ven,- 
bnt they retain alfo Theon's, which they ought to have left out of 
the Elements. 

DEF. Xin. B. V. 
This and the reft of the Definitions following, contain the ex-^ 
plication of fome terms which are ufed in the 5 . and fqllowin^v 

U Book's y 
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IsDck V. Books ; which, except a few, are eafily enough underftood froifi 
the f^ropofitions of this Book where they are firft mentioned, they 
feem to have been added by Theon or fome other. However it b^ 
tliey are explained fomething more diftlnAly for the lake of 

learners. 

PROP. IV. B. V. 

In the conftruflion preceeding the demonftration of this, thtf 
ivords a irv^t, any whatever, are twice wanting in the Greek, as 
alfo in the Latin tranllations ; and are now added, as being wholly 
neceflary. 

Ibid, in the demonftration ; in the Greek, and in the Ladn tranf* 
lation of Commandine, and in that of Mr. Henry Briggs, which 
^as publifhed at London in 1620, together with the Greek text of 
the firft fix Books, which tranflation in this place is followed by 
Dr. Gregory in his edition of Euclid, there is this fentence follow- 
ing, viz. ** and of A and C have been taken equimultiples K, L j 
** and of B and D, any equimultiples whatever (a *irvx^) M, N;" 
which is not true, the words ** any whatever" ought to be left out, 
and it is ftrange that neither Mr. Briggs, who did right to leave 
cut thcfc words in one place of Prop. 1 3. of this Book, nor Dr. 
Gregory who changed them into the word ** fome" in three places, 
and left them out in a fourth of that fame Prop. 13. did not alfo 
leave them out in this place of Prop. 4. and in the fccond of the 
two places where they occur in Prop. 1 7 . of this Book, in neither 
of which they can ftand confiftent with truth, and in none of all thefe 
places, even in ihofc which they corrcfted in their Latin tranflation, 
Rave they cancelled the words a tTv^t in the Greek text, as they 
ought u.) have. done. 

The fame words a iTv^i are found in four places of Prop. 1 1. 
of this Book, in the firft and laft of which, they ai*e neceflary, but 
in the fccond and third, tho' they are true, they are quite fuperflu- 
ous ; as they likewife are in the fccond of the two places in which 
they are found in the 1:1. Prop, and in the like places of Propp. 

22, 23. of this Book, but are wanting in the laft place of Prop; 

23. as alfo in Prop. 25. B« 1 1, 

COR. P R O P. IV. B. V. 

This-Corollary has been unfltilfully annexed to this Propofitiofif 
^ haft b««a made inftead of t&e le^timate demonftration which 

without 
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ivitfaout doubt TheoD, or fojne other Editor has taken away^ not Book v. 
from this, but from its proper place in this Book, the Author of 
It defigned to demonftrate that if four magnitudes E^ G, F, H be 
proportionalSy they are alfo proportionals inverfely ; that is, G is 
to E, as H to F ; which is true, but the demonftration of it 
docs not in the Icaft depend upon this 4. Prop, or its demonftrati- 
on. for when lie fays ** becaufe it is demonftrated that if K be 
** greater than M, L is greater than N" &c. this indeed is fliewn in 
tile demonftration of the 4. Prop, but not from this that E, G, 
F, H are proportionals, for this hft Is the conclufion of the Propo- 
lition. Wherefore tbefe words ** becaufe it is demonftrated" &c. 
are wholly foreign to his defign. ^ he fliould have proved that if 
ti be greater than M, L is greater than N, from this, that £, G, 
F, H are proportionals, and from the 5. Def. of this Book, which 
he has not ; but is done in Propofition B, which we have given, in 
its proper place, inftead of this Corollary, and another Corollary i^ 
placed after the 4. Prop, which is often of ufe, and is neceflary to' 
the Demonftration of Prop. 1 8 . of this Book. 

PKOP. V. B. V. 
In the conflrufticMi which preceded the demonftration of thii, 
Propofition, It is required that £B may be the fame multiple of 
CG, that AE is of CF ; that is, that £B be divided into as many 
equal parts, as there are parts in AE equal to CF. from which it is 
eWdent that this conftrudlion is not Euclid's, for he does not fliew 
the way of dividing ftraight lines, and far lefs other magnitudes, in- 
to any number of equal parts, until the 9. Propoficion of B. 6. 
and be never requires any thing to be done in the conftru£tion, of 
which he had not before given the method of doing. /^ 
for this reafon we have changed the conftruflion to I 
one which without doubt is Euclid's, in which no- 
thing is required but to add a magnitude to itfelf a cer- *^ 
tain number of times, and this is to be found in the 
tranflatlon from the Arabic, tho* the enunciation of 
the Propofition and the demonftration are there very n^ 
much fpoiled. Jacobus Peletarius who was the firft, 
as fiu" as I know, who took notice of this error, gives 
alfo the right conftrufHon in his edition of Euclid, after he had 
given the other which he blames, he fays he would not leave it out, 
becauft it was fine, and might fhorpen one's genius to invent others 

U 2 '"•'• 



r- 



3oS NOTE S. 

B "ii V. like it ; vrhereas there is not the leaft difierence between the tw> 
demonflrations, except a (Ingle word in the conftruftion, which 
very probably has been owing to an unflulful Librarian. Clatios 
likewife gives both the ways, but neither he nor Peletanns takes 
notice of the reafon why one is preferable to the other. 

PROP. VL B. V. 

There are two cafes of this Propofition, of which only the firft 
and fimplefl: is demonArated in the Greek, and it is probable Theoa 
thought it was fufHclent to give this one, fince he was to make ufe 
of neither of them in his mutilated Edition of the 5 th Book; and 
he might as well have left out the other, as alfo the 5 ^ PropofitioD 
for the fame reafon. the demonftration of the other cafe is now ad- 
ded, bccaufe both of them, as alfo the 5. Propofition, are neceflary 
to the demonftration of the 18. Prop, of this Book, the tranflatwft 
from the Arabic gives both cafes briefly. 

PROP. A. B. V. 

This Propofition is frequently ufed by Geometers, and it isnc- 
ccflary in the 2 5. Prop, of this Book, 3 i . of the 6. and 34. of the 
i I . and I 5 . of the 12. Book, it feems to have been taken out of the 
Elements by Theon, becaufe it appeared evident enough to him,- 
and others who fubftitute the confufed and indiftinft idea the vul- 
gar have of proportionals, in place of that accurate idea which is to 
be got from the 5 i Dcf. of this Book. Nor can there be any doubt 
that Eudoxus or Euclid gave k a place in the Elements, when we 
ice the 7. and 9. of the fame Book demonltratcd, tho' they are 
C[uite as eafy and evident as this. Alphonfus BorcUus takes occafion 
from this Propofition to cenfure the 5. Definition of this Book very 
ieverely, bnt moil unjuftly. iti page 126. of his Euclid rcftored 
printed at Piia in 1 65 8. he fays, " Nor can even this leaft degmof 
•* of knowledge be obtained from the forefatd property," viz. that 
tvhich is contained in 5. Def. 5, " That if four magnitudes be pro- 
*' portionals, the third muft necefl&rily be greater than the fourth, 
•* when the firil is greater than the fecond ; as Clavius acknow- 
^ ledges in the 1 6. Prop of the 5. Book of the Elements." But 
tho' Clavius makes no fucli acknowledgement exprefly, he has given 
Borellus a handle to iay this of him, becaufe when Clavius in the 
above cited place cenfures Conmiandine, and that very juftly, for 
tkaiooftrating this Propofition by help of the 1 6. of the 5. yet ic 

him'cif 
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himfelf gives no demonftration of it, but thinks it plain from the Book V. 
nature of Proportionals, as he writes in the end of the 14. and 1 6. 
Prop. B. 5. of his edition, and is followed by Herigon in Schol. i . 
Prop. 14. B. 5. as if there was any nature of Proportionals antecc" 
dent to that which is to be derived and underftood from the Defi» 
oition of them, and indeed, tho* it is very eafy to give a right dt- 
monftration of it, no body, as for as I know, has given one, except 
the learned Dr. Barrow, who, in anfwer to Borellus's objeftion, de* 
monftrates it indireftly, but very briefly and clearly from the 5 . 
Definition, in the 312 page of his Left. Mathem. from which De- 
finition it may alio be eafily demonftrated direftly. on which ac- 
count we have placed it next to the Proportions concerning eqiii* 
multiples. 

PROP. B. BOOK. V. 
This alfo Is eafily deduced from the 5. Def. B. 5. and therefore? 
is placed next to the other, for it was very ignorantly made a Cor 
rollary from the 4. Prop, of this Book. See the note on that Cot 
rollary, 

PROP. C. B. V. 

This is frequently made ufe of by Geometers, and is necefTiry 
to the 5. and 6» Propofitions of the i o. Book. Clavius in his Notes 
fubjoined to the 8. Def of Book 5. demonftrates it only in num- 
bers, by help of fome of the Propofitions of the 7 . Book, in order 
to demonftrate the property contained in the 5 . Definition of the 5 . 
Book, when applied to numbers, from the property of Proportio- 
nals contained in the 20. Def. of the 7. Book, and moft of the 
Commentators judge it difficult to prove that four magnitudes which 
are proportionals according to the ao. Def. of 7 . B. are alfo prot 
portionals according to the 5. Def. of 5. Book, but this is eaiiiy 
made out, as follows. 

Firft, If A, B, C, D be four mag- 
nitudes, fuch that A is the fame 
multiple, or the fame part of B, 
which C is of D ; A, B, C, D are 
proportionals, this is demonftrated 
in Propofition C. 

Secondly, If AB contain the fame 
parts of CD that EF does of GH ; 
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KookV. in this cafe likewife AB is to CD, as EF to GH. 
V>^V>^ Let CK be a part of CD, and GL the fame part of GH; aad 
le* AH Ix; the faitie multiple of CK, that EF is of GL, therefore by 
Viop C. of 5. Book, AB is to CK, as 
LF to GL. and CD, GH arc equi- 
multiples of CK, GL the fecond and 
fourth ; wherefore by Cof» Prop. 4» 
B. 5 . AB is to CD, as EF to GH. 

And if four magnitudes be pro- 
portionals according to the 5 . Def. of J 
B. 5. thcyiu-e alfo proportionals ac- X /^ E (5 M 
cording to the 2 o. Def. of B. 7 . 

Firll, If A be to B, as C to D ; then if A be any multiple or 
part of B, C is the fame multiple or part of D, by Prop. D. of 
h. 5. 

Next, If AB be to CD, as EF to GH ; then if AB contains any 
parts of CD, EF contains the fame parts of GH. for let CK be a 
part of CD, and GL the fiune part of GH, and let AB be a mul- 
tiple of CK ; EF is the fame multiple of GL. Take M the fame 
multiple of GL that AB is of CK 5 therefore by Prop. C. of B. 5. 
AB is to CK, as M to GL ; and CD, GH are equimultiples of CK, 
GL ; wherefore by Cor. Prop. 4. B. 5 . AB is to CD, as M to GH. 
and, by the Hypothefis, AB is to CD, as EF to GH ; therefore M 
is equal to EF by Prop. 9. B. 5. and confequtntJy EF is the fame 
multiple of GL that AB is of CK. 



P R O P. D. B. V. 

This is not unfrequently ufed in the demonftration of other Pro- 
pofitions, and is neceHary in that of Prop. 9. B. 6. it feems Thcon 
has left it out for the reafon mentioned in the Notes at Prop. A. 



i>ROP. VIIL B. V. 

In the demonilration of this, as it is now in the Greek, there are 
two cafes, (fee the demonftration in Hervagius, or Dr. Gr^wys 
edition) of which the firft is that in which AE is lefs than EB ; and 
in this, it neccffarily follows that H0 the multiple of EB is greater 
than 7li the fajne multiple of AE, which lail multiple, by the cod- 
ftruftion, is greater than A ; whence alfo H0 muft be greater thaa 
A. but in the fecond cafe, viz. that in which EB is lefi than AE, tho' 
2H be greater than A, yet H0 may be Icfs dian the fame A ; fo that 

there 
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there cannot be taken a multiple of A which is the firfl that is Beck V. 
greater than K, or H0, becaufe A itfelf is greater than it. upon K^^^yyj 
this account, the Author of this demonffa^tion found it neceflary to 
cJiange one part of the conftrudlion that was made ufe of in the 
firft cafe, but he has, without any necefGty, changed alfo ano- 
ther part of it, viz. when he orders to take N that multiple of A 
"which is the firft that is greater 
than ZH ; for he might have 
taken that multiple of A which 
is the firft that is greater than 
H0, or Ky as ^^as done in the 
firft cafe, he likewiie brings in 
this K into the demonftration of ^l J *T 

both cafes, without any reafon, 
for it ferves to no purpofe but 
to lenfithcn the demonftration. 
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There is alfo a third cafe, which is not mentioned in this demonftra- 
tion, viz. that in which AE in the firft, or EB in the fecond of the 
two other cafes, is greater than D ; and in this any equimultiples, 
as the doubles, of AE, EB are to be taken, as is done in this Editi- 
on, where all the cafes are at once demonftrated. and from this it 
is plain that Theon, or fome other unfldlful Editor has vitiated this 
Propofition. 

PROP. IX. B. V. 
Of this there is given a more explicit demonftration than that 
which is now in the Elements. 

PROP. X. B. V. 
It was neceflary to give another demonftration of this Propofiti- 
on, becaufe that which is in the Greek, and Latin, or other edidons, 
is not legitimate, for the words greater, the fame or equal y lejcr have 
a quite different meaning when applied to magnitudes and ratios, 
as is plain from the 5. and 7. Definitions of B. 5. by the help of 
thefe let us examine the demonftration of the 10. Prop, which pro- 
ceeds thus. " Let A have to C a greater ratio, than B to C. I lliy 
" that A is greater than B. for if it is not greater, it is cither equal, 
*' or Icfs. but A cannot be equal to B, becaufe then each of them 
** would have the fame ratio to C; but they have not. therefore 
** A is not equal to B." the force of which rcafoning is this, if A 
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Bock V. had to C, the fame ratio that B has to C, then if any cqiiimulti|ric$ 
whatever of A and B be taken, and any muhiple whatever of C; 
if^ the muhiple of A be greater than the muhiple of C, then, by 
the 5. Dcf. of 13. 5. the muhiple of B is alfo greater than that of C. 
but from the Hypothefis that A has a gi eater ratio to C, than B has 
to C, there muft, by the 7. Dcf. of D. 5. be certain equimultiples 
of A and B, and feme multiple of C fuel), that the multiple of A is 
greater than the multiple of C, but the multiple of B is not greater 
than the fiunc multiple of C. and this Propof^iion direftly contra- 
di(fts the prececding; wherefore A is nqt equal to B. the demon- 
firation of the 10. Proppfition goes on thus, *' but neither is Alefs 
than E, bccaufe then A would have a leis ratio to C, than B has 
to it. but it ha$ not a Icfs ratio, therefore A is not Icfs than B" 
&c. here it is faid that ** A would have a lefs ratio to C, than B has 
" to C," or, which is the fame thing, tl^at B wpuld have a greater 
ratio to C, than A to C; that is, by 7. Dcf. B. 5. there muft be 
fome equimultiples of B and A, and foine muhiple of C fuch, that 
the multiple of B is greater than the multiple of C, but the muhiple 
of A is not greater than it. and it ought to have been proved that 
ll:is can never happen if the ratio of A to C, be greater than the 
ratio of B to C ; that is, it fliould have been proved that in this cafe 
the multiple of A is always greater than the mulcipic of C, when- 
ever the multiple of B is greater than the multiple of C ; for when 
this is demonflrated it will be evident that B cannot have a greater 
rc^tio to C, than A has to C, or, which is the fame thing, that A 
cannot have a lefs ratio to C, than B has to C. but this is not at all 
proved in the 10. Propofition; but if the 10. were once demon- 
ftrated it would immediately follow from it; but cannot without it 
be cafily d^monArated, as he that tries to do it will find, wherefore 
ilic I o. Propofitioi: is not fufficiently dcmonftrated. and it fcems 
that he who has given the demonftration of the 10. Propofition as 
we now have it, in/lead of that which Eudoxus or Ebclid had gi- 
ven, has been deceived in applying what is manifeft when under- 
ftcoJ of magnitudes, unto ratios, viz. that a magnitude cannot b? 
both greater and Jefs than another. That thofe things which are 
equal to the fame are equal to one another, is a moft evident Axiom 
when undcrftood of magnitudes, yet Euclid does not make ufe of it 
to infer that thofe ratios which are the. fame to the fame r?itio, are 
the faine to one another ; but explicitely demonftrates this in Prop. 
1 I . of B. 5. the demonftraticn vrc have gi\'en of the 10. Prop, is 
• • * DO 
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HO doubt the fame with that of Eudoxus or Euclid^ as it is imine- Book V. 
diately and direftly derived from the Definition of a greater ratio, 
Viz. the 7. of the 5. ^^ 

The above mentioned Propofition, viz. If A have to C a greater 
ratio than B to C, and if of A and B there be 
taken certain eqiiimultiples, and fome mul- 
tiple of C, then if the multiple of B be greater 
than the multiple of C, the multiple of A is 
alfo greater than the fame, is thus demon- a P B 

Let D, E be equimultiples of A, B, and ^ 

F a multiple of C, fuch, tlwt E the multiple 
of B is greater than F ; D the multiple of A 
IS alfo greater than F. 

Becaufe A has a greater ratio to C, than 
B to C, A is greater than B, by the i o. Prop. 
B . ' 5 . therefore D the multiple of A is greater 
than £ the fame multiple of B. and E is 
greater than F ; much more therefore D is greater than F. 

PROP. XIII. B. V. 
In Commandine's, Briggs's and Gregory's Tranflations, at the be- 
ginning of this demonftration, it is laid, ** And the multiple of C is 
•* greater than the multiple of D ; but the multiple of E is not 
** greater than the multiple of F," which words are a literal tranf- 
lation from the Greek, but the fenfe evidendy requires that it be 
read, " fo that the multiple of C be greater than the multiple of D ; 
** but the multiple of E be not greater than the multiple of F." and 
thus this place was reftored to the true reading in the firft editions 
of Commandine*s Euclid printed m 8^0 at Oxford ; but in the later 
editions, at leafl in that of 1 7 47 , the error of the Greek text was 
kept in. 

There is a Corollary added to Prop. 1 3 . as it is neceflary to the 
2 o. and 2 1 . Prop, of this Book, afid is as ufeful as the Propofition. 



PROP. XIV. B. V. 
The two cafes of this which are not in the Greek are added ; the 
demonftration of them not being exaflly the fame with that of the 

firft cafe. 

PROP. 
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PROP. XVII. B. V. 

The order of the words in a daufe of this is changed to one 
more natural, as was alfo done in Prop. 1 1 . 

PROP. XVIII. B. V. 

The demonflration of this is none of Euclid's, nor is it legitimate, 
for it depends upon this Hypotheiis, that to any three magnitudes, 
two of which, at leaft, are of the fame kind, there may be a fom-th 
proportional ; which if not proved, the Demonftration now in the 
text is of no force, but this is afTumed without any proof, nor can 
it, as far as I am able to difcern, be demonftrated by the Propositi- 
ons preceeding this ; fo far is it from deferving to be reckoned an 
Axiom, as Clavius, after other Commentators, would have it, at 
the end of the Definitions of the 5. Book* Euclid does not de- 
monftrate it, nor does he Ihew how to find the fourth proportio- 
nal, before the 12. Prop, of the 6, Book, and he never afTumes any 
thing in the demonftration of a Propofition, which he had not be- 
fore demonihated ; at leaft, he aflumes nothing the exiftence of 
which is not evidently poffible; for a certain conclufion can never 
be deduced by die means of an uncertain Propofition, upon this 
account we have given a legitimate Demonftration of this Propo- 
fition inftead of that in the Greek and other editions, which very 
probably Theon, at leaft fome other has put in the place of Euclid's, 
becaufe he thought it too prolix, and as the 17. Prop, of which 
this I 8. is the convcrfe, is demonftrated by help of the i . and 
2 . Propofitions of this Book, fo in the demonftration now given of 
the I 8 th, the 5. Prop, and both cafes of the 6. are neceflary, 'and 
thefe two Propofitions are the converfes of the i . and 2. Now the 
5. and 6. do not enter into the demonftration of any Propofition in 
this Book as we now have it, nor can they be of uie in any Pro- 
pofition of the Elements, except in this 1 8. and this b a manifeft 
proof that Euclid made ufe of them in his demonftration of it, 
and that the demonftration now given, which is exadUy the con- 
verfe of that of the 17. as it ought to be, differs nothing from that 
of Eudoxus or Euclid, for the 5. and 6. have undoubtedly been 
pat into the 5 . Book for the fake of fome Propofitions in it, as all 
the other Propofitions about equimultiples have been. 

Hieronymus Saccherius in his Book named Euclides ab omni 
nacYo vindicatusy printed at Milan Ann. 1 7 3 3 » in 4 to, acknowledges 
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4us blemUh in the demonftradoa of the 1 8. and that he may re- Book V. 

move ic, and render the demonftratipn we now have of it legitimate* 

he endeavours to demonftrate thp following Proportion, which is 

in page 1 1 5 of his Book, viz. 

" Let A, B, C, D be four magnitudes, of which tjie two firft 

" are of one kind, and alfo the two others either of the fame kind 
with the two firfl^ or of fome other the fame kind with one ano- 
ther. I fey the- ratio of the third C to the fourth D, is cither 
equal to, or greater, or Icfs than the ratio of the firft A to the 

" fccond B." 

And after two Propofitions prejmifed as Lemmas, he proceeds. 

thus. 

Either among all the pofTiblc equimultiples of the firft A, and 
of the third C, and, at the feme time among all the poflible equi- 
multiples of the fecond B, and of the fourth D, there can be found 
ibme one multiple EF of the firft A, and one IK of the fecond B, 
that arc equal to one another ; and alfo (in the fame cafe) fomc 
one multiple GH of the third C equal to LM the multiple of the 

" fourth D. or fuch equality is no where to be found. If the firft 
cafe . happen , a 

" [i. e. if fuch e- ^^ E ^ 

" quality is to be W% ^ ^ 

'• found, ] it is •" A ^ 

" manifeft from 

" what is before 

" demonftrated , "Q L J}JI 

" that A is to B, 

as C to D. but if fuch fimultaneous equality be not to be found 
upon both fides, it will be found either upon one fide, as upon 
tl^ fide of A [and B;] or it will be found upon neither fide; if 
the firft happen ; therefore (from Euclid's Definition of greater 

'' and lefier ratio foregoing) A has to B, a greater or lefs ratio thai^ 

'* C to D ; according as GH the multiple of .the third C is kfs, or. 

'' greater than LM the multiple of the fourth D. but if the fecond 

*' cafe happen ; therefore upon the one fide, as upon the fide of A 

'* the firft and B the iecond, it may happen that the multiple £F,[|iiz« 
of the firft] may be lefs than IK the multiple of the iecond, while 
on the contrary, upon the other fide, [viz. of C and D] the multiple 
GH [of the third C] is greater than the other multiple LM. [of 
the fourth D.] and then (from the feme Definition of Euclid) the 

^ •• ratio 
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Book V. " ratio of the firft A to the (econd B, is lefs than the ratio of the 
** third C to the fourth D ; or on the contrary. 

" Therefore the Axiom, [i. e. the Propofition before fet down,] 
** remains demonftrated" &c. 

Not in the leaft; but it remains ftill undemonftrated : for what 
he iays may happen, may in innumerable cafes never happen, and 
therefore his demonftration does not hold, for example, if A be the 
fide and B the diameter of a fqnare ; and C die fide and D the dia- 
meter of another fquare ; there can in no cafe be any multipk of 
A equal to any of B ; nor any one of C equal to one of D, as is 
well known ; and yet it can never happen that when any multiple of 
A is greater or lefs than a multiple of B, the multiple of C can, 
upon the contraiy, be lefs or greater than the multiple of D, viz, 
taking equimultiples of A and C, and equimultiples of B and D. for 
A, B, C, D are proportionals, and fo if the multiple of A be 
greater &c. than that 6f B, fo muft that of C be greater &c. than 
that of D. by 5. Def. B. 5 . 

The fame objeftion holds good againft the Demonftration which 
fome give of the i . Prop, of the 6. Book, which we have made a- 
gainft this of the 1 8. Propofition, becaufe it depends upon the fame 
infufficient foundation with the other, 

PROP. XIX. B. V. 
A Corollary is added to this, which is as frequently ufed as the 
Propofition itfelf. the Corollary which is fubjoined to it in die 
Greek, plainly fiiews that the 5. Book has been vitiated by Editors 
who were not Geometers, for the converfion of ratios does not de- 
pend upon this 19. and the Demonftration which feveral of the 
Commentators on Euclid give of Converfion, is not legidmate, as 
Clavius has rightly obferved, who has given a good Demonftradoa 
of it which we have put in Propofition E; but he makes it a Co- 
rollary from the 19. and begins it with' the words, '* Hence it ca- 
*' fily follows," tho' it does not at all follow from it. 

PROP. XX, XXI, XXII, xxni, xxiv. b. v. 

The Demonftrations of the 2 o . and 7. 1 . Propofitions are ihorter 
than thofe Euclid gives of eafier Propofidons, either in the prececd- 
ing, or following Books, wherefore it was proper to make them 
more explicit, and the 2 2 . and 2 3 . Propofitions are, as they ought 
to he, extended to any number of magnitudes, and in like manner 
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imy the 24. be, as is taken notice of in a Corollary; and another Book V. 
Corollary is added, as ufeful as the Propofition. and the words v,.>^y^O 
•* any whatever" arc fupplied near the end of Prop. 23 . which are 
wanting in the Greek text, and the tranflations from it. 

In a paper writ by Philippus Naudaeus, and publifhed, after his 
death, in the Hiftory of the Royal Academy of Sciences of Berlin, 
Ann. 1745. page 50. the 23, Prop, of the 5. Book is cenforedas 
being obfcurely enuntiated^ and, becaufe of this, prolixly demon- 
ftrated. the Enuntiation there g^vcn is not Euclid's but Tacquet's, 
as he acknowledges, which, tho' not fo well exprefled, is, upon the 
matter, the fame with that which is now in the Elements. Nor is 
there any thing obfcure in it, tho' the Author of the paper, has fet 
down the proportionals in a diladvantageous order, by which it ap- 
pears to be obfcure. but no doubt Euclid enuntiated this 23. as 
well as the 22. fo as to extend it to any number of magnitudes, 
which taken two and two, are proportionals, and not of fix only ; 
and to this general cafe the Etiuntiation which Naudaeus gives, can- 
not be Well applied. 

The Demondration which is given of this 23. in that paper, is 
quite Irrong; becaufe if the proportional magnitudes be plane or. 
folid figures, there can no reftangle (which he improperly calls a 
Produft) be conceived to be made by any two of them, and if k 
fhould be fmd, that in this cafe ftraight lines are to be taken which 
kre proportional to the figures, the Dcmonftration would this way 
become much longer than Euclid's, but even tho' his Demon ftra- 
tion had been right, who does not fee that it could nqt be made uf^ 
df in the 5 . Book ? 

PROP. F, G, H, K. B. V. 

Thefe Propofitions are anneiced to the 5 . Book, becaufe they are 
frequently made ufe of by both antient and modem Geometers, and 
in many cafes Compound ratios cannot be brought into Demonfha- 
tions, without making ufe of them. 

Whoever defn-es to lee the doArine of Ratios delivered in this J. 
Book folidly defended, and the arguments brought againft it by 
And. Tacquet, Alph. Borellus and others, fully r^ted, may read 
Dr. Barrow's Mathematical Le^res, viz. the 7 . and 8. of the year 
1 666. 

Th« 5. Book being thus corrected, I moft readily agree to what 
the learned Dr. Barrow fays ♦, '* That there is nothing in the whole • Paffjs«- 

*• body 
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Book V. '^ body of the £lements, of a more fubdk inveQtioa» nodung mM 
** folidly eflabliflied and more accurately handled, than the doArine 
*^ of Proportionals/' And there ts fome ground to hope that Geo- 
meters will think that this could not have been iaid Whh as good 
renfon, fince Theon's time till the prefent. 



Book VI. DEF. II. and V. of B. VI, 

THE 2. Definition does not feem to be Euclid's but ibme nii« 
fkilful Editor's, for there is no mention made by Eudid, 
nor, as far as I know, by any other Geometer, of reciprocal figures. 
it is obfcurely exprefled, which nlade it proper to render it more 
diftinfV. it would be better to put the following Definition in plao? 
of it, viz. , 

DEF. II. 

Two magnitudes are faid to be reciprocally ^oportional to twor 
others, when one of the firft is to one of the other magnitudes, a^ 
the remaining one of the laft two is to the remaining one of the firfl. 

But the 5. Definition, which fince Theon's time has been kept 
in the Elements, to the great detriment of learners, is now juftly 
thrown out of them, for the reafons given in the Notes on the 23. 
Prop, of this Book. 

t P R O P. I. and II. B. VI. 
To the firft of thefe a Corollary is added which is often ufed. 
and the Enuntiation of the fecond is made more general. 

PROP. III. B. VI. 

A fecond cafe of this, 2ts ufeful as the firft, is given in Prop. A, 
tiz. the cafe in which the exterior angle of a triangle is bifeftcd by 
a ftraight line, the Demonftration of it is very like to that of the 
firft cafe, and upon tiiis account may, probably, have been left out, 
as alio the Enuntiation, by fome unfldlful Editor, as leaft it is cer- 
tain, that Pappus makes ufe of this cafe, as an Elementary Propofi- 
tion, without a Demonftration of it, in Prop. 3 9 • of his 7 . Book of 
Mathem. ColleAions* 

PROP. 
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Book VI. 
PROP. VII. B. VI. 

To this 1 cafe is added which occurs not uufrequently in De- 
inonftratiohs. 

PROP. VIII. B. VI; 

It feems plain that feme Editor has changed the Demonflration 
that Euclid gave of this Propofition. for after he has demonftrated 
that the triangles are equiangular to one another, he particularly 
(hews that their fides abotit the equal angles are proportionals, as if 
this had not been done in the Demonfbation of the 4. Prop, of this 
Book, this fuperfluous part is not found in the Tranflation from 
the Arabic, and is nfow left out. 

PROP. IX. B. VI. 

-This is demonftrated in a particular cafe, viz. that in which the 
third part of a ftraight line Is required to be cut ofF; which is not at 
411 like Euclid's manner, befides, the Author of the Demonftration, 
from four magnitudes being proportionals, concludes that the third 
of them is the fame multiple of the fourth, which the firft is of the 
iecond; now this is no where demonftrated in the 5. Book, as we 
now have it. but the Editor alTumes it from the confufed notion 
which the vulgar have of proportionals, on this account it was ne- 
Ceflary to give a general and legitimate Demonftration of this Pro- 
pofition. 

PROP. XVIII. B. VI. 
The Demonftration of this feems to be vitiated, for the Propo- 
fition is demonftrated only in the cafe of quadrilateral figures, with- 
out mentioning how it may be extended to figures of five or more 
fides, befides, from two triangles being equiangular it is inferred 
that a fide of the one is to the^homologous fide of the other, as ano- 
ther fide of the firft is to the fide homologous to it of the other. 
Without permutation of the proportionals ; which is contrary to Eu- 
clid's manner, as is clear from the next Propofition. and the fame 
&ult occurs again in the condufion, where the fides about the equal 
ingles are not fliewn to be proportionals; l>y reafon of again ne- 
gleAing permutation, on thefe accounts a Demonftrati(xi is given 
ia Euclid's manneri like to that he nukes uf6 of in the 20. Prop. 

of 
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Book VL of this Book ; and it is extended to five fided figures, by wWch it 
may be feen how to extend it to figures of any number of fides. 

PROP. XXIII. B. VI. * 

Nothing is ufually reckoned more difficult in the Elements dt 
Geometry by learners, than the dodlrine of Compound ratio, wKdi 
Theon has rendered abfurd and ungeometrical, by fubfiituting the 
5. Definition of the 6« Book, in phce of the right Definition which 
without doubt feudoxus or Euclid gave, in its proper place, after 
the Definition of Triplicate ratio &c. in the 5. Book. Theon's 
Definition is this ; a Ratio is fold to be compounded of ratios oVar 
at ruY Koyat Trn^tKOTtiTic if Icu/rac '^o\ka'jrKOL<nxo^ei(Tctf Troiaei rna, 
which Commandine thus tranflates, " quando rationum quantitatej 
** inter fe multiplicatae aliquam efliciunt rationem ;" that is, wheii 
the quantities of the ratios being multiplied by one another make a 
certain ratio. Dr. Wallis tranflates the word »->jxi>coT»fTtc, " ratio- 
" num exponentcs," the exponents of the ratios, and Dr. Gregory 
renders the laft words of the Definiticn by '* illius fecit quantitatem/* 
makes the quantity of that ratio, but in whatever fenft the " qiian- 
** titles" or " exponents of the ratios/* and their " Uiultiplication" 
be taken, the Definition will be ungeometrical and ufelefs. for there 
can be no multiplication but by a number ; now the quantity or 
exponent of a ratio (according as Eutocius in his Comment, on 
r*rop. 4. Book 2. of Arch, de Sph. et Cyl. and the moderns explain 
that term) is the number which multiplied into the confequent term 
of a ratio produces the antecedent, or, which is the lame thing, tlic 
number which arifcs by dividing the antecedent by the confequent; 
but there are many ratios fuch, that no number can arife from the 
divifion of the antecedent by the confequent ; ex. gr. the ratio which 
the diameter of a Iquaie has to the fide of it; and the ratio which 
the circumference of a circle has to it diameter, and fuch like. 
Befides, there is not the lead mention made of this Definition in 
the writings of Euclid, Archimedes, Apollonius, or other antients, 
tho' they frequently make ufe of Compound ratio, and in this 23. 
Prop, of the 6. Book, where Compound ratio is firft mentioned, 
there is not one word which can relate to tWs Definition, tho' here, 
if in any place, it was neceflSiry to be brought in ; but the right 
Definition is exprefly cited in thefe words, ** but the ratio of K to 
'* M is compounded of the ratio of K to L, and of the ratio of L 
•* to M.*' this Definition therefore of Theori is quite ufelefs and 

abfurd* 
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iibfdrd. for that Theon brought it into the Elements can fcarce be Book V!; 
doubted, as it is to be found in his Commentary upon Ptolomy's 
Mtyaxjj Syrra^ic, page 62. where he alfo gives a childifli explication. 
bf it, as agreebg only to fuch ratios as can be exprefled by num- 
bers ; and from this place the Definition and explication have beenf 
txaiOiy copied and prefixed to the Definitions of the 6. Book, as 
appears from Hervagius's edition, but Zambertus and Commandine 
in their Latin Tranflations fubjoin the fame to thefe Pcfinitions; 
Neither Campanus, nor, as it fecms, the Arabic manufcripts froiri 
^hich he made his Trandation, have this Definition. Claviusin his 
Obfervations upon it, rightly judges that the Definition of Comr 
pound ratio might have been made after the fame, manner in which 
the Definitions of Duplicate and Triplicate ratio are given, viz/ 
•' that as in fcveral magnhudes that are. continual proportionals, Eu- 
" did named the ratio of the firft to the third, the Puplicate ratio 
" of the firft to the feeond ; and the ratio of the firft to the fourth; 
the Triplicate ratio of, the firft to the fcCoAd ; that is, the ratio' 
compounded of t^o or tlifee intji^rmediate ratios that are equal 
to one another, and fo on ; fo in like. manner if there be feveral 
•' magnitudes of the fame kiffd, following one another, which are 
not continual proportionals, the firft is faid (o. have to the laff 

the ratio compounded of all the intermediate ratios, only for' 

this reafon, that thefe intermediate ratios are interpofcd betwixt 
" the two extremes, viz.. the firft and laft miagnitudes; even as irf 
the J o. Definition of the 5. Book, the ratio of the firft to the 
third was called the Puplicate ratio> merely upon account of two' 
ratios being interpofed betwixt the extremes, that r^-e equal to one 
*' another : fo that there is no difference betwixt this compounding* 
•* of ratiosj^ and the duplictation or triplication pf tjiem which are 
" defined in the 5 . Book, but ^t in the duplication, triplicatior^ 
** &c. of ratios, all the interpofed ratios are equal to one another; 
*• whereas m the onnpounding of ratios, it is not necellary that the 
** intermediate ratios ftiotild be equal to one another." Alfo 
Mr. Edmund Scarburg^, in his Engliih tranflatidn of the firft fix 
Books, page 238, 266. exprefly affirms that the 5. Definition of 
the 6. Book, is fupppfititious, and that the true Definition of Com- 
pound ratio is contained in the 10. Definition of the 5. Book, viz.' 
the Definition of Duplicate ratio, or to be underftood from it, to^ 
wit, in the iame manner as Clavius has explained it in the preceedin^' 
dtation. Yet thefe, and the reft of the Moderns, do notwithftanding 
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B<x>k VI. retain this 5. Def. of the 6. B. and illuflrate and explain it by long 
Commentaries, when they ought rather to have taken it quite away 
from the Elements. 

For, by comparing Def, 5. B. 6. with Prop. 5. B. 8. it wiB 
clearly appear that this Definition has been put into the Elements in 
place of the right one which has been taken out of them, becaufe in 
Prop. 5. B. 8. it is demonftrated tliat the plane number of which 
the fides are C, D has to the plane number of which the fides arc 
E, Z (fee Hervagius's or Gregory's Edition) the ratio which is com- 
pounded of the ratios of their fides ; that is, of the ratios of C to 
E, and D to Z. and by Def. 5. B. 6. and the explication given of 
it by all the Commentators, the ratio which is compounded of the 
ratios of C to E, and D to Z^ is the ratio of the produft made by 
the multiplication of the antecedents C, D, to the produft of the 
confequents E, Z, that is the ratio of the plane number of which 
the fides arie C, D to the plane number of which the fides are E, Z. 
wherefore the Prppofition which is the 5. Def. of B. 6. is the very 
fame with the 5. Prop, of B. 8. and therefore it ought neceflarily 
to be cancelled in one of thefe places ; becaufe it is abfurd that the 
fame Propoiition fliould ftand as a Definition in one place of the 
Elements, and be dcmonftrated in another place of them. Now there 
is no doubt that Prop. J. B. 8. fliould have a place in the Elements^ 
as the fame thing is demonftrated in it concerning plane numbers, 
\vhich is demonftrated in Prop. 23. B. 6. of equiangular parallelo* 
grams; wherefore Def. 5. B. 6. ought not to be in the Elements, 
and from this it is evident that this Definition is not Euclid's buf 
Thcon's, or fomc other unfkilful Geometer's. 

But no body, as far as I know, has hitherto (hewn the true ufe 
of Compound ratio, or for what purpofe it has been introduced into 
Geometry ; for every Propofition in which Compound ratio is made 
ufe of, may without it be both enuntiated and demonftrated. Now 
the ufe of Compound ratio confifts wholly in this, that by means of 
It, circumlocutions may be avoided, and thereby Propofitions may 
be more briefly either enuntiated or demonftrated, or both may be 
done ; for inftance, if this 23 . Propofition of the 6. Book were to 
fee enuntiated, without mentioning Compound ratio. It mi^ht be 
done as follows ; If two parallelograms be equiangular, and if as a 
fide of the firft to a fide of the fecond, fo any afTumed ftraight line 
be made to a fecond ftraight line ; and as the other fide of the firft 

fo the oth«r fide of the fe^odi fy the fecoad ftraight line be made 

to 
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io a third: Ae firft paralldogram is to the fccond, as the firft Book VI. 
ilraight line to the third, and the Demonftration would be exaftly 
the £une as we now have it. but the antient Geometers, when they 
Obferved this Enuntiation could be made fhorter, by giving a name 
to the ratio which' the firft ftraight line has to the laft, by which 
tiame the intermediate ratios might likewife be figilified, of the firft 
to the fecond, and of the fecond to the third, and fo on if there 
Were more of them, they called this ratio of the firft to the laft, the 
fatio compounded of the ratios of the firft to the fecond, and of the 
fecond to the third ftraight line ; that is, in the prefent' example, of 
the ratios which are the fame with the ratios of the fides, and by this 
they cxprefled the Propofition more briefly thus, If there be two 
equiangular parallelogi-ams, they have to one another the ratio 
nrhich is the lame with that which is compounded of ratios that 
are the fame with the ratios of the fides, which is ftiorter than the 
preceeding Enuntiation, but has precifely the fame meaning, or yet 
ftiorter thus ; equiangular parallelograms have to one another th^ 
ratio which is the fame with that which is compounded of the ra- 
tios of their fides, and thcfe two Enuntiations, the firft efpecially/' 
agree to the Demonftration which is now in th6 Greek, the Propo-' 
fition maybe more briefly demonftrated, as Candalla docs, thus j 
Let ABCD, CEFG be two equiangular parallelograms, and com- 
plete the parallelogram CDHG; then, becaufe there are three pa-i 
tallelograms AC, CH, CF, the firft AC (by the Definition of Com* 
pound ratio) has to the third CF, the 
ratio which is compounded of the ratio •" 
of the fiii-ft AC to the fecond CH, and 
of the ratio of CH to the third CF ; 
but die parallelogram AC is to the pa- 
rallelogram CH, as (he ftraight line 
BC to CO ; and the parallelogram CH 

is to CF, as the ftraight line CD is to CE ; therefore the parallelo- 
gram AC has to CF the rado which is compounded of ratios that 
are the fame with the ratios of the fides, and to this Demonftration 
agrees the Enuntiation which is at prefcnt in the text, viz. equian- 
gular parallelograms have to one another the ratio which is com-* 
pounded of the ratios of the fides, for the vulgar reading " whicll 
** is compounded of their fides" is abfurd. But in this Edition wcr 
hare kept the Demonftradon which is in the Greek text, tho' not 
to fliort as Caadaila's ; becaufe the way of finding the ratio which 
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lk)c!t VI. is compounded of the ratios of the iides; diat is, of fiodix^ th^ 
ratio of the parkllclograms, is (hewn in diat, butaot in Candalb'^ 
Demonftration ; whereby Ix^^nners may learn, in like cafes, how to 
find rlic ratio \Thich is compounded of two ex more giren ratios. 

From what has been iaid it may be obferyed, that in any magoi- 
hides whatever bf the fame kind A, B> C, D &c. the ratio com- 
pounJed of the ratios of the firft to the fecdnd, of the fecond to the 
tiiird, and fo on to the lad, is only a nam€ or expreflion by wfajcb 
the ratio which the firft A has to the laft D is fignified, and l^ 
which at the fame time the ratios of all the itiagnitudes A to B, 
B to C, C to D from the firft to the laft, to one another, whedier 
tliey be rhe fame, or be not the fame, are indicated ; as in m^goi- 
tndes which are continual proportionals A, B, C, D &c, tbc Da- 
plicate ratio of the firft to the fecond is only a name, or exprcflioD 
by which the ratio of the firft A to the tliird C is QffuBcd^ and bf 
which, at the fame time, is (hewn that there are two ratip^.of tbe 
mnrnitudcs from the firft to the laft, viz. of the fii^A tQthcfc- 
cond B, and of the fecond B to the third or laft C, which arc tjse lioc 
with crc another ; ?nd the Triplicate ratio of the firft to ttefoqool 
is a name or cxpi'ei^on by whicli. the ratio of the. firft -A to ibc 
fourth D IS (rgnrf ed, and by whidi, at the fame time, is (hewn tlai 
tlerc arc thrte ratios of the magnitudes from the fiift to the M, 
viz. of the firft A to the fecond B, and of C tQ the third C,..aadof 
C to the fourth or laft D, which are all the fame with one anodyi; 
and fo in the cafe of any other Multiplicate raxjas. And that this is 
the right explication of the meaning of thefc ratios is plain bcpt 
(he Dcfiiuriuns of Duplicate and Triplkatc ratio in whic)f JfpcfiJ 
Inakes ufc of the word xfy«ra/, is fald to be, or is. called; whidi 
word, he no doubt made ufeof alfo id the Definition of .Cowppnnd 
i-nrio which Theon, or fome other, has expunged from the Ele- 
ments ; for the very fame word is ftill retained in the wrong Defini- 
tion of Compound rjrtio which ib now the j. of tlie 6. Book, but 
hi the citation of thefc Definitions it is fi^metimcs retained| as in the 
Demonftration of Prop. 19* B. 6. " tiie firft fe faid to ba«e, tx^ 
**' hfyiTOf, to the third the Duplicate ratio'* &c. which is lyrong 
franflated by Commandine and others " has** instead of '* i3 laid to 
•* have;** and fometimes it is left out, as in the Demonftration of 
Prop. 3 3 . of the 1 1 . Book, in which we find ** the firft has, «x®* 
^ to the third the Triplic»''tjc fatio;" but without doubt «x«»*'has/ 
3b tl.is place fig^ifies th^ fame as^Vpigeir hiynaf, is faid ta have. fi> 
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fikewife in Prop. 2 3 . B. 6. we find this citation " but the ratio of Bock \ i . 
♦• K to M is compounded, Qvyxeira/, of the ratio of K to L, and K^y^-^u 
*• the ratio of L to M,'* which is a ftiorter way of exprefiing the 
fame diing, which, according to the Definition, ought to have btcn 
cxprdTed by frvyxeto^^a^ Kiy^TOf, is faid to be compounded. 

FVom thefe Remarks, together with the Pro'pofitions fubjoined 
to the 5. Book, all that is found concerning Compound ratio ei- 
ther in the antient or modem Geometers may be underftood and 
explained. 

PROP, XXIV. B. VI. , 

It (eems that fome unflciiful Editor has made np this Den:on- 
ftration as we now have it, out of rwo others ; one of which may 
be made fiom the 2. Prop, and the other fiom the 4. of this 
Book, for after he has from the 2. of this Book, and Compofitlcn 
and Permutation, demonftrated that the fides about the angle con^- 
mon to the two parallelograms are proportionals, he might have 
immetfiately concluded that the fides about the other equal angles 
'were proportionals, viz. from Prop. 34. B. i. and Prop. 7. B. 5. * 
this he does not, but proceeds to ftiew that the triangles and paral- 
lelograms are equiangular, and in a tedious way, by help of PrOj . 
4. of thii Book, and the 22. of B, 5. deduces the lame conclufion. 
from which it is plain that this ill compofed Dtmonfcration Is ulz 
Euclid's, thefe fuperfluous things are now left out, and a mo;o 
fimplc Demonftration is given from the 4. Prop, of this Bcx>k, the 
ftme which is in the Translation firom the Arabic, by help of the 
i. Prop, and Compofition ; but in this the Author neglefls Permu- 
tatidh, and does not (hew the parallelograms to be equiangular, as 
is prbperto do for the fake of beginners. 

PROP. XXV. B. VI. 

It is very evident that the Demonftration which Euclid had given 
of this J*ropofition, has been vitiated by ibme unflciiful hai>d. (v r 
' after this Editor had demonftrateJ that " as the rcftiibcal iigiv; i 
^ ABC is to the regained KGH, fo is the panllelogram BE to the • 

'■* parallelogram EF,*' nothing more fiiould have been added but 
this, '* and the reftilineal figure ABC is equal to the parallelo^^rnni 
" BE, therefore the reftilineal KGH is equal to the paralklcprrtin 
'< EF,** viz. from Prop. 14. B. 5. but betwixt thcfe t\vo fcntcnLvS 
be has inferted tliis, •* wherefore, by Permacadcn, as the rcclilinc;*! 
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Book VI. " figure ABC to tfac parallelogram BE, fo is the reftilincal KGH 
Wff^'s^ ** to the parallelogram EF ; " by which, it is plain, he thought it 
wzs not fo evident to conclude that the fecond of four proportioiab 
i: equal to the fourth from the equality of the firft and third, which 
i'3 a thing demonflrated in the 14, Prop, of B. 5. as to conclude 
tlmt the third is equal to the fourth, from the equality of the firft 
an:l I'ccond, which is no where demonflrated in the Elements as we 
now have them, but tho' this Propofition, viz. the third of four 
fHoponioriaJs is eqiuil to the fourth, if the firfl be equal to the fe- 
ccnd, had been given in the Elements by Euclid, as very probabJ? 
it was, yet he would not have made ufe of it in this place, becaufe, 
as was laid, the condufion could have been immediately deduced 
without this fuperfluous ftep by Permutation, this we have fbewn 
at the greater length, both becaufe it aiFords a certain proof of the 
vitiation of the Text of Euclid, for the very fame blunder is found 
jwice in the Greek Text of Prop. 23.8.11. and twice in Prop. 2. 
B. 1 2. and in the 5. 11. 12. and i 3. of that Book ; in which 
places of B. 12. except the laft of them, it is rightly left out in the 
• Oxford Edition of Commandine's Tranilation : and alfo that Geo- 
meters may beware of making ufe of Permutation in the like cafe, 
for the Modems not un frequently commit this miflakc, and among 
others Commandine himfelf in his Commentary on Prop. 5. B. 3, 
p. 6. b. of Pappus Alcxandrinus, and in other places, the vulgar no- 
tion of proportionals has, it feems, preoccupied many fo much, that 
they do not fufTicicntly underftand the true nature of them. 

Befides, tho' the rc^lUineal figure ABC, to which another is to 
be made fjmilar, may be of any kind whatever, yet in the Demon- 
ilration the Greek Text has " triangle*' inftead of " reftilineal fi- 
f* gurc," which error is corrcfted in the above named Oxford 
Eclition. 

PROP. XXVII. B. VI. 

The fecond Cafe of this has a\\wc, otherwifc, prefixed to it, as if 
it v/as a different Dcmonftration, which probably has been done bj 
feme unlkilful Librarian. Dr. Gregory has rightly left it out. the 
fcheme of this fecond Cafe ought to be marked with the fame let- 
ters of the Alphabet which are in the fcheme of the firft, as is now 
done. 

PROP. 
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PROP. XXVm. and XXIX. B. Vl. 

Thefc two Problems, to the firft of which the 27. Prop, is ne- 
ceflary, are the moft general and ufeful of all in the Elements, and 
are moft' frequently made ufe of by the antient Geometers in the 
folutionof other Problems; and therefore are very ignorantly left 
oat by Tacquet and Dechales in their Editions of the Elements, who 
pretend that they are fcarce of any ufe. the Cafes of thefe Problems, 
wherein it is required to apply a reftangle which (hall be equal to a 
given fquare, to a given fbaight line, either deficient or exceeding 
by a fquare ; as alfo to apply a reftangle which ihall be equal to 
another given, to a given fhaight line, deficient or exceeding by a 
fqnare, are very often made ufe of by Geometers, and on this ac- 
count, it is thought proper, for the fake of beginners, to give their 
confbrudtions, as follows. 

I . To apply a reftangle which fliall be equal to a given fquare, 
to a given ftraight line, deficient by a fquare. but the given fquare 
muft not be greater than that upon the half of the given line. 

Let AB be the given Araight line, and let the fquare upon the 
given ftraight line C be that to which the reftangle to be applied 
muft be equal, and this fquare by the determination, is not greater 
than that upon half of the fh-aight line AB. 

Bifeft AB in D, and if the fquare upon AD be equal to the 
fquare upon C, the thing required is done, but if it be not equal to 
it, AD muft be greater than 
C, according to the determi- 
nation, draw DE at right 
angles to AB, and make it e- 
qual to C ; produce ED to F, 
fo that EF be equal to AD or 
DB, and from the center E, 
at die diftance EF defcribe a 
circle meeting AB in G, and upon GB defaibc the fquare GBKH, 
and complete the reftangle AGHL ; alfo join EG. and becaufe AB 
is bifcftcd in D, the reftangle AG, GB together with the fquare of 
DG is equal * to (the fquare of DB, that is of EF or EG, that is 
to) the fquares of ED, DG. take away the fquare of DG from each 
of thefe equals, therefore the remaining reftangle AG, GB is equal to 
the fquare of £D, that is of C. but the reftangle AG, GB is the rcft» 
uigle AH, becaufe GH is equal to GB. therefore the reftangle AH 
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Book >1. is equal to the giren fquare upon the flraight line C. vberefisre tfaf 
reftoDgle AH equal to the given fquare upon C, has been applied lo 
the given ftraight line AB, deficient by the fquare GK. 'Which was 
to be done* 

2. To apply a reftangje which (hall be equal to'a given (quare, 
to a given ftraight line, exceeding by a fquare. 

Let AB be the given ftraight line, and let the fquare upon the 
given ftraight line C be that to which the refhmgle to be applied 
muft be equal. 

Bliefl AB in D, and draw BE at right angles to it, fo that BE 
be equal to C, and, having joined DE, from the center D at the 
diftance DE dcfcribc a circle meeting AB produced in G ; upon BG 
dcfcribe the fquare BGHlf , and 

complete the reftangle AGHL. ^^'^ ^>^i2- 

and becaufe AB is bifefted in D, 
and produced to G, the reftangle 
AG, GB together with the fquare 

of DB is equal ■ to (the fquare of -^ /k j^ 

DG, or DE, that Is to) the fquares 

of EB, BD; from edch of thef<? jg 

equals take the fquare of DB, 

therefore the remaining reftangle* AG, GB is equal to the fquare of 

BE, that is to the fquare upon C. but the refhngle AG, GB is the 

reftangle AH, becaufe GH is eq^Jial to GB. therefore theroifhngJc 

AH is equal to the fquare uJ)on C. . wherrfore the reAang^e AH 

equal to the given fquare upon C, hus- been- applied to dbc gi^nea 

ftraight line AB, exceeding by the (quwre GK. Wb&Ch nvas to be 

done. 

3 . To apply a reftangle to a given ftraight line which ftall be 
equal to a given reftangle, and be deficient by a fqiisre; but the 
given reftangle muft not be' greater than the fqUare upon the half dF 
the given ftraight line. . ' 

Let AB be the given ftraight line, and Itt ih^ giVcn reftang^ be 
that which i& contained by the fbiught lines C, D, which is not 
greater than {he fquare upon the half of AB. it is required to^ip* 
ply to AB a reftangle equal to the reftangle G, D, defide&t by^a 
fquare. 

Draw AE, BF at right angles to AB, upcxiL the fame fide of it^ 
and make AE equal to C, and BF to D. join EF and bifeft it in G, 
ind from the center G, at the diftance G£ defcribe a drde meeUPg 

AE 
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AB again in H ; jcAa HF and draw GK parallel to it, and GL pa- Book VI. 
railel to A£ meeting AB in L. v^^V"^ 

Becanfe the angle £HF in a femicircle is equal to the right angle 
£AB, AB and HF are parallels, and AH and BF are parallels, where- 
fore AH is equal to BF, and the re^ngle EA, AH equal to the 
reAangle EA, BF, that is to the rectangle C, D. and becaufe EG, 
GF are equal to one another, and A£, LG, BF parallels, there- 
fore AL and LB are equal ; alio EK is equal to KH *, and the a. 3. 3. 
reftangle C, D^ from the determination, is not greater than the 
fquare of AL the half of AB, wherefore the reftangle E A, AH is 
not greater than the fquareof AL, that is of KG. add to each the 
Iquare of of KE, therefore the fquare *> of AK is not greater than 
the fquares of £K, KG, that is 
than the fquare of EG; and 
confequcntly the ftraight line 
AK or GL is not greater than 
GE. Now, if GE be equal to 
GL, the circle EHF touches 
AB in L, and therefore the 
fquare of AL is ^«qual to the 
reflangle EA, AH, that is to 
the giveno^angle C, D ; and 
that which was required is 
done, but if EG, GL be un- 
equal, EG muft be the|^eater, 

and therefore the circle EHF cuts the ftraight Une AB ; Idt it cut it 
in the jxMnts M, N, and upon NB delcribe the fquare 'NBOP, and 
complete the reAangle ANPQ^ becaufe ML is equal to 4 LN, and d. 3. 3. 
it has been pixyved that AL is equal to LB, therefore AM is equal 
to NB, and tbe reAangle AN, NB equal to the rectangle NA, AM, 
that b to tbe roftangle ^ EA, AH or the redangle C, D. but thecCor.stfj. 
rectangle AN, NB is the rectangle AP, becaule PN is equal to NB. 
thrrefove the re6bangfe AP is equal to the reAangle C, D, and the 
rodai^le AP equal to the ^ven rectangle C, D has been applied to 
the g^yen ftraight line AB| deficient by the fquare BP. Wliich was 
to be done. 

4. To apply a refhmgle to a given ftraight line that (hall be 
equal to a g^ven rcAang^ exoeeding by a fquare. 

Let AB be the g^ven ftraight line, and the reAangle C, D the 

g^ven 
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Bock VI. given refhuigle, it is required to apply a refhmgle to AB equal to 

K^^y\j C, D, exceeding by a fquare. 

Draw AE, BF at right angles to AB, on the contrary fides of it, 
and jnake A£ equal to C, and BF equal to D. join £F and biieft 
it in G, and from the center G, at the diftance G£ defcribe a drde 
meeting A£ again in H ; join HF, and draw GL parallel to A£; 
let the circle meet AB produced 
in M, N, and upon BN defcribe 
the fquare NBOP, and com- 
plete the reftangle ANPQ^ be- 
caufe the angle £HF in a femi- 
drcle is equal to the right angle 
EAB, AB and HF are parallels, 
and therefore AH and BF are 
equal, and the reftangle EA, 
AH equal to the rectangle EA, 
BF, that is to the re<5langle C, 
D. and becaufe ML is equal to LN, and AL to LB, therefore MA 

•• 35. 3* is equal to BN, and the reftangle AN, NB to MA, AN, that is * to 
the reftangle EA, AH or the reftangle C, D. therefore the redl- 
angle AN, NB, that is AP is equal to the retSlangle C, D ; and to 
the given flraight line AB the refbngle AP has been applied equal 
to the given reftangle C, D, exceeding by the fquare BP. Which 
was to be done. 

Willebrordus Snellius was the firft, as far as I know, who gave 
theie conftruAions of the 3 . and 4. Problems in his ApoUonius Ba- 
tavus. and afterwards the learned Dr. Halley gave them in the Scho- 
lium of the 1 8. Prop, of the 8. B. of ApoUonius's Conies reftored 
by him. 

The 3 . Problem is otherwife enuntiated thus. To cut a given 
ftraight line AB in the point N, ib as to make the reAangle AN, NB 
equal to a ^ven fpace. or, which is the fame thing, Having given 
AB the fum of the fides of a reAangle» and the magnitude of it be- 
ing likewiie g^ven, to find its fides. 

And the 4. Problem is the fame with this. To find a point N in 
the given ftraight line AB produced, fo as to make the reAangle 
AN, NB equal to a given fpace. or, which Is the fame thing, Hav- 
ii^ gi ven ^ the difi^ence of the fides of a redangle, and the mag* 
oitude of it, to find the fides. 

PROP, 



33» 
Bode VI. 



NOTES. 

PROP. XXXI. B. VI, 
In the Demonftratioa of this the inverfion of proportionals is 
twice negleAedy and is now added, that the co^clufion may be le- 
gitimately made by help of the 24. Prop, of B. 5. as Clavius had 
done. 

PROP. XXXII. B. VI. 
The Enuntiation of the preceeding 26. Prop, is not general 
enough ; becaufe not only two fimilar parallelograms that have aa 
angle common to both, are about the fame diameter; but likevdfe 
rwo fimilar parallelograms that have vertically cppofite angles, have 
their diameters in the &me Araight line, but there feems to have 
been another, and that a direft Demonftration of thefe cafes, to 
which this 3 2 . Propofition was needful, and the 3 2 may be other- 
wife and fomething more briefly demonftrated as follows. 

PROP. xxxn. B. VI. 

If two triangles which have two fides of the one, &c. 

Let GAF, HFC be two triangles which have two fides AG, GF 
proportional to the two fides FH, HC, viz. AG to GF, as FH to 
HC ; and let AG be parallel to FH, q 

and GF to HC ; AF and FC are in a A 
ftraight line. 

Draw CK parallel ■ to FH, and let E I K:; 1 n •. ji. 1. 

it meet GF produced in K. becaufe 

AG, KC are each of them parallel to 

FH, they are parallel *> to one another, R ' xr ' r ^ ^ ^**' '• 

and therefore the alternate angles. "'^ ^ 

AGE, FKC are equal, and AG is to GF, as ( FH to HC, that is *= ) c. 34. t . 

CK to KFj wherefore the triangles AGF, CKF are equiangular <*, d. 6. d. 

and the angle AFG equal to the angle CFK. but GFK is a ftraight 

line, therefore AF and FC are in a ftraight line ^. e. 14* i* 

The 2 6. Prop, is demonftrated from the 3 2. as follows. 

If two fimilar and fimilarly placed parallelograms have an angle 
common to both, or vertically oppofite angles ; their diameters are 
in the fame ftraight line. 

Firft, Let the parallelograms ABCD, AEFG have the angle 
BAD common to both, and be frnfulari and fimilarly placed ; ABCD, 
AEFG are about the &me diameter. 

Produce 
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Book VI. Produce EF, GF, to H, K, and join FA, FC. then bccaufe d]« 
parallelograms ABCD, A£FG are fimilar, DA Is to AB, as GA to 
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D 



H 



K 



a. Gor.19 s • A£ ; wherefore the remainder DG is* Q. 

to the remainder £B, as GA to AE. A 
but DG is equal to FH, EB to HC, 
and AE to GF. therefore as FH to E 
HC, fo is AG to GF ; and FH, HC 
are parallel to AG, GF ; and the tri- 
angles AGF, FHC are joined at one "R 
angle^ in the point F ; wherefore AF, 
h. 3». 6. FC are in the fame ftraight line *». 

Next, Let the parallelograms KFHC, GFEA which are fimilar 
and fimilarly placed^ have their angles KFH, GFE vertically oppo- 
fite ; their diameters AF, FC are m the fame ftraight line. 

Becaufc AG, GF arc parallel to FH, HC 5 and that AG is to GF, 
as FH to HC ; therefore AF, FC are in the fame ftraight line •». 

PROP. XXXIII. B. VI. 

1 

The words '* becaufe they are at the center," are left out, as the 
addition of fome unikilful hand. 

In the Greek, as ^Ifo in the Latin Tranflatlon, the words a trv- 
X^» ** any whatever," are left out in the Demonftration of both 
parts of the Propofition, and are now added as quite neceflary. and 
in the Demonftration of the fecond part, where the triangle BGC is 
proved to be equal to CGK, the Ilktive particle «f a in the Greek 
Text ought to be omitted. 

The fecond part of the propofition is an addition pf ThcoD% 
as he tells us in his Commentary on Pcdomy^ MtyaKn ivtrditc, 
p. so. 

PROP. B, C, O. B. Vl. 

Thcfe three Propofitions are added, becaufe they are frequendy 
made ufe of by Geometers. 



Book XL 



D E F. IX. and XI. B. XL 

THE fimilitude of plane figures is defined ftom the equality of 
their angles, and the proportionality of the fides about the 
equal angles ; for from the proportionality of the fides only; (xr only 

from 
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fc-om the equality of the angles, the fimilitude of the figures does Book XI. 
not follow, except in the cafe when the figures are triangles, the 
iimilar pofition of the fides, which contain the figures, to one ano- 
ther, depending partly upon each of thefe. and, for the fame rea- 
fon, thofe arc fimilar folid figures which have all their folid angles 
equal, each to each, and are contained by the fame number of fimi- 
lar plane figures, for there are fome folid figures con^ained by fimi- 
lar plane figures^ of the fame number, and even of the fame mag- 
nitude, that are neither fioular nor equal, as (hall be demonArated 
after the Ndtes on the lo. Definition, upon this account it was 
necefiary to amend the Definition of fimilar folid figures, and toi 
place the Definitiol^ of a folid angle before it. and froCn this and 
the lo. befinitioui it is fufficiently plain ho^v much the Elements 

have been (poiled by unflcilful Editors. 

# 

DEF. X. B; XI. 

Since the meaning of the word " equal" is known and cftablifhed 
before it comes to be ufed in this Definition, therefore the Propofi- 
tion which is the lo. Definition of this Book, is a Theorem the 
truth or fallhood of which ought to be demonilrated, not aflumed 5 
fo that Theon, or fome other Editor, has Ignorantly turned a The- 
orem which ought to be demonftrated into this 1 o. Definidon. that 
figures aCe fiitiilar, ought to be proved from the Definition of fimi- 
lar figurqs ; that they are equal ought to be demonftrated from the 
Axiop, .** Jifagnitudcs that wholly coincide, are. equal to one ano- 
*' ther;" or from Prop. A. of Book 5. or the 9, Prop, or the 14. 
of th^-^ipe Book, from one of which the equality of all kind of 
figures jnuft ultimately be deduced. In the preceeding Books, Eu- 
clid has given no Definition of equal figures, and it is certain he did 
not give this, for V^hat is called the i . Def. of the 3 . Book, is real- 
ly a Theorem in which thefc^ circles ^re faid to be equal, that have 
the ftraigjit lines from their centers to the circumferences equal, 
which is plain From the Definition of a circle, and therefore has by 
ibme Editor been improperly placed among the Definitions. The 
equality of figures ought not to be defined, but demonftrated. 
therefore tho' it were true that folid figures contained by the fame 
number of fimilar and equal plane figures are equal to one another, 
yet he would juftly deferve to be blamed who fliould make a Defi- 
nition of this Propofition which ought to be demonftrated. Bat if 

this Propofitioo be Qot truci muft it not be confeiled that Geome- 
ters 
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Book Xt. ten have for thde thirteea haodred years been miftaken In diif 
V^rvxy Ekmeotary matter ? and this mould teach us modeAy, and to tc* 
knowledge how little, diro* the weaknefs c^our minds, we are able 
to prevent mifkkes even in the principles of fciences which are joft- 
I7 reckoned amongft the moft certain ; Tor that the PropoCtion is 
not univerfally trpe can be (hewn by many examples; the foUow* 
ing is fuAcient. 

Let there be any plane reflillneal figure, as the triangle ABC, 
ft. x». II. and from a point D within it draw * the flraight line DE at light 
angles to the plane ABC ; in DE take DE, DF equal to one ano- 
ther, upon the oppofite fides of the plane, and let G be any point in 
EF ; join DA, DB, DC ; EA, EB, EC ; FA, FB, FC ; GA, GB, 
GC. becanfe the flraight line EDF is at right angles to the plane 
ABC, it makes right angles with DA, DB, DC which it meets in 
that plane ; and in the triangles EDB, FDB, ED and DB are equal 
to FD and DB, each to each, and they contain right angles, there- 
fore the bafe EB is equal *> to the bafe FB ; in the fame manner EA 
is equal to FA, and EC to 
FC. and in the triangles 
EBA, FBA, EB, BA arc 
equal to FB, B A, and the 
bafe EA is equal to the 
bafe FA ; wherefore the 
angle EBA is equal*^ to the 
angle FBA, and the tri- 
angle EBA equal ^ to the 
triangle FBA, and the o- -p 
ther angles equal to the**^ 
other angles ; therefore 
Pgf thele triangles are fimilar<i. 



b. 4. t 



c. 8. I. 
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in the fame manner the 
triangle EBC is fimilar to the triangle FBC, and the triangle EAC 
to FAC. therefore there are two folid figures each of which is con- 
tained by fix triangles, one of them by three triangles the common 
vertex of which is the point G, and their bafes the ilratght lines AB, 
BC, CA ; and by three other triangles the conunon vertex 01 
which is the point E, and their bafes the fame lines AB, BC, CA/ 
the other folid is contained by the fame three triangles the common 
Vertex of which is G, and their bafes AB, BC, CA ; and by three 
other triangles of which the common vortex is the point F, ^ 

thek 



NOTES. 335 

their bafes the fame fti-aight lines AB, BCj CA» now the three Book XI. 
triangles GABj GBC, GCA are common to both folids, and the 
three others EAB, EBC» EGA of the firft folid have been (hewn 
equal and fimilar to the three others FAB, FBC, FCA of the other 
jblid, each to each, therefore thefe two folids are contained by the 
fame number of equal and fimllar planes, but tEat they are not 
equal is manifeft, becaufe the firft of them is contained in the other, 
therefore it is not univerfally true that folids are equal which are 
contained by the fame number of equal and fimilar planes. 

Cor. From this it appears that two unequal folid angles may be 
contained by the fame number of equal plane angles. 

For the folid angle at B which is contained by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the folid angle at 
the fame point B which is contained by the four plane angles 
FBA, FBC, GBA, GBC ; for this laft contains the other, and each 
of them is contained by four plane angle^i which are equal to one 
another, each to each, or are the felf fame ; as has been prored, 
and, indeed, there may be innumerable folid angles all unequal to 
one another, which are each of them contained by plane angles that 
are equal to one another, each to each, it is likewife manifeft that 
the before mentioned folids are not fimilar, fince their folid angles 
are not all equal. 

And that there may be innumerable folid angles all unequal to 
one another, which are each of them contained by the fame plane 
angles difpofed in the fame order, will be plain from the three fol- 
lowing Propofitions. 

PROP. I. PROBLEM. 

Three magnitudes A, B, C being given, to find a fourth fuch, 
that every three (hall be greater than the remaining one. 

Let D be the fourth, therefore D muft be lels than A, B, C to* 
getfaen of the three A, B, C let A be that which is not lefs than 
either of the two B and C, and firft, let B and C together be not 
lefs than A ; therefore B, C, D together are greater than A. and 
becaufe A is not lefs than B ; A, C, D together are greater than B. 
in the like manner A, B, D together are greater than C. where* 
fore in the cafe in which B and C together are not lefs than A, any 
magnitude D which is lefs than A, B, C together will anfwer the 
Problem. 

But if B and C together be lefs than A» then becaufe it is re- 
quired 
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^ookXf. quifed that B, C, D tc^ther be greater than A, from each of theft 
taking away B, C, the remaining one D muft be greater than the 
excefs of A above B and C. take therefore any magnitude D which 
is lefs than A, B, C together, but greater that the excef$ of A above 
B and C. then B, C, D together are greater than A ; and becaii6 
A is greater than either B or C, much more will A and D, together 
with cither of the two B, C be greater t)ian the other, and, by the 
tonftruflion, A, B, C are together greater than D. 

CoR. If befides, it be required that A and B together ihall not 
be lefs than C and D together; the excefs of A and B together a- 
bove C muft not be le& than D, that is D muft not be greater than 
that excefs/ 

i»ROP. il. PROBLEM. 

Four magnitudes A, B, C, D being given of which A and B to- 
gether are not lefs than C and D together, and fuch that any three 
of them whatever are greater than the fourth ; it is required to find 
a fifth magnitude £ fuch, that any two of the three A, B, E ftiall be 
greater than die third, and alfo that any two.of the three C, D, E 
fliall be greater than the third. Let A be not lefs than B, and C not 
lefs than D. ' 

Firft, Let theexcefs^ of C above D be not lefs than the excefs of 
A above B. it is plain that a magnitude £ can be taken which is lefs 
than the fum of C and D, but greater than the excefs of C above 
i) ; let it be taken, then £ is greater likewife than the excefs of A 
above B ; wherefore £ and B together are greater than A ; and A 
is not lefs than B, therefore A aiid £ together are greater tlian B. 
and, by the Hypothefis, A and B together are not lefs than C and 
D together, and C and D together are greater than £ ; therefore 
likewile A and B are greater than £. 

But let the excefs of A above B be greater than the excefs of C 
above D. and, becaufe, by the Hypothefis, the three B, C, D are 
together greater than the fourth A ; C and D together are greater 
than the excefs of A above B. therefbre-a magnitude may be taken . 
which is lefs than C and D together, but greater than the excefs of 
A above B. Let this magnitude be £, and becaufe £ is greater than 
the excefs of A above B, B together with £ is greater than A. and/ 
as in the preceeding cafe, it may be fliewn that A together with £ is 
greater than B, and that A together with B ts grealeF thaa £. 

therefore 
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^larefore In each of the cafes it has been (hewn that any two of the BookXI. 
three A, B, £ are greater than the third. 

And becanfe in each of the cafes £ is greater than the excefs of 
C above D, £ together with D is ^eater than C^ and, by the Hy- 
pothefls» C is not le(s than D, therefore £ together with C is greater 
than D ; and, by the conftruAion, C and D together are greatei^ 
than £• therdforc any two of the three, C, D, £ are greater thatf 
the third.' 

tROP. in. THEOREM. 

There may be innumerable folid angles all unequal to one ano* 
ther, each of which is contained by the fame four plane angles^ 
placed in the fame order. ' 

Take three plane angles A, B, C, of which A is not lefs than el-* 
ther of the other two, and fuch, that A and B together are lefs than 
two right angles; ^d by Protilem i. and its Corollary, findi 
fourth angle D fuch, that any three whatever of the angles A, B^ 
C» ^ be greitfer Chan the remainbg angle^ and fuch, that A and ff 
toother be not lefs than C and D together, and by Problem 2 • 
find a fifth angle £ fuch, that any two of the angles A, B, £ be 
greater than the third, and alfo that any two of the angles C, D, S 




be greater than the third, and becaufe A and B together are ltd 
than two rig^t angles, the double of A and B together is lefs than 
four right angles, but A and B together are greater than the angle 
£, wherefore the double of A and B together is greater than the 
three angles A, B, £ together, which three are conftxjuencly icis 
than four right angles; and every two of the fame angles A, B, £ 
are greater than the third ; therefore, by Prop. 23. 11. a folid 
an^e may be made contained by three plane angles equal to the 
angles A, B, £, each to each. Let this be the angle F contained by 
the three pLnne angles GFH» HFK, GFK which are equal to th« 
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angles A, B» % eadi to each, and becaufe the angles C, D fDgedief 
are not greater than the angles A» B together, therefore the ang^ 
C, D, £ are not greater than the angles A» B, £• bat diefe hft 
three are le(s than four right angles, as has been deoKinftratedy 
wherefore aUb the angles C, D, £ are together kfs dian foor ri^ 
angles, and every two of them are greater than the third; tfaerefoit 
a iblid angle may be made which (hall be contained by diree jdane 
« 113. II.. angles equal to the angles C, D, E, each to each \ and by Prop« 




1 6. II . at the point F in the ftraight line FG a foGd angle may be 
iRsdc equal to that which is contained by the thcee plane ac^jies 
that are equal to tlie angles C, D^ £. let this be made, and let the 
angle GFK, which is equal to £, be one of the three ; and let KFLf 
GFL be the other two vrhichare equal to the angles C, D, each to 
each, thus, there is a folid angle conftituted at the point F contained 
by die four plane angles OFH, HFK, KFL, GFL which are equal 
to the angles A, 6, C, D, each to each. 

Again, Find another angle M fuch, that every two of the three 
angles A, B, M be greater than the third, and alfo every two of the 
three C, D, M be greater than the third, and, as in the preoeeding 
|)art, it may be demonftrated that 
the three A, B, M are lefs than 
four right angles, as alfo that the 
three C, D, M are lefs than four 
tight angles. Make therefore * 
a iblid angle at N contained by 
the three plane angles ONP, 
PNQ^, ONQ_, which are e- 
qual to A, B, M, each to each, and by Prop. 26* 11. make 2t 
the point N in the fbaight line ON a folid ang^e contnned by 
three plane angles of which one is the angle ONQ^eqoai to M, 
and the other two are the angles (^R, ONR which are tqpal 

to 
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to tbe angles C, D, each to each, thus at the point N there is a fo- Book XI. 
lid angle contained by the four plane angles ONP, PNQ_, QNR, 
ONR which are equal to the anglesA, B, C, D» each to each. ' and 
that the two folid angles at the points F, N, each of which is con- 
tained by the above named four plane angles, are not equal to one 
another, or that they cannot coincide, will be plain by confidering 
that the an^es CFK, ONQ^; that Is, the angles £, M are unequal 
by tbe oonftrttdHon, and therefore the ftraight lines GF, FK cannot 
coincide with ON, NQ^, not conftquently cia the folid anglesy 
t^hich therefore are unequal. 

And becaufe from the three given plane angles A, B, C there 
tan be found inniunerable other angles that will ferve the fame pur-< 
poie with the angle D, and again from D or any one of thefe others^ 
and the angles A, B, C, there may be found innumerable angles; 
fuch as E or M ; it is plain that innumerable other folid angles may 
be conllituted which are each contained by the fame four pland' « 
angles, and ail of them unequal to one another. Q^ £. D. 

And from this it appears that Clavhis and other Authors are mir-^' 
taken who aflert that thofe folid angles are equal which are con-< 
tained by the fame number of plane angles that are equal to one ano« 
ther, each to each^ alfo it is plain that the 26. Prop, of Book 1 1 « 
is by no means fuf&ciently demonfbated, becaufe the equality of 
tVo (olid angles, whereof each it contained by three plane angled 
which are equal to one another, each to each, is only aifumed, and 
not demonilrated* 

PROP. I. B. XI. 

The words at the end of this, " for a ftraight liiie cannot meet' 
^ a ftraight line in more than one point,'* are left out, as an addi^ 
fion by ibme unflulful hand ; for this is to be demonftrated/ not af* 
fumed. 

Mr. Thomas Simpfcm in his notes at the end of the 2d Editioit 
of his Elements of Geometry p. 262. after repeating the words of 
this note, adds ** Now can it pof&bly (hew any want of ikill in art 
editor*' (he means Eodid or Theon) *' to refer to an A^tiom which 
" Eadid himfdf had laid down Book i. No* 14." (he means Bar- 
lt>Ws Euclid, for it is the i odi in the Greek) ** and not to have 
** dononftrated, what no man can demonftrate?" But all that i:i 
this cafe can follow from that Axiom is, that if two ftratghC 
; lines coold meet each other in two points, the parts of them be<« 
, l:^mt thefe points muft coincide, and fo they would hare a fegmenc 

Y a betwUt 
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]k>okXI. betwixt thefe points common to both. Now, as it has not beeS 
Ks^-Y^^ fhcwn in Euclid that they camiot have a common foment, this docs 
not prove that they cannot meet in two points, from which their 
not having a common fegment is deduced in the Greek Edition. ' 
but, on the contrary, becaufe they cannot have a common fegrocnti 
as is fliewn in Cor. of 1 1 . Prop. B. 1 . of 4to. Edition, it follows 
plainly that they cannot meet in two points, which the remarker 
fa; 5 no man can demon/Irate. 

lylr. Simpfon in the fame notes p. 1 65 . juftly obfarves that in die 
Corqllary of Prop, 1 1 . Book i . 4to. Edit, the flraight lines AB, 
h D, BC, are fuppofed to be all in the feme plane, which cannot 
be afilimed in i ; Prop. B. 1 1 . this, foon after the 4to. Edition was 
pn!)li[hed, 1 obferved and correfted as it is now in this Edlti<m. he 
js miftaken in thinking the loth Axiom he mentions here, to be 
Huclid's ; it is none of Euclid's, but is the i oth in Dr. Barrow's 
Editioii, who had it from Herirjon's Curfus Vol. i. and in place of 
it the Corollary of 1 1 . Prop. Book i . was added. 

PROP. 11. B. XI. 

This Propofition (eems to have been changed and vitiated by 
fome Editor ; tor all the figures defined in. the i . Book of the Ele- 
ments, and among them triangles, are, by the Hypothefis, plane fi* 
guFcs ; that is, fuch as are defcribed in a plane ; wherefore the fe- 
^ end part of the Enuntiadon needs no Demonftrafion. befidcs a 
co.ivcx fuptriicios may be terminated by tJiree ftraight lines meet- 
ing one another, the tiling that fliould have been demonftrated is, 
that two, or three ftraight lines, that meet one another, are in one 
f lane, and as this is not fufficiently done, the Enuntiation and Dc- 
m jufUation are changed into thofe now put into the Text. 

PROP. III. B. XI. 
In this Propbfition the following words near to the end of it arc 
kit out, viz. " therefore DEB, DFB are not ftraight lines, in the 
" like manner ir may be demoriftrated that there can be no other 
•* ftraight line between the points D, B." becaufe from this that 
two lines include a fpace, ft only follows that one of them is not a 
ftiaiglit line, and the force of the argument lies in this, viz. if the 
common fciflion of the planes be not a ftraight lin6, then two ftraight 
lilies could include a fpace, which is abfurd ; therefore the common 
iiCzlon is a ftraiglit line, 

PROP. 
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Bock VI. 
PROP. IV. B. XL 
The words ** and the triangle AED to the triangle BEC" are 
omitted, becaufe the whole concIuAon of the 4. Prop. B. i has 
been (o often repeated in the preening Books, it was needlefs to 
repeat it here. 

PROP. V. B. XI. 
In this, near to the end, tnwf^u^ ought to be left out in the 
Greek text, and the word ** plane" is rightly left out in the Oxford 
EdiUon of Commandine's Traniladon. 

PROP. Vir. B. XI. 
This Propofition has been put into this Book by fome unfkilful 
Editor, as is evident from this, that ftraight lines which are drawn 
from one point to another in a plane, are, in the preceeding Books, 
fuppofed to be in that plane. * and if they were not, fome Demon- 
ftrations in which one ftraight line is fuppofed to meet another 
would not be conclufive, 'becaufe thefe lines would not meet one 
another, for inllance, in Prop. 30. B. i . the ftraight line GIC wonld 
not meet EF, if GK were not in the plane in which are the p'l.rallLl? 
AB, CD, and in which, by Hypothefis, the ftraight line EF Is. 
befides, diis 7 . Propofirion is den^onftrated by the preceer^ing 3 . in 
which the very thing which is propofed to be demon ftra ted in the 7 . 
is twice aflbmcd, viz. that the ftraight line drawn from one point 
to another in a plane, is in that plane ; and the fame thing is affumed 
in the preceeding 6. Prop, in which the ftrraght line which joins 
the points B, D that are in the plane to which AB and CD are at 
right angles, is fuppofed to be in that plane, and the 7 . of whi :h . 
another Demonftration is given, is kept in the Book merely to pre- 
ferve the number of the Propofitions ; for it b evident from the 
7. and 35. Definitions of the 1 . Book, tho* it had not been ia the 
Elements. 

PROP. VIII. B. XI. 
In the Greek, and in Commandine*s and Dr. Gre^ror's Tranfa- 
tions, near to the end of this ProDofition, are the followinT vor *?, 
" but DC is in the plane thro' BA, AD'* inftcad of \vh]c\\ In the 
Oxford edition of Commandine's tranflation is ri;^htly put " b'lt 
** DC is in the plane thro' BD, DA." but all the Editions have r^e 
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pook xr. following words, viz. " becanfe AB, BD are in the plane thjo' BD^ 
** DA , and DC is in the plane in which are AB, BD," which are 
manifeflly corrupibed, or have been added to the Text; for tfaoe 
was not the leaft neceffity to go fo far abont to (hew that DC is in 
the fame plane in which are BD, DA, becaufe it immediately fd- 
lows from Prop. 7. preceeding, that BD, DA are io the plane in 
which are the parallels AB, CD. therefore mftead of thefe words 
there ought only to be ** becaufe all three are in the plane in which 
•' are the paralldj AB, CD." 

PROP. XV. B. XL 

After the words, ** and becaule BA is parallel to GH," the fol- 
lowing are added ** for each of them is parallel to DE, and are not 
*^ both in the fame plane with it," as being manifeAfy forgotten to 
be put into the Text. 

PROP. XVI. B. XL 

In this, near to the end, inftead of the words ** but ftraight lines 
" which meet neither way" ought to be read " but ftraight lines in 
" the fame plane which produced meet neither way." becanfe tho' 
in citing this Definition in Prop, ay . B. 1 . it was not neceflary to 
mention the words, ** in the fame plane** all the ftraight lines in 
the Books preceeding this being in the fame plane; yet here it ym 
quite neceflary. 

PROP. XX. B. XL 

In this, near tlie beginning, are the words, " but if not, let BAG 
*' be the greater." but the angle BAC may happen to be equal to 
one of the other two. wherefore this place ihould be read thus, 
" but If not, let the angle BAC be not Icfe than either of the odicr 
" two, but greater than DAB." 

At the end of this Propofition it is faid, " in the fame manner it 
" may be demonflrated," tho* there is no need of any Pemooffaati- 
on ; becaufe the angle BAC being not lefs than either of the other 
two, it is evident that BAC together with one of them is greater 
than the other. 

PROP. XXIL ' B. XL ' 
And likewife in this, near the beg^ning, it is faid, '^ but if not» 
** let the angles at B, £^ H be unequal, and let the angle at B be 

" greater 
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f greater than either of thofe at £» H." which words manifeftly Book XI. 
ihew this place to be vitiated, becaufe the angle at B may be equal 
ID one of the other two. they ought therefore to be read thus, *' but 
if not, let the angles at B, £, H be unequal, and let the angle at 
B be not leis than either of the other two at £, H. therefore the 
flraight line AC is Qot lefs than either of the two DF, GK/' 
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PROP. XXIII. B. XL 

The Demonftration of this is made fomething (horter, by not re^ 
peating in the third Cafe the things which were demonflrated in the 
firft ; and by making ufe of the conftru Aion which Campanus has 
^ven ; but he does not demonftrate the fecond and third Cafes, the 
Conftruflion and Demonftration of the third Ca(e are made a litde 
more funple than in the Greek text. 

PROP. XXIV. B. XI. 
The word *^ fimilar'' is added to the Enuntiation of this Propo^ 
lition, becaufe the planes containing the folids which are to be de- 
monftrated to be equal to one anotho*, in the 2 5, Propofidon, ought 
to be limilar and equal; that the equality of the iblids may be in- 
ferred from Prop. C. of this Book, and in the Oxford Edition of 
Commandine's Tranflation a Corollary is added to Prop. 24. to 
{hew that the parallelcgrams mentioned in this Propofition are Si- 
milar, that the equality of the folids in Prop. 25. may be deduced 
from the i o. Def. of B. 11. 

PROP. XXV, and XXVI. B. XI. 

In the 2 5. Prop, folid figures which are contained by the famp 
number of fimilar and equal plane figures, are fuppofed to be equal 
to one another, and it feems that Theon, or fome other Editor, 
that he might fave himfelf the trouble of demonftrating the folid fi- 
gures mentioned in this Propofition io be equal to one another, has 
inferted the i o . Def. of this Book, to ferve inftead of a Demonftra- 
tj^o; which was very ignorantly done. 

Likewife in the 2 6. Prop, two folid angles are fuppofed to be 
equal, if each of them be contained by three plane angles which are 
equal to one another, each to each, and it is ftrange enough, that 
none of the Commentators on Euclid have, as far as I know, per- 
ceived that fomething is wanting in the DenK»iftradon»of theie two 
Propofitions, Clavius, indeed, in a Mote upon the 1 1 . Def. of this 

y 4 Book 
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Book XI. Book, afErms, that it is evident that thofe folid angles are eqad 
which are contained by the fame number of plane angles, equal tq 
otie another, each to each, becaufe they will coincide, if they be 
conceived to be placed within one another ; but this is faid vathont 
any proof, nor is it always true, except when the folid angles are 
contained by three plane angles only, which are equal to one ano- 
ther, each to each, and in this cafe the Prppofitlon is the fame widi 
this, that two fpherical triangles that are equilateral to one ano- 
tlicr, are alfo equiangular to one another, and can coincide ; which 
ought not to be granted without a Demonftration. Euclid does not 
afFume this in the cafe of rectilineal triangles, but demonfbates in 
Prop. 8. Bi I. that triangles which are equilateral to one another 
are alfo equiangular to one another ; and from this their total equa- 
lity appears by Prop. 4. B. i . and Menclaus, in the 4. Prop, of his 
I . Book of Spherics, explicitly demonftrates that fpherical triangles 
which are mutually equilateral, are alfo equiangular to one another, 
from which it is eafy to (hew that they muft coincide, providing 
they have their fides difpofed in the fame order and lituation. 

To fupply thefe defefts, it was neceflary to add the three Propo- 
fitlons marked A, B, C to this Book, for the 2 5. 2 6. and 2 8. Pro- 
pofitions of it, and confequehtly eight others, viz. the 27.31.32. 
33. 34. 36. 37. and 40. of the fame, which depend upon them, 
have hitherto Aood upon an infirm foundation ; as alfo, the 8. 1 2. 
Cor, of 1 7 . and i 8. of the 12. Book, which depend upon the 9. 
' Definition, for it has been fhewn in the Notes on Def. i o. of this 
Book, that folid figures which are contained by the fame number 
of fimilar and equal plane figures, as alfo folid angles that are con- 
tained by the fame number of equal plane angles are not always e- 
qual to one another. 

It is to be obferved that Tacquet, in his Euclid^ defines equal 
folid angles to be fuch, '* as being put within one another do coin- 
** cide.'* but this is an Axiom, not a Definition, for it is true of all 
magnitudes whatever, he made this ufelefs Definition, that by it he 
might demonflrate the 3 6. Prop, of this Book without the help of 
the 3 5 . of the fame, concerning whi9h Demonffaration, fee the Note 
upon Prop. 36. 

PROP. XXVIII. B..XI. 
In this it ought to have been demonib-ated, not afTumed, that the 
Diagonals are in one plane. Clavius has fuppBed this defeft. 

PROP. 
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Book XI. 
PROP. XXIX. B. XI. 

There are three Cafes of thjs Propofition ; the fir'ft is when the 
Xmo parallelograms oppofite to the bafe AB have a fide common to 
both; the fecond is when thefe parallelograms are feparated from 
one another ; and the third, when there is a part of them common 
to both ; and to this laft only, the Demonftration that has hitheho 
been in the Elements does agree. The firft Cafe is immediately de- 
duced from the preceeding 28. Propofition, which feems for this 
purpofe tp have been prcmiied to this 29 . for it is neceflary to none 
but to it, and to the 40. of this Book, as we now have it, to which 
laft it wonld, without doubt, have been premifed, if Euclid had not 
made ufe of it in the 29. but ibn^e unikilful Editor has taken it 
away from the Elements, and has mutilated Euclid's Demonftration 
pf the other two Cafes, which is now reftored, and ferves for both 
at once, • 

PROP. XXX. B. XI. 

1 

In the Demonftration of this, the oppofite planes of the folid CP, 
in the figure in this Edition ; that is, of the folid CO in Comman- 
dine*s figure, are not proved to be parallel ; which it is proper to do 
for the fake of learners. 

ft 

PROP. XXXI. B. XI. 
There are two Cafes of this Propofition ; the firft is when the 
infiftlng ftraight lines are at right angles to the bafes ; the other 
when they are not. the firft Cafe is divided again into two others, 
one of which is when the bafes are equiangular parallelograms ; the 
other when they are not equiangular, the Greek Editor makes no 
mention of the firft of thefe two laft Cafes, bat has inferted the De- 
flionftration of it as a part of that of the other, and therefore (hould 
have taken notice of it in a Corollary; but we thought it better to 
g^re thefe two cafes feparatdy. the Demonftration alfo is made 
ibmething (horter by follo\^ng the way Euclid has made ufe of in 
Prop. 1 4. B. 6. befides, in tjie Demonftration of the cafe in which 
the infifting ftr^ght lines are not at right angles to the bafes, the 
Editor does not prove that the folids defcribed in the conftru^lion 
are paraUelepipeds^ "^^hich it is not to be thought that 'Euclid ne- 
glefVed. alfo the words, ** of which the infifting ftraight lines are 

*• not 
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BookXI. '' not b the fame ftraight lines/' have been added by fome mdSoM 
hand ; for they may be in the.iame ftraight lines. 

PROP. XXXIL B. XI. 

The Editor has forgot to order the parallel^ram FH to be ap« 
plied in the angle FGH equal to the angle LCG». which is necdTaxy. 
Qavius has fnpplied this. 

AKo, in the conftruAion» it is required to complete the folid of 
which the bafe is FH, and altitude the iame with that of the folid 
CD ; but this does not determine the iblid to be completed, fmce 
there may be innumerable fblids upon the fame bafe, and of the 
iame altitude, it ought therefore to be faid '* complete the folid of 
** which the bafe is FH, and one of its infifting ftraight lioes is 
FD." the fame corredlion muft be_ made in the following Pro- 
pofition 33. 

• 

P R O P. D. B. XL 

It is very probable that Euclid gave this Propofltion a place in 
the Elements, fince he gave the like Propoiition concerning equi- 
angular parallelograms in the 23. B. 6. 

PROP. XXXIV. B. XL 

In this the words, w a! if^Zaaf vx ^ah kwi tw auurir f JS»ttr, 

'' of which the infifting ftraight lines are not in the iame ftraight 
'' lines" are thrice repeated ; but theie words ought either to be 
left out) as they are by Clavius^ or in place of then^ ought to be put 
'' whether the iofifting ftraight lines b^ or be not, in ;the £uDe 
'' ftraigtit lines." for the other Cafe is without any reafim excluded* 
alfo the words, Jr t* v>f/ir, " of which the altitudes" are t^irice pot 
for Jr a/ If ir»(r<v, '' of which the infifting.ftraight lines ;" which is 
a plain miftake. for the altitude is always at right aisles to the bafe. 

PROP. XXXV. B. XL 
The angles ABH, DEM are defloonftrated to be right angles la 
a fliorter way than in the Gred^; and in the fame ^y ACH, DFM 
may be demonftrated to be r^t angles, alio the repetition of the 
iame DenKxiftration, which bc^^ with '' in the fame manner," is 
left out, as it was probably added to the Text by ibme Editor ; for 
the words, ** in like manner we may deoK)Bftraie" are not inferted 

except 
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taxept when the DemonftratkHi is not ffvaXf or when it is fome- BookXL 
thii^ diflerent from the other, i£it be ^ven, as in Prop. 26. of this v^yx^ 
Book. Campanus has not this repetitbm 

We have g^yen another Demooftration of the Corollary, befides 
the one in the Qrig^al, by help of whieh the following 3 6. Propo- 
iidon may be demonftrated without the 3 5. 

PROP. XXXVI. B. XI. 

Tacqnet in his Euclid demonArates this Propoiition without the 
help of the 35. but it is plain that the folids mentioned in tho 
Greek Text in the Ennntiadon 6f the Propofition as equiangular, 
are fuch that thdr folid angles are contained by three plane angles 
equal to one another, each to each ; as is evident from the cOnftmc- 
tion. Now Tacquet does not demonftrate, but aflbmes thele folid' 
angles to be equal to one another ; for he fuppofes the folids to be 
already made, and does not give the conftru Aion by which they are 
made, but, by the fecond Demonftration of the proceeding Corol- 
lary, his DemonAradon is rendered legidmate likewife in the Cafe 
where the folids are conftrufted as in the Text. 

PROP. XXXVII. B. XI. . 
In this it is aflun^d that the rados which are triplicate of thofe 
rados which are the (ame with one another, are Jikewife the fame 
with one another ; and that thofe ratios are the fame with one ano* 
ther, of which the triplicate rados are the lame with one another ; 
but this ought not to be granted without a Demonilration, nor did 
Endid aflhme the firft and eafieft of thefe two Propofiticxis, but de- 
monftrated It in the cafe of duplicate ratios, in the 2 2. Prop. B. 6. oa 
dus account another Demonftration is given of this Propofidon like 
to that which EncBd ^ves in Ptop. 2 a. B. 6. as Clavins has done. 

PROP, xxxvm. B. XL 

When it is reqidred to draw a perpendicular from a p<nnt in ono 
plane which is at right ang^ to another plane^ Unto this laft plane» 
it is done by drav^uig a perpendicular from the point to the common 
leAion of the planes; fer this perpendicular v^l be perpendicular 
to the plane, by Def. 4. of this Book, and it would be foollfti in 
this cafe to do it by the 1 1 . Propofidon of the fame, but Euclid ^, •• > 7- '* ^ 
ApoUoniiis, and other Geometers, when they have occafion for this ^y^ 
Problem, dircA a perpendicular to be drawn frx)m the point to the 

plane. 
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Book XI. plane, and conclude that it will fall upon the common fedHon of the 
planes, becauie this is the very fame thing as if they had made ufe of 
the conftruftion above mentioned, and then concluded that the 
ftraight line muft be perpendicular to the plane ; but is expref- 
fed in fewer words, fome Editor not perceiving this, thought it 
was ncceffary to add this Propofition, which can never be of any 
ufe, to the II. Book, and its being near to the end among Propofi- 
tions with which it has no connexion, is a mark of its having been 
added to the Text. 

PROP. XXXIX. B. XL 
In this it is fuppofed that the ftraight lines which bifeft the fides 
of the oppofite planes, are in one plane, which ought to have been 
demonftrated ; as is now don^. 



Book XII, B. XII. 

THE learned Mr. Moor, Profcflbr of Greek in the Univerfity of 
Glafgow, obferved to me that it plainly appears from Archi- 
medes Epiftle to Dofitheus prefixed to his Books of the Sphere 
and Cylinder, which Epiftle he has reftored from antient Maou- 
fcripts, that Eudoxus was the Author of the chief Propofitions in 
this twelfth Book. 

PROP. II. B. XII. 
At the beginning of this it is (aid, " if it be not fo, the fquare of 
•* BD ftiall.be to the fquare of FH, as the circle ABCD is to fome 
• • fpace either lefs than the circle EFGH, or greater than it." and 
the like is to be found near to the end of this Propofition, as alio in 
Prop. 5. 1 1 . 1 2. 1 8. of this Book, concerning which it is to be 
obierved, that in the Demonftration of Theorems, it is fui&dent, in 
this and the like cafes, that a thing made ufe of in the reafoning can 
pofEbly exift, providing this be evident, tho' it cannot be exhibited 
or found by a Geometrical conftrudion. fo in this place it is ef- 
fumed that there may be a fourth proportional to thefe three magni- 
tudes, \iz. the fquares of BD, FH, and the circle ABCD ; becaufe 
it is evident that there is fome fquare equal to the circle ABCD, 
tho' it cannot be found geometrically ; and to the three re^ilineal 
figures, viz. the fquares of BD, FH, and the fquare which is equal 

to 
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lb tiie circle ABCD, there is a fourth fquare proportional; becaufeBook XII. 
to the three flraight lines which are their fides there is a fourth v*i^v<^ 
Araight line proportional ^» and this fourth fquare, or a fpace equal 1. 1%, 6. 
to it, is the fpace which in this Propofition is denoted by the letter S. 
and the like Is to be underftood in the other places above cited, and 
it is probable that this has been fhewn by Euclid, but left out by 
fbme Editor; for the Lemma which fome unfkilful hand has added 
to this Propo/idon explains nothing of it* 

PROP. III. B. XII. 

in the Greek Text and the Tranflations, it is faid, " and becaufe 
*• the two fhaight lines BA, AC which meet one another" &c. here 
the angles BAG, KHL are deinonfbated to be equal to one another 
by I o. Prop. B. 1 1 . which had been done before, becaufe the tri- 
angle £ AG was proved to be iimilar to the triangle KHL. this re- 
{)etition is left out, and the triangles BAG,' KHL are proved to be 
iimildr in a fliorter way by Prop. 21. B: 6. 

PROP. IV. B. xn. 

A few things in this are more fully explained than in the Gt^ek 
^eit. 

PROP. V. B. xn. 

. In this, near to the end, are the wOrds «f I'/^TfocS^tr Mxitif "^ ' 
" was before fhewn," and the fame are found again in the end df 
Prop, 1 8. of this Book ; but the Demonfh^tion referred to, except / 
it be the ufelefs Lemma annexed to the a. Prop, is no where in 
thefe Elements, and has been perhaps left out by fome Editor who 
has forgot to cancel thofe words alfo. 

PROP. VI. Bi XIL 
A (horter Demonftration is given of this ; and that which is in 
the Greek Text may be made fhcn-ter by a Aep than it is. for the 
Author of it makes ufe of the 22. Prop, of B. 5. twice, whereas 
once would have ferved his purpofe; becaufe that Propofitioo ex- 
tends to any number of magnitudes which are proportionals taken 
two and two, as well as to three which are proportional to other 

three, 

COR* 
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^^^^y.^ COR. PROP. vin. B. xn. 

The Demonftration of this is imperfied» becaufe it is not (hewn 
that the triangolar pyramids tnto which thofe npoa multaogiilar 
bafes are divided, are fimihr to one aootheTy asonghtneccflarily to 
have been done, and is done in the like cafe in Pn^. 1 2. of tlus 
Book, the fiill DemooAration of the Corollary is » Mlo^vs. 

Upon the polygonal bales ABODE, FGHKL, let there be fimi^ 
lar and fimilarly fituated pyramids which have the points M, N for 
their vertices, the pyramid ABCDEM has to the pyramid FGHELN 
the triplicate ratio of that which the fide AB has to the homolo* 
gons fide FG. 

Let the polygons be divided into the triangles ABE,£BC,£CIH 
t. to. 6. FGL, LGH, LHK, which are fimilar ' each to each, and becaufe 
b. ii.Def. the pyramids are fimilar, therefore ^ the triangle EAM b fimilar to 
the triangle LFN, and the triangle ABM to FGN. wherefore ^ ME 
is to £A, as NL to LF; and as AE to £B, fo b FL to LG»becaofe 



II. 
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the triangles EAB, LFG are fimilar 1 therefore, ex aeqnali, as ME 
to £B, fo is NL to LG. in like manner it may be fliewn that £B 
U to BM, as LG to GN ; therefore, again, ex aeqnali, as EM tcr 
MB, fo b LN to NG. wherefore the triangles EMB, LNG bsmog 

i, 5. «. their fides proportionals are ^ equiangular, and fiiaiilar to one ano- 
ther, therefore the pyramids which have the triangles EAB, LFG 
for their bafes, and the points M, N for thdr vertices are fimilar i> 

s. B. IX. to one another, for their iblid angles are ^ equal, and the folids 
tfaemielves are contained by the fame number of fimilar planes, in 
the faihe manner the pyramid EBCM may be fliewn to be fimilar 
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to the pyramid LGHN> and the pyramid ECDM to LHKN. and Bode Xlt. 
becaufe the pyramids EABM, LFGN are fimilar, and have triangu- \^^y>J 
lar bafes, the pyramid EABM h^ ^ to LFGN the triplicate ratio of £. a. ift« 
that which EB has to the homol6gous fide LG. and, in the fame 
manner, the pyramid EBCM has to the pyramid LGHN the tripli- 
eate ratio of that which EB has to LG. therefore as the pyramid 
EABM is to the pyramid LFGN, fo is the pyramid EBCM to the 
pyramid LGHN^ in like manner, as the pyramid EBCM is to 
LGHN, fo is the pyramid ECDM to the pyramid LHKN. and as 
one of the antecedents is to one of the conf(^uents, fo are all the an- 
tecedents to all the confequents. therefore as the pyramid EABM 
to the pyramid LFGN, fo b the whole pyramid ABCDEM to the 
whole pyramid FGHKLN* and the pyramid EABM has to the py* 
ramid LFGN the triplicate ratio of that which AB has to FG» 
therefore the whole pyramid has to the whole pyramid the tripli- 
cate ratio of that which A B has to the homologous fide F G« 
E. D. 



PROP. XL and XH. B. XIL 
The order of the letters of the Alphabet is not obferved in thefe 
two Propofitions, according to Euclid's manner, and is now reflored* 
by which means the firft part of Prop. 1 2. may be demonftrated 
in the fame words with the firft part of Prop. 1 1 . on this account 
the Demonftration of that firft part is left out, and afiumed from 
Prop. II. 

PROP. XIII. B. XIL 

In this Propofition the common iedion of a plane parallel to the 
bafes of a cylinder, with the cylinder itfelf is fuppofed to be a circle* 
and it was thought proper briefly to demonftrate it; firom whence 
it is fuffidently manifeft that this plane divides the cylinder into 
two others, and die fiune thing is nnderftood to be fupplied in 
Prop. 14. 

PROP. XV. B. xn. 

** And complete the cylinders AX, EO.*' both the Entindadoii 

and Expofidon of the Propofition reprefent the cylinders as well as 

the cooes as already defaibed* wherefore the reading ought rather 

to 
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Book XII. to be ^' and let the cones be ALC, ENG ; and the qrlinders AX| 
EO." 

The firft Cafe in the fecond part of the Demonftration is want* 
ing ; and fomething alfo in the fecond Cafe of that part, before dx 
repetition of the conftrufbion is mentioned ; vrhicb are now added, 

> PROP. XVII. B. XII. 
In the Enuntiation of this Propofition the Greek words, eif x^r 

erf a/j>ac xa'Ia rh ivtfdpetar, are thus tranflated by Commandine and 
others, ** in majori iblidum polyhedrum defcribere quod minoris 
'' fphaerae fuperficiem non tangat;*' that is, " to defcribe in the 
" greater fphere a fdid polyhedron which (hall not meet the fuper- 
** ficies of the lefler fphere." whereby they refer the words Jtara 
Twr €T/f otVeiai' to thefe next to them ry.tihxojcfffc fffa/pctc. but they 
ought by no means to be thus tranflated, for tlie folid polyhedron 
doth not only meet the fuperficies of the lefler fphere, but pervades, 
the whole of that fphere. therefore the forefaid words are to be re- 
ferred to TO rificr TToxvtffOv, and ought thus to be tranflated, viz. 
to defcribe in the greater fphere a folid polyhedron whofe fupprficies 
fholTnot meet the kficr fphere ; as the meaning of the Propo{iti<»i 
neceflarily requires. 

The Demonftration of the Propofition is fpoUed and mutilated, 
for feme eafy things are very explicitly demonftrated, while others 
not fo obvious arc not fuflicicntly explained ; for example, when it 
is affirmed that the fcjuare of KB is greater than the double of the 
fquare of BZ, in the flrfl Demonftration ; and that the angle BZK 
is obtufe, in the fecond. both which ought to ha%'e been demon- 
ftrated. befides, in the firft Demonftration it is faid *' draw KH 
" from the point K perpendicular to BD ;" whereas it ought to 
have been faid, ** join KV," and it fliould have been demonftrated 
that KV is perpendicular to BD. for it is evident from the figure 
in Hervagius's and Gregory's Editions, and from the words of the 
Demonftration, that the Greek Editor did not percdve that the "per- 
pendicular drawn from the point K to the ftraight line BD muft ne- 
ceflarily fall upon the point V, for in the figure it is made to fall upon 
the point £1 a different point from V, which is likewife fuppofed in 
the Demonffaration. Commandine feems^o have been aware of thi^; 

for in his figure he marks one and the fame point with the two let- 
ters 
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(ers V, fl ; and before Commandine, the learned John Dee in the Book xil. 
Commentary he annexes to this Propofition in Henry Billingfley's 
Tranflation of the Ekmcnts printed at London Ann. 1570, exprefly 
takes notice of this error, and gives. a Demonftration fuited to the 
Cbnftrnftion in the Greek Text, by which he (hews that the per- 
pendicobr drawn from the point K to BDV mufl nedeflarily fall 
upon the point V. 

Likewife it is not dcmonibated that the quadrilateral figured 
SOPT, TPRY, and the triangle YRX do not meet the lefler fphere^ 
as was ^eceflary to have done, only Clavius, as far as I know, ha^ 
obierved this, and demonftrated it by a Lemma, which is now pre- 
mUed to this Propofition, fbmething altered and more briefly de- 
iooaftrated. 

In the Corollary of this Propofition it is fuppofed that a folid po- 
lyhedron is described in the other fphere fmiilar to that which is de'^ 
fcribed in the fphere BCDE. but as the Conftruftion by which this 
may be done is not given, it was thought proper to give it, and to 
demonftrate that the pyramids in it are fimilar to thofe of the fame 
order in the folid polyhedron defcribed in the fphere BCDE. 

From the preceeding Notes it is fufEciently evident how much 
the Elements of Euclid, who was a moft accurate Geometer, have 
been vitiated and inutilated by ignorant Editors. The opinioo whic!f 
6ie greateft part of learned men have entertained concerning the 
prefent Greek Edition, viz. that it is very little or nothing difFcrent 
from the genuine work of Euclid, has, without doubt deceived 
them, and made them lefs attentive and accurate in examining that 
Edition ; whereby feveral errors, fome of them grofs enough, have 
dcaped their notice from the age in which Theon lived to this time. 
Upon which account there is fome ground to hope that the pain's 
We have taken in correfting thofe errors, and freeing the Elements 
as far as we could from blemifhes, will not be unacceptable to good 
Judges who can difcern when Demonftrations are legitima'te^ and 
when they are not. 

The objeftions which, fince the firft Edition, have been made 
againft fome things in the Notes, efpecially againfl the do<f):rine of 
Proportionals, have either been fully anf\vercd in Dr, Barrow's L&Ct. 
Mathemat. and in thefe Notes ; of are fuch, except one which lias 
been taken notice of in the Note on Prop, i . Book 1 1 . as (hew that 
die perfon who made them has not fufficiently confidered the things 

Z againft' 
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Book Xlt. agalnft which they are brought ; fo that it is not neoeAary to make 

' ' any further anfwer to thefe objedtions and others like them %dnft 

Euclid's Definition of Proportionals^ of which Definition Dr. Bar- 
row juftly (ays in page 297 . of the above named book» that *' Nifi 
'^ macbinis impulia validioribus aetemum perfiftetincoocuiEu'' 
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PREFACE. 



EUCLID'S DATA is the firft in order of the books written 
by'the antient Geometers to facilitate and promote the me- 
thod of Refolution or Analyfis. In the general, a thing is faid to 
be given which is dther adlually exhibited^ or can be found out, 
that is, which is dther known by Hypothefis, or that can be demon- 
Arated to be known ; and the Propoiitions in the Book of Euclid's 
Data Ihew what things can be found, out or known from thofe that 
|)y Hypothecs are already known; fo that in the Analyfis or In- 
vefligation of a Problem, from the things that are laid down to be 
known or ffven, by the hdp of thefe Propofitions other things are 
demooftrated to be given, and from thefe other things are again 
fhewn to be given, and fb on, until that which was propofed to be 
found out in the Problem is demon/bated to be given, and when 
this is done the Problem is folved, and its Compofition is made and 
derived from the Compofitions of the Data which were made ufe of 
IB the Analyfis. And thus the Data of Euclid are of the moll ge- 
neral and neceflary ufe in the folution of Problems of every kind. 

Eudid is reckoned to be the Author of the Book of the Data 
both by the antient and modern Geometers ; and there feems to be 
no doubt of his having written a Book on this fubje<^, but which 
in the courfe of fo many ages has been much vitiated by -unfkilful 
Editors in feveral places, both in the order of the Propofitions, and 
in the Definitions and Demonflrations themfdves. To correft the 
errors which are now found in it, and bring it nearer to the accu- 
racy with which it was, no doubt, at firll written by Eudid, is the 
defign of this Edition, that fo it may be rendered more ufcful to 
Geometers, at leaft to beginners who defire to learn the invcfliga- 
tory method of the Antients. And for their fakes the Compofition 
of mofl of the Data are fubjoined to their Demonflrations, that the 
Compofitions of Problems folved by help of the Data may be the 
more eafily made. 

Marinus the Philofopher's preface which in the Greek Edition i$ 
prefixed to the Data is here left out,^ as being of no ufe to under- 
fhnd them, at the end of it he fays that Euclid has not ufed the 
fynthetical, but the analytical method in delivering them; in whicU 
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he is quite miftaken ; for in the Analyfk pf a Theorem the thing 
to be demonftrated b aflumed in the Analyfis ; but in the Demon- 
ilrations of the Data, the thing to be demonftrated, which is that 
fomething or other is given, is never once afliinied in the Demon- 
ftration, from which it is manifeft that every one of them is demon- 
ftrated fynthetically ; tho' indeed if a Propofition of ^c Data be 
turned into a Problem, for example tb^ 84th or 85th in the for- 
mer Editions, which here are the 85th and S^^, the Demonftra- 
tion of the Propofition becomes the Ansdyfis of the Problen^. 

Wherein dii3 Edition difiers from the Greek, and the r^iafonsof 
the alteratioa^ from it iviU be (hewn i^ the Notes at the eB4 of the 
Data* 

• 
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EU CLIDS DATA, 

DEFINITIONS. 

I. 

SPACES, lines and angles are fald to be ffvax in magnitude, 
when equak to them can be found. 

n. 

A ratio b fiid to be g^en, when a ratio of a given magnitude to a 
given magnitude which is the lame ratio with it can be found. 

ra. 

I 

RefHlineal figures are £ud to be given in fpecies, which have each 
of their angles given^ and the ratios of their fides given. 

IV. 
Points, lines and fpaces are (aid to be given in poHtion, which have 
always the fame fituation, and which are either adually exhibi- 
ted, or can be found. 

A. 
An angle is iaid to be ffvca in pofition, which is contained by ffa-aight 
lines ^ven in pofition. 

V. . 
A drde is {aid to be given in magnitude, when a Araight line from 
its center to the circumference is given in n^agnitude. 

VI. 
A circle is faid to be g^ven in pofition and magnitude, the center of 
' which is given in pofition, and a ftraight line from it to the cir- 
cumference is given in magnitude. 

VII. 
Segments of circles are faid to be given in magnitude, when the 
angles in them, and theii: bafes are given in magnitude. 

VIII. 
S^ments of circles are faid to be given in pofition and magnitude, 
when the angles in them arc given in magnitude, and their bafes 
are given both in pofition and magnitude. 

IX. 
A magnitude is faid to be greater than another by a given mngrii- 
tude, when this given magnitude being taken from it, the re- 
mainder is equal to the other magnitude, 

Z 4 X. A 
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X. 



I. 



See K. 



a I. Dcf. 
Dat. 



h. 1. 5. 



A magnitu|je is faid tp be lefs than another by a g^ven magi^tudei 
v/hiin this given magnitude being added to it, tlie whok Is^cud 
to the other magnitude. 



PROPOSITION I. 

r I ^H E ratios of given magnitudes to one another is 
given. 



1 



Let A, B be two given magnitudes, the ratio of A to B is ^ven. 

Bec^ufe A is a given magnitude, there may * be found one equal 
to it ; let this be C. and becaufe B is given, one 
equal to it may be fouyid ; let it be D. and fince 
A is equal to C, and B to D ; therefore *> A is to | | 

B, as C to D ; and confequently the ratio of A 
.to B is given, becaufe the ratio of the given 
{nagnitudes C, D which is the fame with it has . ^^ #^ »^ 
been found. iV. IS C jJ 
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SeeN. 
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PROP. II. 

TF a given magnitude has a given ratio to another mag- 
nitude, *' and if unt© the rwo magnitudes by which 
*' the given ratio is exhibited, and the given magnitude, 
" a fourth proportional can be found;" the other magni* 
tude is ffiven. 



Let the givei^ magnitude A have a given ratio to th^ AMg^i^ide 
B ; if a fourth proportional can be found to the three magnitudes 
above named, B is given in magnitucje. 

Becaufe A is given, a magnitude may be found 
Dcf. equal to it* ; let this be C. and becaufe the ratio 

of A to B is given, a ratio which is the lame with A U. fj JJ 

\t may be found ; let this be the ratio of the given 

magnitude E to die given magnitude F. unto the 

magnitudes E, F, C find l fourth proportional D, 

)vhich, by the Hypothcfis, can be done, where- 

/ore bccanfe A is to B, as E to F ; and as E to F, 

* The figures in the marg^^i (hew the number of the PropofitioQS in the other 

Editions. 
• « 
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(pisC toD; Ais^toB,asCtoD. but A is equal to C, therefore* b "j. 
B is equal to D. the magnitude B is therefore given *, bccaufe a ^* "x** *■ 
magnitude D equal to it has been found. 

The limitation within the inverted commas is not in the Gi:eek 
text, but is now neceflarily added ; and the fame muft be underflood 
m all the Propoiitions of the Book which depend upon this fecond 
Propofition, where it is- not exprefly mentioned. Sec th^ Note 
upon it. 

P R O P. in. " 3^ 

TF aqy given magtiitudcs be added together, their fum 
^ ftiall be given. 

Let any^iven magnitudes AB, BC be added together, their fum 
AC is given. 

Beo^ufe AB Is given, a magnitude equal to it may be found ^ ; ^< '* l^* 
let' this 'be 1>£. and becauie BC is given, . H /^ 

pne equal to it may be found ; let this be -^ ^ -P ^ 

EF. wherefore becaufe AB is equal to DE, w\ P* "P 

jmd BC equal to EF ; the whole AC is e- I 

qual to the whole DF. AC is therefol^ given, becaufe DF has been 
found, which is equal to it. 

P R O P. IV. 4. 

TF a given magnitude be taken from a given magnitude; 
cheremaining magnitude fhall be given. 

Frooi the givtcn magnitude AB let the ^ven magnitude AC be 
takoi ; ^ remaining magnitude CB is given. 

Becaufe AB is given, a magnitude equal to it may ' be found ; «. i. Def. 
let {1^ b^ DE. • and becaufe AC is given, /^ n 

one «qu4 to it may be found ; let this be A v^ 

DF. wherefore becaufe AB is equal to DE, |^ 17 1? 

and AC to DF ; the remainder CB is equal — ^ — 

to the remainder FE. CB is therefore given ■, becaufe FE which is 
equal to it has been found. 

PROP. 
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12. PRO P. V. 

>c«N. JF of three magnitudes,' the firft together with the fc? 
cond be given, and alfo the fecond together with the 
third ; either the firft is equal to the third, or one of them 
is greater than the other bj a given magnitude. 

X^t AB, BC, CD be three magnitudes, of which AB tpgether 
with BC, that is AC, is given ; and alio BC together with CD, 
that is BD, is given, either AB is equal to CD, or one of them is 
greater than the other by a given magnitude. 

Bccaufe AC, BD are each of them given, they arc either equal to 
one another, or not equal, firfl, let 

them be equal, and becaufe AC is A. B V O 

equal to B D, take away the com- 
mon port BC ; therefore the remainder AB is equal to the remain* 
der CD. 

But if they be unequal, iet AC be greater than BD, and make 
CE equal to BD. therefore CE is given, becaufe BQis given, amd 
•• *• ^**- the whofe A C is given, therefore • 

AE the remainder is given, and be- A. xL Jj C 1# 
caufe EC is equal to BD, by taking 

BC from both, the remainder EB is equal to the remainder CD. 
and AE is given, wherefore AB exceeds EB, that is CD by the gr 
ven magnitude AE. 

S- P R O P. VI. 

^ ^' TF a magnitude has a given ratio to a part of it ; it flxall 

alfo have a given ratio to the remaining part of it. j 

Let the QiagDitude AB hare a g^ven rado to AC a part of it ; it 
has alfo a given ratio to the remainder BC. 
A. ». Dcf. Becaufe the ratio of AB to AC is given, a ratio may be found* 
which is the fame to it. let this- be the ratio of DE a given magni- 
tude to the given magnitude DF. and a f^ B 
becaufe DE, DF are given, the remain- ■ 

b. 4% Dat. der FE is *> given, and becaufe AB is to -r| p* TT 

c. E. 5. AC, as DE to DF, by converfion ^ AB 5 5^ 

is to BC, as DE to EF. therefore the ratio of AB to BC is given, 
becaufe the ratio of the given magnitudes DE, EF which is the fame 
with it has been found. 

Cos. 
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. Cor, From this it follows, that the parts AC, CB have a giveu 
atio to one another, becaufe as AB to BC, fo is DE to EF ; by di- 
ifibo <>, AC is to CB, as IXF to FE ; and DF, FE are given ; there- d. 17- s* 
ore ■ thp ratio of AC to CB is given. «. »• l>cf. 

PROP. VII. 6. 

IF two magnitudes which have a given ratio to one ano- see n. 
^ thcr, be added together; the whole magnitude fliall 
lave -to each of them a given ratio. 

Let the magnitudes AB, BC which have a given ratio to one ano- 
her, be added together ; the whole AC has to each of the magni- 
udes AB, BC a given ratio. 

Becaufe the ratio pf AB to BC is given, a ratio may be found • »•,»• Wl 
srhich is the fame withit; let this be the ratio of the given magnitudes 
pE, EF; and bepaufe DE, DF are gi- jl « ^ 

ren, the whole DF is given *>. and be- k '>• !• I>«t* 

paufeas AB to BC, fo is DE to EF ; by jj ]^ y 

pompofition *^, AC is to CB, as DF to - — * i «• »•• «• 

f E ; and by converfion **, AC is to AB, as DF to DE. wherefore <!• ^ s. 
becanfe AC is to each of the magnitudes AB, BC, as DF to each 
of the others DE, EF; the ratio of AC to each of the magnitudes 
AB, BC is ^ven •. . 
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PROP. VIII. 7. 

F a given naagnitude be divided into two parts which see m. 
have a given ratio to one another, and if a fourth pro* 
portional can be found to the fum of the two magnirudes 
by which the given ratio is exhibited, one of them, and 
the giyea magnitude; each of the parts is given. 

Let the given magnitude AB be divided into the parts AC, CB 
which have a given ratio to oneanother ; if a fourth proportional 
can be found to the above named mag- a C^ tL 
Bitudcs ; AC and CB are each of them ^ 1 ■ ■ ■ ■ 

given. J} F E 

Becaufe the ratio of AC to CB is gi- 1 

VCD, the ratio of AB to BC is given ■ ; therefore a ratio which is t. 7. Dit. 

the 
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b. ». Drf. the lame with it can be found ^ let this be the ratio of tfaeghn 
magnitudes D£» EF. and becaufe the a ^ ^i 



given magnitude AB has to BC the g^- 
ven ratio of D£ to EF, if unto DEy-n 
EF, AB a fourth proportional can be 



s. 



— 4- 



cf ». Dat. found, this which is BC is given ^ ; and becaufe AB is given the 

d. 4. Dat. other part AC is given <*. 

In the {ame manner, and with the like limitadoo. If the difRatBCB 
AC of two magnitudes A3, BC which havp a given ratio be pfrB^i 
each of the magnitudes AB, BC is given. j 



8. 



a ». 
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P R O P, IX. i 

liyf Agnitudes which have given ratios to the fame^ 
■*"•■■ magnitude, have alfo a given ratio to one another. 

Let A, C have each of them a given ratjp to B ; A has a gii 
ratio to C. 

Becaufe the ratio of A to B \%. ffvai, a ratio which is the £ibw| 
to it may be found * ; let this be the ratio of the given magmtudes 
D, E. and becaufe the ratio of B to C is g^v^n, a ratio which is 
the fame with it may be found * ; let this be the ratio of the giteL 
magnitudes F, G. to F, G, E find a ] 

fourth proportional H, if it can be 
done ; and becaufe as A is to B, fo is 
D to E ; and as B to C, fo is (F to G, 
and fo is) E to H ; ex aequali, as A to 
C, foisDtoH. therefore the ratio of A B C D E tt 
A to C is g^ven *, becaufe the ratio of ' F 

the given magnitudes D and H, which I i 

is the fame with it, has been found, but 
if a fourth proportional to F, G, E 
cannot be found, then it can only be faid that the ratio of A to C^ 
is compounded of the ratios of A to B, and B to C, that is of the' 
given ratios of D to E, and F to G. 
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P R O P. Xi , 9. 

T two or more magnitudes have given ratios to one ano- 
' ther, and if they have given, ratios, tho' they be ndt 
K fame, to fome other magnitudes; thefe other magni- 
ides ihall alfo have given ratios to one another. 

Let two or more magnitudes A» B, C have given ratios to one 
pdier; and let them have given ratios, tho' they be not the fame^ 
Ibme other magnitudes D, £, F. the magnitudes D, E, F havfe 
ren ratios to one another. 

fiecaofe the ratio of A to B is given, and likewife the ratio of 
toD; therefore the ratio of a Trj a. 9*Dat. 

tpBisgiven*; but the ratio 

B to E is given, therefore * B '""^ E""^ -^^ 

sratioof D to E is pven. and ^ _ p 

fanfe die ratio of B to C is ^ 

n, andalfotheratioof B toE; the ratio of E to C is given *. 

1 the ratio of C to F is g^ven ; wherefore the ratio of £ to F is 

m* D, E, F have therefore given ratios to one another; 

t R O P.. XI. 22. 

I two magnitudes have each of them a given ratio to 
another magnitude ; both of them together fliall have 
U€n ratio to that other. 

Let the magnitudes /VB, BC have a given ratio to the magnitude 
iftic his a ^vei/ratb to the fame D. 
|P9finfi{AiB, SC have each of them \ B C 

kik raib to D, the ratio of AB to 5 

isg^venV and by compofition, the -rx a. 9. Dat. 

>of AC to CB is given *>. but the b. 7. Dat. 

> of BC to D is given ; therefore * the ratio of AC to D is 
n. 

PROP. 
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23- PRO P. XH. 

See N. . TF the whole have to the whole a given ratid, tad lUi 
•^ parts have to the parrs grven, bnt liot the fame, ratiai 
every one of them, whole or pan, {hall hive to every ol 
a given ratio. 

Let the whole AB have a given ratio to the Whde CD, aid A 
parts AE, EB have given, but not the fame, ratios to tfc pi 
X^F, FD ; every one fhall have to every one, whcde or part, a ^ 
ratio. 

Becaufe the ratio of AE to CF is given, as AE teCF, fe 
AB to CG ; the ratrothcrcfore of AB to CG is g^vfeii ; tr! 
the ratio of the remainder EB to the remainder FG is given, 
« 19. 5* caufe it is the lame' with the ratio of AB to CG. and the ratio al 

to FD-ts given, wherefore-the ratio of jl X} 

b. 9. I>at. FD to FG is given *> ; and by conver- * ' » f ■ ■ ■■■ * * 

€. 6. Dat. f,on, the ratio of FD to DG is given^. r% rjr ^ tl 
and becaufe AB has to each of the ■ ■ ■ 1 • • " ' ^ 
magnitudes CD, CG a given ratio, the ratio of CD to'CGb p*d 
and therefore^ the ratio of CD to DG is g^ven. but the ratio of Q 
to DF is given, wherefoi'e ^ the ratio of CD to DF is g^?en, • 
d. Cor. «. confequently <* the ratio of CF to FD is gived ; but the la*) 
^■'- CF to AE is given, as alfo the ratio of FD to EB ; wherefore' t 
•. lo. Dat. ratio of AE to EB is given ; as alfo the ratio of AB to cadi 
t 7. Dat. them ^. the ratio therefore of every one to every one is pwn. 

24- PRO P. xin. 

** N. Tp ^j^g £^(j. Qf jj^^gg proportional ftraight lines hasit 
ven ratio to the third, the firft {ball dlfo^harea^ 
ratio to the fecond. 

Let A, B, C be three proportional fhaight'lineS, that fe tsi 

B, fo is B to C ; if A has to C a given ratio, A fhall alfo hsmr^ 

a given ratio. j 

Becaufe the ratio of A to C is given, a ratio which is die I 

i. 1. Def. with it may be found *■ ; let this be the ratio of the ^ven (fa^ 

^. jj. 6. lines D, £; and between D and £ find ai> aiean proportiooil 

< 
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therefore the reftitigle contained by D and E is equd to the 

fquare of F, and the rectangle D> £ is given be- 

caufe its fides D^ E are given ; wherefore the 

iqiiare of F, and the ftraight line F is given^ and 

becaufe as A is to C, fo is D to E ; but as A to 

C, fo is * the fquare of A to the fquare of B ; and 

as D to £» fb is^ the fquare of D to the fquare of 

F ; therefore the fquare ^ of A is to the Iquareof " 

By as the fquare of D to the fquare of F. as -r| 

therefore ^ the Ilraight line A to the ftraight line 

B, fo is the ftraight line D to the ftraight line F. 

therefore the ratio of A to B is given *, becaufe 

the ratio of the given ftraight lines D, F which 

is the fame with it has been found. 
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d. 11. 5* 

e. %%^ 6* 

a. ft. Def. 



PROP. XIV. 



A. 



TF a magnitude together with a given magnitude has a Scc n. 

given ratio to another magnitude; the excefs of this 
other magnitude above a given magnitude has a given ra- 
tio to the firft magnitude, and if the excefs of a magni- 
tude above a given magnitude has a given ratio to another 
magnitude ; this other magnitude together with a given 
tnagnittide has a given ratio to the firft magnitude. 

Let the ftiagnitude AB together with the given magnitude BE, 
that is A£, have a given ratio to the magnitude CD ; the excefs of 
CD above a given magnitude has a given ratio to AB. 

Bccaafe the ratio of A£ to CD is given, as A£ to CD, fo make 
BE to FD ; therefore the ratio of BE to FD is given, and BE is 
given, wherefore FD is given •. and a tt T? *• 

becaufe as AE to CD, fo is BE to FD, "^ ^ ■ ■ 1 =* 

the remainder AB is *» to the remain- g^ TT Tl ' b. ip. 5. 

der CF, as AE to CD. but the ratio V[ . ij 

6f AE to CD is given, therefore the ratio of AB to CF is given \ 
that is, CF the excefs of CD above the given magnitude FD has a 
^vea ratio to AB. 

Next, Let the excefs of the magnitude A B above the given 
fliagoitiide B E^ that is, let A £ have a given ratio to the magni- 
tude 
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See N. 
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tudc CD ; CD. together with a givea magoitQde.htt a given ratio 
to AB. 

Becaufe the ratio of AE to CD is given, as A£ to CD, b make 
BEtoFDj therefore the ratio of BE to a XT Tl 

YD is given, and BE is given, wherefore ^ » •" 

a. ». Dat. FD is given *. and becaufe as AE to 

<5.ii.5. CD,foisBEtoFD,ABistoCF,as*AE C D F 

to CD. bnt the rado of AE to CD is gi- 
ven, therefore the ratio of AB to CF is given ; that is CF which is 
equal to CD together with the given magnitude DF has a gived ra- 
tio to AB. 
B. PROP. XV. 

TF a magnitude fogether with that to Which' another 
magnitude has a given ratio, be given ; this other is 
given together with that to which the firft magnitude has 
a given ratio. 

Let AB, CD be two magnitudes of which AB together with BE 
to which CD has a given ratio, is given ; CD is g^ven together ^dli 
that magnitnde to which AB has a given ratio. 

Becaufe the ratio of CD to BE is given, as BE to CD, fo make 
AE to FD ; therefore the ratio of AE to FD is g^ven, and AE is 
». %. Dat. given, wherefore * FD is given, and a T| 17 

becaufe a» BE to CD, fo is AE to ■ > — — - 

b.Cor.ip s.tD; AB is b to FC, as BE to CD. Tgi CD 

and the ratio of BE to CD is given, T 

wherefore the ratio of AB to FC is given, and FD is siven, that is 
CD together with FC to wliich AB has a given ratio is given. 

■ 

lo. PROP. XVI. 

See N. TF the excefs of a magnitude above a given magnitude, 
has a given ratio to another magnitude; the excefs of 
both together above a given magnitude {hall have to that 
other a given ratio, and if the excefs of two magnitudes 
together above a given magnitude, has to one of them a 
given ratio ; either the excefs of the other above a given 
magnitude has to that one a given ratio; or the other is 
given together with the magnitude to which that one has 

a given ratio^ 

Let 
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. Let the excefi of the nu^nitude AB above a given magnitude, 
l)ave a ^ven ratio to the magoitude BC ; the excefs of AC, both of 
them together^ above a given snagnitnde, has a given ratio to BC. 

Let AD be th^ given magnitude the excefs of AB above whichy 
viz. DB, has a given ratio to BC* 

and bccaafe DBJias a pvcn ratio to A. P B C 

BC, the ratio of DC to CB is gi- '^^ * 

vcn *, and AD is given ; therefore DC, tlie excefs of AC above the *• f- ^*^« 

given magnitude AD, has a given ratio to BC, ^ 

Next, let the excefs of two magnitudes ABi BC together a- - 
Ixive a given magnitude have tp 

ooe of them BC a given ratio ; ei- A D H £ O 

tber the eKoefs of the other of them 

AB above a g^ven magnitude (hall have to BC a given ratio ; or AB 
is given together with the magnitude to which BC has a given 
ratio. 

Let AD be the given magnitude, and firft let it be lefs than AB ; 
and bccaufc DC the e^tcefs of AC above AD has a given ratio to BC, 
DB has «> a given ratio to BC ; that is DB, the excefs of AB above ^- ^<''- ^• 
tjie ^ven magnitude AD, has a given ratio to BC. 

But let the given magnitude be greater than AB, and make AE 
equal to it; and becaufe EC, the excefs of AC above AE, has to 
BC a given ratio, BC has ^ a given ratio to BE ; and becaufe AE is c. 6. Ua^, 
given, AB together with BE to which BC has a given ratio, ift 
given. 

PROP. XVII. I /. 

IF the excefs of a magnitude above a given magnitude ^« ^' 
has a given ratio to another magnitude ; the excefs of 
the famefirit magnitude above a given magnitude^ fhaU 
have a given ratio to both the magnitudes ton^ether. and 
if the excefs of either of two magnitudes above a giveix 
magnitude has a given ratio to both magnitudes together ; 
the excefs of the fame above a grven magnitude fliall huve 
a given ratio to the other. 

Let the excefs of the magnitude AB above a given magnitude 
have a given ratio to the magnitude BC ; the excefs of AB above 
a given magnitude has a given ratio to AC. 

A a Let 
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Let AD be the given magnitude ; asd becais(e DB, the exce&of 
AB above AD, has a given ratio to BC ; the ratio of DC to DBis 

a. 7. Dst. given *. make •he ratio of AD to DE the fame with du» ndo | 
therefore the ratio of A1l> to DE is- 
given. and AD is given, where- A. E I^ 11 C 

t). 1. Dat fore ^ DE, and the remainder AE ^ 

c. i». 5- are giveft. and becaufe as DC to DB» fb is AD- to DE, ACis^td 
EB, as DC to DB ; and the ratio of DC to DB is giveo* whercfiare 
the ratio of AC to £B is given, and beeflufe the ratio of SB to AC 
is given, and that AE is ^ven, therefore £B the 6xce6 of ,AB aixive 
the given magnitude A£, has a given ratio to AC. 

NeKt, let theexcefs of AB above a given m^itudp bave a p- 
ven ratio ta AB and BC together, that is to AC ; the ezcefe of AB 
above a given magnitude lias a given rado to BC. 

Let AE be the giveri magnitude; and becauieEB tl^excei^of 
AB aboVe AE has to AC a given ratio, as AC to EB, £> make AD 

i. 6. Dat. to DE ; therefore the ratio of AD to DE is given, as alfo «* thria- 
tto of AD to AE. and AE is given, wherefore *> AD is ,givcD. and 
becaufc as the whole, AC, to the whole, EB, fo is AD* ttf DE ; 

c.To» S' the remainder DC is * to tlie remainder DB, as AC to EB ; anAthc 

ratio of AC to EB is given, wherefore the ratio of DC to DB isgi- 
f. Cor. 6 ^,^j^^ j^g j^jPq f f j^g ^^Iq ^f £)g jQ ^Q jjj^j ^j) jg given, therefore 

DB, the exccfs of AB above the given magnitude AD, has a given 
ratio to BC. 
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14. f R o J?, xvm. 

IF to each of tx(*o magnitudes' which' have k glyeti ratio' 
to one another, a given ttiagriiiticie fee aidded ;' the 
tvholcs (hall either have a given ratio to one another, of 
the excefs of one of them above, a given magnictide fliall 
have a givenffatio to the other* 

Let the two magnitudes AB^ CD hscvi^a given: ratio tooaeaoo* 
ther, and to AB let the given magnitude BE be added, and the^vof 
I magnitude DF to CD. flie wholes AE, CF -either havfe 1^ gsKn ra- 
tio to one another,- or the e^icefs of one of them above a givca mag'* 
iiitude has a given ratio to the other, 
i. 1. t>ac. Becaufc BE, DF are «ach c^ tlwm givco, their ratio is given'. 

and 



6 AT A: JTi 

flndl If tJds ratio be die laine mth jk -n «-4 

tile ratio of AB to CD, the ratio of A B jE 

AE 40 iCF, Which is the faine ^ with pt j\ -n ^- '^* ^r 

the given ratio of AB to CD, ftiall ^ " ^ 

be given. 

Bnt if the ratio of BE to DF be not the fame with the ratio of 
AB to-'CD ; either it is greater than the ratio of AB to CD, or, by 
inverfioD, the ratio of DF to fiE Is greater than the ratio of CD td 
AB. firft^ let the ratio of BE to 

DF be greater than the ratio of AB A- B Gr E 

to.CD; and as AB to CD, fo make * * 

BG to DF ; therefore the ratio of - C ID F 

fiG to OF is given ; and DF is given, * 

therefore *^ BG is given, and becaufe BE has a greater ratio to DF c- »• ^^^* 
thai '(AB to CD, that is dian) BG to DF, BE is greater ^ than BG. <*• »«• i'^ 
' 'ftnd%ecatfe as AB to CD, fo is BG to DF, therefore AG is •> to 
CF, as'AB toCD. but the ratio of AB to CD is given, where- 
ibre tftc natk) of AG to CF is given ; and becaufe BE, BG are each 
df them given, GE is given, therefore AG, the excefs of AE above 
the given magoinide GE has a given ratio to CF. the other caie is 
demonftrated in the fame manuer. 

PROP. XIX. ifi 

IF from each of two magnitudes, which fiaire i giveo' 
ratio to one another, a given magnitude be taken ; 
the remainders fihall either have a given ratio to one ano- 
ther, or the excefs of one of them above a given magni* 
tude, fhall have a given ratio to the other. 

Let the m^itudes AB« CD have a given ratio to oiie SLnbthei",^ 
dnd from AB let the given magnitude AE be taken, and from CD/ 
the given magnitude CF. the remainders £B, FD (hall either have 
a given ratio to one another, or the excefs of one of them above i 
ghren magmtude (hall have a given 
ratio to the other. A. E B 

Becaufe AE, CF are each of "^ ' ' "'**' 

fhcm given, their ratio is given ■ ; C F D ** <- ^ 

and if this ratio be the fame with 

the ratio of AB to CD, the ratio of the remainder EB to the rt* 

A » 2 mamdff/ 
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b. ip. 5 malnder FD, which is the fame ^ with the ffvca ratio of AB td ClSf 

(hall be given. 

But if the ratio of AB to CD be not the fame with the ratio of 
AE to CF, either it is greater than the ratio of AE to CF, or, by in- 
Verfion, the ratio of CD to AB is greater than the ratio of CF td 
AE. firft, let the ratio of AB to CD be greater than the ratio of 
AE to CF, and as AB to CD, fo make AC to CF; therefore the 
ratio of AG to CF is given, and 

c. *. Dat. CF is given, wherefore ^ A G is A^ E Gr B 

given, and bccaufd the ratio of 

AB' to C D, that is the ratio of AG C IF P 

to CF, is greater than the ratio of 

d. lo. s. AE to CF ; AG is greater ^ than AE. and AG, AE are given, 

therefore the remainder EG is given, and as AB to CD, fo is AG 
to CF, and fb is *> the remainder GB to tj:ie remainder FD ; and 
the ratio of AB to CD is ^ven, wherefore the ratio of GB to FD 
is given; therefore GB, the excefs of EB above the given magni- 
tude EG, has a given ratio to FD. in the fame manner the other 
cafe is demonftrataJ. 

16; P VL O ?. XX. 

IF to one of two magnitudes which have a giveij ratio to' 
one another^ a given magnitude be added, andfronr 
the orjier a given magnitude be takeb ; the exctffs of the 
fum above a given magnitude ftiall have a gire& ratio ttf 

the remainder^ 

■ 

Let the two milgnitudes AB, CD have a given ratio to one ano- 
ther, and to AB Jet the given magnitude EA be added, ahd from 
CD let the given magqrtud* CF be tajien^ the excefs of the fum 
£B above a given magnitude has a given ratio to the remainder FD. 

Bccaufe the ratio of AB toCD fe given, ihsike su AB to ClXlb 
AG to GF. therefore the ratio of AG t<» CF fe gWcou aod Cabs 
*. «. Dftt. given, wherefore • A G is giwn ; 

and EA is given, therefore the K. A>, G* R 

whole £G is given, and becaufe . -■•n ' rx 

as AB to CD, fo is AG to CF, and C F P 

fc tp* 5« fo is *» the remainder GB to the re- 

aaaiader FD ; the ratio of GB to FD is given, and EG is given, 

therefore 
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therefore GB, the exccfs of the fum EB above the given magnitude 
EG, has a given ratio to the remainder FD. 

PROP. XXI. C. 

IF two niagnitudes have a given ratio to one another, if sec n. 
a given magnitude be added to one of them, and the 
ocher be taken from a gWea magnitude ; the fum toge- 
ther with the magnitude to which the remainder has a 
given ratio, is given, and the remainder is given together 
with the magnitude to which the fum has a given ratio. 

Let the two magnitudes AB, CD have a given ratio to one ano- 
ther ; and to AB let the given magnitude BE be added, and let CD 
be taken from the given' magnitude FD. the^fum AE is given toge- 
ther with the magnitude to which the rem^der FC has a gi\'en 
ratio. 

Becaufe the ratio of AB to CD is given, make as AB to CD, 
fp GB to FD. therefore the ratip of GB tp FD is given, and FD is 

given, wherefore GB is given " ; -^ ^ t» -n * *" ^^' 

and BE is given, the whole GE is & A. 1^ E . 

therefore given, and becaufe aa — ^ Y^ 

ABtoCD,foisGBtoFD, andfo ^ y tT 

is »> GA to FC ; the ratio of GA Ito b. 19. 5. 

, I > 

FC is g^ven. and AE together with GA is given, becaufe GE is 
given ; therefore the fum AE together with GA to which the re- 
mainder FC has a given ratio, is given, the fecond part is naauifeft 
from' Prop. 15. ' * . > • 






PR OP; XXn. D. 

IF. cwo imgnitudes have a giyen ratio to one another, if ^« n. 
from one of- thbm a given magnitude be taken, and the 
pt^er he taken from a given* magnitude; each of the re- 
mainders is given together with the magnitude to which 
.the other- remainder has a given ratio. 

Let the two magnitudes AB, CD have a given ratio to one ano- 
ther, and from AB let the given magnitude AE be taken, and let 

A a 3 CD 
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* 

CD be taken from tfaic given magnitude CF ; the yeraaiader £B is 
given together with the magnitude to which the other rcmaindcF 
DJP has a given ratio. 

Becaufe the ratio of.AB to CD is given, make as AB to CD, b 
AG to CF. the ratio of AG, to CF is dicPcfbre given, and CF is 

H. ft. Dat. given, wherefore* AG is given; ^ 

and AE is given, and therefore the A K H iJ 

remainder EG is given, and be- r^ t^ 

caufe as AB to' CD, fo is AG to Q P JF , 

h. ip. 5. CF, and fo is> the remainder BG 

to the remainder DF ; the ratio of BG to DF is given, and £B to- 
gether with BG is given, becau& EG !$• given, therefore the remain- 
der EB together with BG to which DF the other remainder has a 
given ratio \s given, the fecood part is plaiu from Prop. 1 5 . 

20. PROP. XXIII. 

fee N. Tp f j.qjj, ^y^Q givcn magnitudes there be taken magni* 
J- tudes which have a given ratio to one another, the re- 
mainders (hall either have a given ratio to one another, or 
the excefs of one of them above a giv^n magnitude diall 
have a given ratio to the other. 

Let AB, CD be two given magnitudes, and from them let the 
magnitudes AE, CF which have a given ratio to one another bo 
taken ; the remainders EB, FD either have a given ratio to one an^ 
ther, or the excefs of one of them above a given magnitude has a 
given ratio to the other. 

Becaufe A B, CD are each of ^ g g 

them given, the ratio of AB to ' t 

CD is given, and if this ratio be (J F D 

• ' the fame with the ratio of AE to ' 

a- «p. s- CF, then the remainder EB has • the fask given ratio to tberemalJi- 
derFD. 

But if the ratio of AB to CD4)e not the fiune with the ratjo of 
AE to CF, it is either greater than it, or, by inyeriiOD» the ratio of 
CD to AB is greater than the ratio CF to AE. firft, let the ladoof 
AB to CD be greater than the ratio of AE to CF ; and as A£ to 
CF, fo make AG to CD, therefore the ratio of AG to CD is given, 
becaufe the ratio of AE to CF is given ; and CD is given, where* 

fore* 
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C. 10. 5. 



lore ^ AG b given ; and betaafe th6 ratio of AB to CD is greater >>• »• ^^t- 
than tlie ratio t>f (A£ to CF» that 

is, than the ratio of) AG to CD ; -^ 

AB is greater ^thsm AG. and ^ T? T% 

AB, AG are giren^ therefore the V:^ 4——^ 

remainder BG is given, and be- , 

caofe as AE fp cr, fo is AG to CD, and fo is ■ EG to FD ; the «»• «i>- s 
ratio of EG to FD is given, and GB is given, therefore EG the ex- 
cefs of £B above the given magnitude GB, has a given ratio to 
FD. the other cafe is (hewn in the (amc way. 



I 
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PROP. XXIV. 

F there be three magnitudes, the firft of which has a ^« n- 
given ratio to the fecond, and the excefs of the fecond 



above a given magnitude has a given ratio to the third ; 
the excefs of the firft above a given magnitude fliali alfo 
have ^ given ratio to the third. 

Let AB, CD, E be three magnitudes, of which AB has a given 
ratio to CD ; and the excefs of CD above a given magnitude has a 
g^ven ratio to E. the excefs of AB above a given magnitude has a 
{^ven ratio to E. 

Let CF be the g^ten magnitude the excefs of CD above which, 
viZi FDhas a given ratio to E. and becaufe the ratio of AB tp CD 
is i^ron, as AB to CD fo make AG to CF ; there- A 
fore the racio of AG to CF is given ; and CF is 
given, wherefore • AG is given, and becaufe as 
AB5lb CD, fy is AG to CF, and fo is fc' GB to Q^- 
^'D J the Vafio of GB to FD is givtn. and the 
ratio of FD|4> E ife |;iven, whtrefore * the ratio 
of GB to E is given, and AG is ^vcn, there- 
fore GB the e!ittefsi of AB above the given mag- 
nitude AG has a given ratio to E. 13 

Coit. I . Artd if the firft has a given ratio to the fecond, and the 
exceis of the firft obavt a given magnitnde has a given ratio to ihe 
third J the excefs df the fecoftd above a given magnitude (hall have 
a given ratio to the third, for if the fecond be called the firft, and 
the firft the fecond, this Corfilhiry will be the fiime with the Pro- 
pofitioQ. 

A a 4 Coil. 
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Cor. 2. Alfo if the fifft has a given ratio to the iboond, and 
the excefs of the third above a gifen mdgnitude hafi alfo a given ra- 
tio to the fecond, the fame excefs Ihall have a ^ven ratio to the 
firft; as is evident from the 9 th Dae. . ' 

^7. PROP. XXV. 

IF there be three magnitudes, the excefs of the firfb 
whereof above a given magnitude has a given ratio to 
the fecond ; and the excefs of the third above a given 
magnitude has a givei) ratio to the faipe fecond. the firll 
ihall either have a given ratio to the third/ or the excefs 
of one of them above a given n:dgnitude Ihall have a given 
ratio to the other. 

Let AB, C, DE be three magnitudes, and Ict'the excelles of e&ch 

of the two AB, DE above given magnitudes have given ratios .10 C ; 

AB, DE cither have a given ratio to one another, or the excefs of 

' one of them above a given magnitude has a.givea ratio to the 

other. 

Let FB the excefs of AB abox^e the given magnitude AF have a 
given ratio to C ; and let G E the excefs of 
" DE above the given magnitude DG have a gi- A 
Veil ratio to C; and becaufc FB, GE have eadi p.. *^ 

of them a given ratio to C, they have a gi- 
a. p. Dat.. ven ratio * to one another, but to FB, GE the 
^ given magnitudes AF, DG are added; there- 
\>. i«. Dar. fore ^ the whole magnitudes AB, DE have either -^ 
a given ratio to one another, or the excefs of one O 
ofihem above- a given magnitude has a given ratio to the other. 



G 
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18. PROP. XXVI. 

TF there be three magnitudes the exceffes of one of 
which above given magnitudes have given ratios tq 
the other tv/o magnitudes; thefc two fhall either have a 
given ratio to one another, or the excefs of one of them 
above a given magnitude fliali have a given ratio to the 

other. 
•' " Let 
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Let AB, CD» £F be three magnitadeSy and let GD the excefs of 
pae of them CD above the ^iven magnitude CG have a given ratio 
to AB ; and alfo let KD the excefs of the fame CD aboVe the gi- 
ven magnitude CK have a given ratio to £F. either AB has a given 
rario to £Fy or the excefs of one of them above a given magnitude 
has a given ratio to the other. 

Becaufe GD has a given ratio to AB, as GD to AB, fo make CG 
to PIA; therefore the ratio of CG to HA is given; and CG is. gi- 
ven, wherefore * HA is given, and becaufe as GD to AB, fo is CG •• ». Dat. 
to HA, and fo is i> CD to HB ; the ratio of CD to HB is given, b- n. $. 
alio becaufe KD has a given ratio to EF, ?.s KD tt 
to EF, fo make CK to LE ; therefore the ratio 
of CK to LE is given ; and CK is given, where- 
fore • LE is given, and becaufe as KD to EF, 
fo is CK to LE, and fo ^ is CD to LF ; the ratio 
of CD to LF is given, but the ratio of CD to 
HB is given, wherefore * the ratio of HB to LF 
is given, and from HB, LF the given magnitudes B 
HA, LE bting taken, the remaindei^ AB, EF (hall eithei* have a 
given ratio to one another, or the excefs of one of them above a 
given naagnitude has a given ratio to the other ^, 



D 
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Dat. 



d. 19. Da(i 



** Another Demonftration, 

Let AB, C, DE be three magnitudes, and let the excefles of one 
of them C abore given magnitudes have given ratios to AB and DE. 
either AB, DE have a given ratio to one another, or the excefs of 
one of them above a given magnitude ha^ a given ratio to the other. 

Becaufe the e;i:ceis bf C above fk given magnitude h^s a given ra- 
. tio to AB, therefore ^ AB together with a ^ven magnitude has a a. 14. Dat. 
given ratio to C. let this given magnitude be 
AFi 'therefore FB has a given ratio to C. alfo, 
becaufe the excefs of C above a given magnitude 
has a given ratio to DE, therefore ' DE together 
with ^given magnitude has a given i*aiio to C. 
let this given magnitude be DG, wherefore GE 
has a given ratio to C. and FB has a given ratio 
to C, dierefore *» the ratio of FB to GE is given, 
and fh)m FB, GE die giveft magnitudes AF, DG being taken, the 
remainders AB, DE either have a given ratio to one another, or the 
excefs of one of them above a given magnitude has a given ratio to 
the other *." P R P. c. i p. Dat. 
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PROP. XXVH. 

TF there be three magnitudes the cxcefs of the firft of 
^ which above a given magnitude has a given ratio to the 
fecond; and the excefs of the fecond above a givoi loag^^ 
nitude has alfo a given ratio to the third, the excefs of' 
the firil above a given magnitude ihall have a given ratio 
to the third. 

Let AB, CD, £ be three oiagnitudes the.esccefs of the firft of 
which AB above the given Diagnitude AC, viz. GB has a given 
ratio to CD ; and FD the exccis of GD above the given fnagoitude 
CF, has a givea ratio to E. the excels of AB above a g^ven magoi* 
tude has a given ratio to E. 

, Becaufc t^ ratio of GB.to CD is givea» as GB to CD» fo xoake 
GH toCF ; therefore the ratio of GH to CF is 
given ; and CF is given, wherefore • GH is gi- A 
vcn ; and AG is given, wherefore the whole Q... 
AH is given, and becaufc as G B to C D» fo is. Q^ 

GH to CF, and fo is *> the remainder HB to the ][:|]. . ^ 
remainder FB ; the ratio of HB to FD is given, 
and the ratio of FD to E is given, wherefore ^ 
the ratio of HB to E Is given, and AH is given ; B' D E 
therefore HB the excefs of AB above the given 
magnitude AH has a given ratio to £. 

" Otherwife. 

Let AB, C, D be three magnitudes, die exoefe EB of the firft 
of which AB above the given magnitude AE has a ^mn ratio to C« 
and the excefs of C above a given magninde has a gjiven ratia to D. 
the exce& of AB above a j^ven magnitude hasa 
given ratio to D. 

Becaufe EB has a given ratio to C, and the 
excefs of C above a given ms^itude has a g^- 
4. a4. Dat. ven ratio to D ; therefore ^ the excefs of EB a- 
bove a given magnitude has a given ratio to D. 
let this given magnitude be EF, therefore FB 
the excefs of EB above EF has a given rado to 
p. and AF is given^ becaufe AE, EF are g^ven. BCD 

there- 
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c. 9. Dat. 
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therefore FB the excefs of A6 above the given magaitude x^F has a 
given ratio to D." 



PROP. xxvm. ^5 



I 



Ftwo lines given in pofition cut one another, the point ^^ ^' 
or points in which they cut 6ne another are given. 







Let two lines Afi, CD given in pofition cut one another in the 
point E ; the point E is given. 

Becaufe the lines AB, CD are 
given in pofition, they have al- 
ways the fame fituation * , and Ak 
therefore the point, or points, in 
which they cot one another have 
always the fame fituation. and be- 
canfe the lines AB, CD can be A** 7^ 
found *, the poiitr, or points, In ^ 
in which they cut one another, " ^ 
arc likewiie found ; and therefore are given in pofition •. 

PROP. XXIX. 26. 

TF the extremities of a ftraight line be given in pofition ; 
the flraighc line is given in pofition and magnitude. 

Becaufe the extremities of the ftraight line are given, they can 
be found * ; let thefe be the pdnts A, B, between which a ftraight a. 4. Def. 
line AB can be drawn *>; this has an b. i.Poftu. 

invariable pofition* becaufe between A B ^'^' 

two given points there can be drawn 

but one ftraight line, and when the ftraight line AB is drawn, its 
m^^tude is at die iame time exhibited, or given, therefore the 
Ars^t line AB b pven in pofition and magnitude. 



PROP. 
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27. PRO P. XXX. 

TF one of the extremities of a ftraight lice given hi pofl- 
tion and magnitude be given; the other excremitjf 
ihall alfo be given. 

Let the ppint A be given, to wit one of the extremities of a 

ikaight line given in magnitude, and which lies in the ftraight line 

AC given in pofition ; the other extrenuty is alfo given. 

Becaufe the ftraight line is given ixi magnitude, one equal to it 
a. I. Def. can be found ' ; let this be the ftraight line D. from the greater 

ftriight line ACcut ofFAB equal to the 

lefler D. therefore the other extremity P^ ^ B C 

B of the ftraight line AB is found, and 

the pcMnt B has aSvays the lame fitua- J ) 

tion, becaufe any other point ia AC, 

upon tfic fame fide of A, cnts off between it and the point A a 

greater or Icfs ftraight line than AB, that is than D. therefore the 
}$, 4* Def. point B is given ^. and it is plain another fuch pdnt can be found 

in AC produced upon the othp* itde of the point A. 

28. PRO P. XXXI. 

TF a ftraight liiic be drawn thro'.a given point parallel 

to a ftraight line given in pofition; that ftraight line 

is given in pofition. L 

Let A be a given point, and BC a ftraight line given in fX)(ttkA; 
the flrai^t Imc drawn thro' A parallel to BC is ^ven in pofiti9». 

••31. 1. Thro' A draw* the ftraight Jki<? DAE 

parallel to BC; the ftraight line DAE P . t^ ;.jB 

has always the lame pofition, becaufe ,^ ; • ' ri 

no other ftraight line can be drawn B . V 

thro' A parallel to BC. tbcKfore the 

k. 4* Dcf. ftraight line DAE which has been found ss^ven ^ ia pofitioo. 

PROP, 




a. I. Def. 
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PROP. XXXII. 29. 

1[F a ftraight line be drawn to a given point in a given 
'^ ftraight line, and makes a given angle .with it. that 
ftraight line is given in pofition. 

Let AB be a ftraight line given in pofition^ and C a^ven point 
in it, the ftraight line drawn to G 
which makes a given angle with CB> 
is* given in pofitioh. 

' Becaiife the angle is given, one 
equal to it can be found*' ; let this 
be the angle at D. at the ^ven point 

C in the given ftraight line AB A KJ y •" k 

make *> the aogle ECB equal to the 
angle at D. therefore the ftraight 
line EC has always the iame fituati- 
on, becauie any other ftraight line 

FC drawn to the point C makes with CB a greater or left angle thad 
the angle ElCB br the angle at D. th«-efore the ftraight- line EC 
U'hich ha6 beeh found is given in pofition. 

It is to be obfcrved that there are two jftraight lines EC* GC upon 
one fide of AB that make equal angles with it, and which make 
equal angles with it when produced to the other Ade. 

J> R o *». XJtxm. - 30. 

TF a ftraight line be drawn from a given point, to a 
ftraight line given in polition, and makes a giyen angle 
^ith it ; th«it ftraight line is given in pofition. 

from the given point A let the ftrai^t line AD be drawn to die 
Aiaight line BC given in pofition, and make with it a given angle 
AbC; ADisgivcninV^fitidn. t? a •o * 

. Thro* the point A draw* die ftrMght ^ A F a. 3,. ,. 

Bae EAF parallel to BC; and becaufc ^ 

thro* the given point A the ftraight Bne \ 

EAF is drawn parallel tg BC which is gl- fi DC 

ven in pofidon, EAF is therefore given in 

pofition «>. and bccaufe the ftraight line AD meets the parallels BC, b. 31. Bat. 
EF, the togle £AD is equal « to the angle ADC; and ADC is c. »p. i. 

given, 
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given, wherefore dllb 4lte angle £AD is given. theref<He becatife 
the ftraight line DA is drawn to the ^ven pomt A in the fbaighf 
line £F ^ven in pofition, and makes with it a ghren angk EM); 
i, ix.DA. AD is given ^ in pofidon. 

31. PRO P. Xkxiv. 

See N. JF from a gives point to a flraight line giiwn in pofitioo, 
a ftraight line be drawn which is given in magnitude; 
the 'fame is alfo given in pofiiion. 

Let A be a g^ven pointy atnJ BC a ftraight line-given in pofitioo, 
a- ftraight line given hr ms^itnde drawn from the *point A to BC is 
g^ven in pofiHoo. 

Becaufe the ftraight line is given in mdgb}tade» one equal to it 

a. X. Def. can be found * ; let this be tht ftraight line D^ frott die poitt A 
draw A£ perpendicular tb BC ; and becaufe a 

AE is the fliorteft of all the fbaighr lines "^i 

which can be drawn from die point A to BC, 
the ftraight line D, to which one equal is to 
be drawn from the point A to BC, cannot be " JDi C 
IcfsthanAE. If therefore D be equal to AE, ® 
AE is the fbaight line given in magnitude drawn from the ^tcb 

b. 33. Dat. point A to BC. and it is evident that At is g^en in pofition ^ be- 
caufe it is drawn from the given point A to BC which is given iflt 
pofition, and makes with BC the given angle A£C. 

But if the fhaight line D be not equal to AE, it muft begrc^ 
than it. produce AE, and make AF equal to D ; and from the (tn- 
ter A, at the dTfbnce AF defoibe the dixJe GFH, and join AG, 

c. 6, Def. AH. becaufe the circle GFH is given in pofition *, and the fhfa^ht 
line BC is alfo given in pofition ; 
therefore their xhterfcftlon Xx is ^- 

4. 28. Dat. ven*'; and the point' A is given; 

t. »p. Dat. wherefore AG is given in pofition **; 
that is, the fbaight line AG given in 
magnitude ( for it is equal to D ) and 
drawn from the given point A to the'ftra!ght line BC given in pofi- 
tion, is alfo given in pofition. and in like manner AH is given fe 
pofition. therefore, in this cafe there »e two ftraight fines AC, AH 
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ttf the fame given magnitude which can be drtfWn fitkm a pfvai poiot \ 
A to a ftraigbt liae BC given in pofition. 

PROP. XXXV* 32. 

TF a ftr^ighc line be drawn between two parallel ftraight 
lines giYcn in pofitiou, and makes ^iven angles with 
rbem; the fltaight line is given in magnimde. 

Let the ftraight line £F be dmwn betwten the parallels AB, CD ^ 
which are given in pofition> and make the given angles BCF, £FD'; 
£F is given in ou^tude. 

In CD tate the given point G, aad thro* G draw ' GH parallel to •« ^i. u 
£F. and becaufe CD meets die parallels GH, £F, the angle EFD^ 
is equal ^ to the angle HGD. and EFD is jt . "p Iq- i^ b. 49. i, 
a given angle, wherefore the angle HGD li Jrl IS 

is given, and becauie HG is drawn to 
the given point G in the (fa^ighr line CD 

given in pofidon, and makes a g^ven aiigl0 ^ V C XS 
HGD ; the ftraight line HG is given in ^ F tr U 
pofition ^. and AB .i$ given in poHtion, therefore the point H is c. jt, Dit. 
given ** ; andthiipoiat G is alfo given, wherefore GH is given in d. sS^Dat* 
njagnitude*. ; ajid BF i$ equal to it ; therefore EF is given in mag- c. ip. Dit* 
tutude. . i • 

PROP. XXXVI. 33- 

TFa ftraight line giren in magnitude be drawn between secN. 

two paraljd ftraight lines given in pofitionj it fliall 
make given anglqs witl> the parallels. 

Let the {kaigjht line £F given in magnitude be drawn between 
0ie parallel ftra'^t liifes 4B, CD which are m t? XT T( 

^¥€0 la pofitton ; the anglis AEF, EFC fliall ^ ^ " > 

be given. 

Becauie E F is* given In magnitude* a 



/ / • 



a. I. 0ef. 



ifaaight liae eqqal to it can be found* ; let 1, 17 IT n 
tbisbeG. in AB uke a given point jl, and ^^ T JV I# 
from it draw *> HK perpencjicular to CD. ^ h, ■»• t. 

therefore the ftraight line G, that is EF^ cannot be lefs than HK. 

and 
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and If G be equal to HK, EF alfo is equal to it ; wherefore EF is ^ 
right angles to CD, for if it be not, EF jvould be greater than HK, 
which is abfurd. therefore the angle EFD is a right and confc- 
quently a given angle. 

But if the ftraight line 6 be not equal to UK, it muft be greater 
than it. produce HK, and take HL equal to G ; and from the cen- 
ter H, at fhe diftance HL defcribe the circle MLN, and joia HM, 

c. tf . DdT. HN. and becaufe the drcle « MLN, and the ftraight line CD arc 

a. »8. Dal. given in pofition, the points M, N are <> given ; adid the point H is 

given, wherefore the ftraight a •« TI "R 

lines riM, HN are given in po- ^ ^ ., fj 

c. 19. Oat. iltion */ and CD is given in pofi- / \ 

tion,therefore the angles HMNf / \ ^ IKJ 

f. A. Vet HNM are given in pofition f . of p — Tv* i5 Mr — NT 

the ftraight lines HM, HN let ^ ^ w JVX £, 1^ 

HN be that which is not paral* G 

lei to EF, for EF cannot be pa- 
rallel to both of them ; and draw EO parallel to HN* EO there- 

«. 34- «• fore is equal « to HN, that is to G ; and EF is equal to G, where- 
fore EO is equal to El?*, and the angle EFO to the angle EOF, that 

h. ip. I. is h to tbe given angle HNM. and becaufe the angle HNM which is 
equal to the angle EFO or EFD has been found, therefore the angle 

k. I. Dcf. EFD, that is the angle AEF^ is given in magnitude ^ , and confc- 
qu'ently the angle EFC. 

E. PROP. XXXVII. 

See N. TF a ftraight line given in magnitude be drawa from a 
-*■ point to a ftraight line given in poficion, ia a given 
ang^le; the ftraight line drawn thro* that point parallel to 
the ftraight line given in pofition, is given in portion. 

Let the ftraight line AD given ia magnitude be drawn from ibc 
point A to the ftraight line BC given in pofiti- A TJ T* 

on, in the given angle ADC ; the ftrtight line *^ A li 1* 
EAF drawn thro' A parallel to BC is g^ven in 
pofition. 

In BC take a given point G, and draw GH p[ -q #j ?j? 
parallel to AD. and becaufe dG is drawn to a 
given point G in the ftraight line BC given in pofition, in a givea 

angle 




D A t A* 3?^ 

Uttgle HdC; ftif It IS equal ■ to the given angle ADC ; HG is gWen a. ip. i. 

in pofidon ^ ; but it is given alio in magnitude, becaufe it is equal to b. 3*. Dat« 

AO which is given in magnitude, therefore becaufe G one of the 

extremities of the ftr^ght line GH given in pofition and magnitude 

li given, the other extremity H is given ^. and the ftraight line c. jo. Dtf^ 

EAF which is drawn thfo* the given point H parallel to BC given 

ifi pofidon,' is thereford ^v^ ^ in pofitiooi I. 31. Dili 

p ft o P. xxxvin. 344 

» 

TF a ftrafght line be drawn from a giveil point to two 
parallel ftraighc lines given in pofition; the ratio of 
the fegmcnts between the given point and the parallels 
fliall be given. 

Let the ftraight Ime EFG be dra^frn froih the given poidt E tor 
the parallels AB, CD ; the ratio of EF to EG is given. 

Frikn the pcnnt E draw EHK perpendicular to CDJ i'nd becaufe 
from a given point £ the ftraight liqe EK i& drawn to CD which 
Is ^ven in pofiiion, in a g^en angle EKC ; EK is givoi in pofi^ 

E A P H 

A 





K G D 



tioD ■. aAd AB, CD are given in pofidon ; therefore ^ the points »• fi ^i*/ 
H, K are given, and the point E is given, wherefore *^ EH, EK are ^- »8- Dai/ 
g^ven in mi^jnltnde, and die ratio ^ of them is therefore given, but ^ *' j) * ' 
as EH to EK, fo is EF to EG, becaufd AB, CD are parallels. 
tfacnfore theratie of EF to EG is g^en. 

P R 6 ^. XXXI3{. 35. j6/ 

TF tfic ratio of the fegments oF a ftraight line between a see n- 

given point in it and two parallel ftraight lines giverf 

in pofition, be given; if one of the parallds be'given in 

pofition, the other is aifo given in pofition^ ^ 

B b FroBi 



^ I 
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From the given point A let the ftrat^t line AED be icPn t» 
the two parallel flraight lines FG, SC, and let the ratio of the fig- 
ments A£, AD be given ; if one of the parallels BC be given in 
porition, the other FG is alTo given in pofition. 

From the point A draw AH perpendicular to'BC, and let it meet 
FG in K. and becauie AH is drawn from the given pcMnt A to the 
ftraight line BC given in poiitioni and makes a given ang^ AHD } 




FE K 



G 



K G 




13 D H C 



B H D C 




ft. a. Dat. AH is given ' in pofition. and BC is«^ 
likewife given in pofition, therefore the ^ZJ. 

b. 18. Dat.pomt H i^ given ^. the point A is alfo 
given, wherefore AH is given in magni- 

€. *9. Dat. tude *. and, becaufe FG, BC are paral- 
lels, as AE to AD, fo is AK to AH ; and F 
the ratio of AE to AD is given, where- 
fore the ratio of AK to AH is given ; but AH is given in magnl- 

i. %. Dat. tudc, therefore ^ AK is given in magnitude; and it is alfo given in 

e. 30. Dat. pofition, and the point A is given ; wherefore ^ the point K is given, 
and becaufe the ftraight line FG is drawn thro' the pvcn point K 

£.31. Dat. parallel to BC which is given in pofition^ therefore f FG is pven in 
pofition. 



37- 3^- 

S<cN. 



PROP. XL. 

TF the ratio of the fegments of a ftraight line into which 

it is cut by three parallel ftraight lines, be given; If* 

two of the parallels are given in pofitioa, the third alfo is 

given in pofition. 

Let AB, CD, HK be three parallel fWaight lines, of whfch AB, 
CD are given in pofition ; and let the ratio of the fegments G£> Gf 

intv 



DATA. 



iff 



toto which the ftraight line GEF is cut by the three parallels* be 
^en ; the third parallel HK is given in poiition. 

In AB take a given point L, and draw LM perpendicular to CD, 
meeting HK in N. becaufe LM is drawn from the given point L to 
CD which is given in poiition, and makes a given angle LMD ; LM 
b g^ven in pofition *. and CD is given in pofition, wherefore the a- 33' Hat, 
point M is given *> ; and the point L is given, LM is therefore given *»• *8. Da% 
in magnitude *. and becaufe the ratio of GE to GF is given, and ^' *»• ^^^* 

HONK 



A /e 


L B 


/ 






C F M D| 

as GE ta GF, fo is NL to NM ; the ratio of NL to NM is given i ' ^ CoU. 
Bud therefore <* the ratio of ML to LN is given, but LM is givend. ^ or 
in magninide, wherefore * LN is g^ven in magnitude ; and it is alfo C 7t)at, 
^ven in pofition, and the point L is given; wherefore*f the point * * ^^^• 
N b given, and becaufe the ftraight line HK is drawn thro* the given ^* ^^ ^^^ 
point N parallel to CD which is given in pofition^ therefore HK Is 
gh'cn in pofition'* 5- 3»< l^arf' 



PROP. XLi. 



F* 



TF a flraight line meets three parallel ftraight lines SccH/ 

which arc given in pofition; the fegments into which 
they cut it, have a given. ratio. 



Let the parallel ftraight lines AB, CD, EF given in pofition be 
cut by the ftraight line GHK ; the ratio of GH to HK is given. 

In AB take a given point L, and draw 
LM perpendicular to CD, meeting EF in J\_ G L ]B 

N; therefore * LM is given in pofition ; 



and CD, EF are given in pofition, where- C 

fore the points M, N are given, and the 

point L is ^ven, therefore ^ the ftraight ^ 

lines LM, MN are given in magnitude ; CJ Tf "Wf t^ 

«nd the ratio of LM to MN is therefore 

B b a given •< 




a. 3 j. fit// 



b. xp. Dfff/ 



2^i 
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1. 1. Dat g'lven *. but asUrl to MN, fi) is GH to HK ; wherefore the inm 
of GH to HK is ^Vea« 
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P m 6 P. XLH. 

I 

TF each of the fides of a triangle be giYcn in magnitude^ 
the triangle is given in fpecies. 



t. a». I. 





Let each of the fides of the triangte ABC be ^tcd 1q magoitade ; 
the triangle ABC is given in fpedes. 

Make a triangle • DEF the fides of whiA are equal, each to 

each, to the given ftraight lines AB, BC, CA ; which tan be done^ 

fcecaufe any two of them muft be greater than the tUrd ; aad let 

DE be «qnal to AB, EFto ^^ 

' i3C, and FD to CA. and -^ " 

bccaufe the two fides ED, 

DF are equal to the two 

B A, AC, each to each, and 

tl:e bafe EF equal to the « 

b:ife BC ; the angle EDF is 

t. 8. I. equal ^ to the angle BAC. therefore becalife the aagk EDF, which 

«. I. Dcf. is equ^ to the angle BAC, has been foundl^ the angle BAC is ^ven% 

in like manner the angles at B, C are given, and becaufe the fides^ 

I. Dit. AB, BC, CA are given, their ratios to Que another are ^vea<>« ther^ 

3. I^cf. fore the triangle ABC is given * in fpecies* 

AO. ' PROP. XLIU. 

1.* '^■' ^ • .' 
F each of the angles of a triangle bc.givtn in magni- 
tude; the triangle is givea io^ fpecies* 

Let each of the angles of the triangle ABC be ^4ict in ovgoi* 
t»de ; the triangle ABC i3 given in fpedes^ 

Take a ftraight line DE given in ' j m 

pofition and magnitude, aad at the 
«. If. I. points D, E make • the angle EDF c- 
qual to the angle BAC, and the angle 

DEF equal to ABC ; therefore the ^^ r* t? 1? 

oihor angles EFD,- BCA are equal. ** O tii r 

aud each of the angles at the points A, B, C is ^ven, wherefore 

eacb 



a. 

c. 
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fttch of thofe at the points D, £, F is given, and becaufe the ffa^ight 
line FD is drawn to the given point D in D£ which is given in po- 
rtion, making the given angle EDF ; therefore DF is given in po- 
fitioQ *>. in like manner EF alfo is given in poHtion ; wherefore the b. 31. Dtt. 
point F is given, and the points D, E are given ; therefore each of 
the ftraight lines DE, EF, FD Is given * in magnitude, wherefore c. 19. Dau 
the triangle DEF \s g^ven in fpecies ^ ; and it is fimilar * to the tri- ^ -♦*• ^**- 
angle ABC ; which therefore is given in fpecies. 




PROP. XUV. ^i^ 

TF one of jhe angles of a triangle be given, and if the 
fides about it have a given ratio to one another; the 
triangle is given in fpecies. 

Let the triangle ABC have one qf its angles BAC given, and let 
the Hdes BA, AC about it have ^ given ratio to one another ; the 
trimigle ABC is given in fpecies. 

Take a ftraight line DE given in pofition and magnitude, and at 
the point D in the given ftraight line DE make the angle EDF equal 
to the given angk BAC ; wherefore the angle EDF is given, and 
becatrfe the ftraight line FD is drawn to the given point D in ED 
which Is given in pofition, making the ^ven angle EDF ; therefore 
FD is given in pofition*. and becauie y^ * 3»- 1>«. 

the ratio of BA to AC is given, make 
the ratio of ED to DF the fame widi 
it, and join EF. and becaufc the ratio 
of ED to DF is given, and ED is gi- 
ven, therefore *> DF ii given in magni- ^ vi jji jlt ^ ^ j^^^ 
tnde ; and it is ^ven alfo in pofKion, and the point D is given, 
wherefore the point F is given ^, and the points D, E are given, c. 30. Dat. 
wherefore DE, EF, FD are given** m magnitude ; and the triangle d. 19. Dat. 
DEF is therefore given * in fpodea. and becanfe the triangles ABC, c. 41. Dat. 
DEF have one angle BAC equal to one angle EDF, and the fides 

Sput thefe angles proportionals ; the triangles are ^ fimilor. but f. 6. 6. 
e triangle DEF is given in jpecies, and therefore alio the tri- 
migle ABC. 

B b 3 PROP. 
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42. 



PROP. XLV. 



See 



N. TF the fides of a triangle have to one another givtn ra« 
tios; the triangle is given in fpecies. 



b. 



D EF 



Let the fides of the triangle ABC have given ratios to one ano- 
ther, the triangle ABC is given in fpecies. 

Take a ftraight line D given in magnitude ; and becaufe the ra- 
tio of A B to BC is given, make the ratio of D tp E the fame 
a. ». Dat. virh it ; and D is given, therefore ■ E is given, and becaufe the 
ratio of BC to CA is given, to this make the ratio of E to F the 
fiirae ; and E is given, and therefore * F. and becaufe as AB to 
B C, fo is D to E, by compofition A B and B C together are to B C, 
as D and E to E ; but as BC to 
CA, fo is E to F ; therefore, ex 
*«- 5' acquaJi ^ as AB-and BC are to 
CA, fo are D and E to F. and AB 

c. »o. I. and BC are greater * than CA, 

d. A. 5. therefore D and E are greater** than 

F. in the fame manner any two of 

the three D, E, F are greater than 

c. i». I. the third. maJ^c* the triangle GHK 

whofe fides are equal to D, E, F, fo that GH be equal to D, HK 
to E, and KG to F. and becaufe D, E, F are, each of tlicm, given, 
therefore GH, HK, KG are each of them given in magnitude ; 

f, 41. Dat. therefore the triangle GHK is given f in fpecies. but as AB to BC, 

fo is (D to E, that is) GH to HK ; and as BC to CA, fo is (E to F, 
that is) HK to KG ; therefore, ex aequali, as A B to AC, lb isGH 

g. 5. i. to GK. wherefore ^ the triangle ABC is equiangular and fimilar to 

the triangle GHK. and the triangle GHK is given in Ipecies ; there- 
fore alfo the triangle ABC is given in fpecies. 

Cor. If a triangle is required to be made the fides of which 
fliaU have the fame ratios which three given ftraight lines D, E, F 
have ^o one another ; it is neceflary that every two of them be 
greater than the third. 
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I 

PROP. XLVI. 43. 

TF the fides of a right angled triangle about one of the 
"^ acute angles have a given ratio to one another; the 
triangle is given in fpecies. 

Let the fides AB, BC about the acute angle ABC of the tri- 
angle ABC which has a right angle at A, have a given ratio to one 
another ; the triangle ABC is given in fpecies. 

Take a ftraight line D£ given in pofiuon and magnitude ; and 
becaufe the ratio of AB to BC is given, make as AB to BC, fo DE 
to EF ; and becaufe DE has a given ratio to EF, and DE is given, 
therefore * EF is given, and becaufe as AB to BC, fo is DE to EF, *• »• ^«** 
and AB is lefs ^ than BC,. therefore DE is lefs <^ tlian EF. from the ^'^ '• 

c. A. i 

point D draw DG at right v 

angles to DE, and from the J^ \ 

center E at the diftance EF ^^y^\ 3rvF 

defcribe a circle which ihaU Y^""^^ ^ ^^.--"""'^^Nv \ 

meet DG ia two points, let G p ^^^^"""""^ ' \ ^ 

be either of them, and join ^ 

EG ; therefore the circumference of the circle is given J. in pofition. ^ ^ Dff- 

and the ftraigbt line DG is given ^ in pofition, becaufe it is drawn c- 3»- ^a^- 

to the given point D in DE given in pofition, in a given angle. 

therefore ^ the point G is given, and the points D, E are given, ^- *^' ^'^" 

wherefore DE, EG, GD aie given « in magnitude, and the triangle 8- *9. Dat. 

DEG in fpecies *», and becaufe the triangles ABC, DEG have the h-4». Dat. 

angle BAC equal to the angle EDG, and the fides about the angles 

A6C, DEG proportionals, and each of the other angles BCA, EGD 

lefs than a right angle ; the triangle ABC is equiangular * and fimi- »• 7. tf. 

lar to the triangle DEG. but DEG is given in fpecies, therefore 

the triangle ABC is given in fpecies. and in the fame manner, the 

triangle made by drawing a ftraight line from E to the other point 

in which the circle meets DG is given in fpecies. 

B b 4 PROP. 
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44< 

See N. 



a. 31. I. 
b. 43.Dat. 




c. 32. Dat. 



4. t. Dae. 
e. A. s. 



f. 6. Dcf. 

g. x8. Dat. 

h. 19. Dat. 

i. 41. Dat. 
k. 18. X. 
f. 17. 1. 



PROP. XLVn. 

TF a triangle has one of its angles which is not a right 
angle given, and if the fides about another angle ha?e 
a given ratio to one another ; the triangle is given in 
fpecies. 

Let the triangle ABC have one of its an^es ABC a given, but 
not a right angle, and let the fides BA, AC about another an^ 
BAC have a given ratio to one another ; the triangle ABC b given 
in fpecies. 

Firft, Let the given ratio be the ratio of equa- 
lity, that is, let the fides BA, AC and confe- 
quently the angles ABC, ACB be equal, and be- 
caufe the angle ABC is given, the angle ACB, 
and al(b the remaining * angle BAC is given, 
therefore the triangle A B C is given ^ in fpecies. B 
and it is evident that in this cafe the given anglq 
A^C muft be acute. 

Next, Let the given ratio be the ratio of a lefs to a greater, that 
is^ let the fide AB adjacent to the given angle be lefs than the fide 
AC. take a (Iraight line D£ given in pofition and magnitude, and 
make the angle D£F equal to the given angle ABC ; therefore £F 
is given ^ in pofition, and becauie 
the ratio of BA to AC is given, as 
BA to AC, fo make ED to DG ; 
and becauie the ratio of ED to DG 
is given, and ED is given, the Araight 
line DG is given <*. ^ apd BA is lefs 
than AC, therefoi-e ED is lefe^ than 
DG. from fhe center D, at the di- 
ftance DG defcribe the circle GF 
meeting EF in F, and join DF. and 
becanfe the circle is given ^ in pofiti- 
on, as alfo the ftraight line EFi the 
point F is given «. and the points D, E arc given, 'wherefore ibt 
ftraight lines DE, EF, FD are given •> in magnitude, and the tri- 
angle DEF in fpecies i. and bccaufe BA is lefs than AC, the angle 
ACB is lefs ^ than the angle ABC, and tlierefore ACB i$ kfs ^ than 

aright 
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€. 3ft. Dtt. 



a ri{^t ang^e. in the fame manner, becaufe ED is le& than DG or 
DF, the angle DFE is kfs than a right angle, and becaufe the tri- 
angles ABC, D£F have the angle ABC equal to the angle DEF, and 
the fides about the angles BAC^ £DF proportionals, and each of 
the other angles ACB, DFE lefs than a right angle; the triangles 
ABC, DEF are ■" fimilar. and DEF is given in fpecies, wherefore ui. 7. «. 
the triangle ABC is alfo given in fpecies. 

Thirdly, Let the given ratio be the ratjo of a greater to a lefs, 
that is, let the fide AB adjacent to the given angle be greater than 
AC. and, as in the laft cafe, take a fh-aight 
lineDE given in pofition and magnitude, 
and make the angle DEF equal to the gi- 
ven angle ABC j therefore EF is given ^ in 
pofition. alfo draw DG perpendicular to 
EF ; thercfqre if the ratio of BA to AC 
be the fanje with the ratio of ED to the 
perpdidicular DG, the ;triahgles ABC, 
DEG are fimilar"", becaufe the angles 
ABC, DEG are equal, and DGE is a right 
angle, therefore the angle ACB is a right 
angle, and the triangle ABC is gi\Tn ^ in fpecies. 

Bat if, in this lafl cafe, the given ratio of BA to AC be not the 
fame with the ratio of ED to DG, that is, with the ratio of BA to 
the perpendicular AM drawn from A to BC ; the ratio of B A to 
AC rnufl be lefs^ than the ratio of BA to AM, becaufe AC is o. 8. $. 
greater than AM. make as BA to AC, {o 
ED to DH ; therefore the ratio of ED to A 

DH is lefs than the rafib of (BA to AM, 
that is than the ratio of) ED to DG ; and 
confequendy DH isgfeater P thanDG ; and 0-' -^^ 
becaafe BA is greater than AC, ED is 
greater* than DH. from the center D, at 
th<*<IiftanceDH, defeibe the circle KHF 
which ncceflarily meets the ffa^ght line EF 
in two points, becaufe DH ir greater than E l!C^'"u=''''^TP 
DG^ and lefs than D£. let the circle meet 
EF in the points F, K which are given, as was fhewn in the pre- 
ceedlng cafe ; and, DF, DK being joined, the triangles DEF, DEK 
arc given in fpecies, as was there fhewn. from the center A, at the 
(QfbDce AC defcrtbe a circle meeting BC ag^ in L. and if the 

angle 
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angle ACB be lefs tKan a* right angle, ALB muft be greater than a 
right angle ; and on the contrary, in the fame manner, if the angle 
DFE be lefs than a right angle, DKE muft be greater than one ; 
and on the contrary, let each of the angles 
ACB, DFE be either lefs or greater than a A. 

right angle ; and becaufe in the triangles 
ABC, DEF the angles ABC, DEF are e- 
qual, and the fides BA, AC, and ED, DF ^^^^"fj 
about two of the other angles proportio- j\ 

m. 7. tf. nals, the triangle ABC is fimilar " to the 
triangle DEF. in the fame manner, the tri- 
angle ABL is fimilar to DEK. and the tri- 
angles DEF, DEK are given in fpecies, E K/ Tt""^^F 
' therefore alfo the triiundes ABC, ABL are 
given in fpecies. and from this it is evident, that, in this third cafe, 
there are always two triangles of a different fpecies to which the 
things mentioned as given in the Propofition can agree, v 
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PROP. XLVIIL 

IF a triangle has one angle given, and if both the fides 
together about that angle have a given ratio to the 
remaining fide ; the triangle is given in fpecies. 



Let the triangle ABC have the angle BAC given, and let the 
fides BA,. AC together about that angle have a given ratio to BC; 
the triangle ABC is given in fpecies. 

t. 9- 1. ' Bifeft * the angle BAC by the ftraight line AD ; therefore the 

b. 3. 6. angle BAD is given, and becaufe as BA to AC, fo is ^ BD to DC, 
by permutadon, as AB to BD, fa is AC to 
CD ; and as B A and AC together to BC, fo A 

«. i*f J. is ^ AB to BD. but the ratio of BA and AC 
together to BC is given, wherefore the ratto 
of AB to BD is given ; and the angle BAD j^ i^ 

a. 47. Dat.is given, therefore ^ th? triangle ABD is gi- . 

ven in fpecies. and the angle ABD is therefore g^ven; the angle 

e. 43. Dat.BAC is alfo given, wherefore the triangle AbC is given in fpecies *• 
A triangle which fliall have the things that arc mentioned in the 
Propofition to be given, can be found in the following manner, let 
EFG be the^iven aogfe, and kt the rado of H to £ be the give& 

ratio 
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ratio which the two fide3 about the angle EFG muft have to the 
durd fide of the triangle, therefore becaufe two fides of a triangle 
are greater than the third fide, the ratio of H to K muft be the ratio 
of a greater to a lefs. bifeft * the angle EFG by the ftraight line a. 9. i. 
FL, and by the 47 th Propofition find a triangle of which EFL is 
one of the angles, and in which the ratio of the fides about the 
angle oppofite to FL is the fame with the ratio of H to K ; to do 
which, take FE given in pofition and magnitude, and draw EL per- 
pendicular to FL. then, if the ratio of H to K be the fame with the 
ratio of FE to EL, produce EL and let it meet FG in P ; the tri- 
angle FEP is that which was to be found, for it has the given angle 
EFG, and becaufe this angle is bi- 
fcfted by FL, the fides EF, FP 

together are to EP, as »> FE to EL, ^^ J<^ b. 1. «. 

chat is as H to K. 

. But if the ratio of H to K be 
not the (ame with the ratio of F£ 
to EL, it muft be lefs than it, as 
was ftiewn in Prop. 47. and in 

this cafe there are two triangles each of which has the given angle 
EFL, and the ratio of the fides about the angle oppofite to FL the 
fame with the ratio of H to K. by Prop. 47 . find thefe triangltJS 
EFM, EFN each of which has the angle EFL for one of its angles, 
and the ratio of the fide FE to EM or EN the fame with the ratio 
of H to K ; and let the angle EMF be greater, and ENF lefs than a 
right angle, and becaufe H is greater than K, EF is greater than 
EN, and therefore the angle EFN, that is the angle NFG, is lefs f f. 18. i. 
than the ang^e ENF. to each of thefe add the angles NEF, EFN ; 
therefore the angles NEF, EFG are lefs than the angles NEF, EFN> 
FNE, that is than two right angles ; therefore the ftraight Hnes 
EN, FG muft.imeet together when produced ; let them meet in O, 
and produce EM to G. each of the triangles EFG, EFO has the 
things mentioned to be given in the Propofition. for each of them 
has the given angle EFG, and becaufe this angle is bifefted by the 
ftraight line FMN, the fides EF, FG together have to EG the 
tfiird fide the ratio of FE to EM, that is of H to K. in fike man- 
ner, the fides EF, FO together have to EO the ratio which H has 
toK. 

l^ROP. 
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46. PRO P. XLIX. 

IF a triangle has one angle given, and if the fides abou! 
another angle, both together, have a given ratio to 
the third fide ] the triangle is given in fpecies. 

Let the triangle ABC have one angle ABC ^ven, and let the Ww) 
fides BA, AC about another angle BAC have a given ratio to BC; 
the triangle ABC is given in fpecies. 

Suppofe the angle BAC to be bifefted by the ftraight line AD ; 
BA and AC together are to BC, as AB to BD, as was (hewn in the 
prcceeding Propofition, but the ratio of BA and AC together to BC 
is given, therefore alfo the ratio of AB to BD is given, and the angle 

9. 44. I>at. AJ|D is ^ven, wherefore * the triangle ABD is given in fpecies ; and 
confequently the angle BAD, and its 
double the angle BAC are given; .and 
the angle ABC is given, therefore the 

h. 43' Dat. triangle ABC is given in fpecies ^. 

A triangle which (hall have tii^ things 
mentioned in thePropofidon to be given, 
may be thus found. Let EFG be the gi- 
ven angle, and the ratio of H to K the 
given ratio; and by Prop. 44. find the 
triangle EFL which has the angle EFG 
for one of its angles, and the ratio of the "O 
fides £F, FL about this angle the fame 
with the ra^ of H to K ; and make the a^igle LEM ecjnal to the 
angle FEL. and becaufe the rado of H to K is the ratio which r^FO 
ikks of a triangle .have to the third, H muft. be greater than K ; 
and becaufe EF is to FL, as H to K, therefore EF is greater thai 
FL, and the angle FEL^ that is LEM is therefore lefs than the 
angle ELF. wherefore the angles LFE, FEM are lefs than two 
right angles, as was (hewn in the foregoing Propofition, and the 
ftraight lines FL, EM muft meet if produced ; let th^m meet in G. 
EFG is the triangle which Was to be found ; for EFG is one of its 
angles, and becaufe the angl^ FEG is bifefted by EL, the two fides 
FE, EG together have to the third fide FG die ratio of EF to FE, 
^t is the given ratio of H to K. 

PROP. 
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PROP. h. 76; 

TF from the vertex of a triangle given in fpccics, a 
**• ilraight line be drawn to the bafe in a given angle ; it 
(hall have a given ratio to the bafe. 

From the verteJt A bf the triafigle ABC which is given in fpecies, 
let AD be dra^^n to the bafe BC in a given angle ADB ; the radd 
of AD to BC Is given. 

Becauie the triangle ABC is given in fpe- 
deSy the angle ABD Is given, and die angle 
ADB is given; therefore the triangle ABD 

is given * in fpecies; wherefore the ratio of ^^^ / \ *' *'* ^'* 
AD to AB is given, and the ratio of AB to*V^ 

BC is given; and therefore** the ratio of AD ■"* *^ ^ b.9.»t* 

to BC is given. 

P R p. LI. 47. 

13 £GTiLTNEAL figures given in fpedes, are divided in- 

^o triangles Which are given in fpecies. 

^ let the reftilineal figure ABCDE be given in fpecies; ABCDfi 
inay be Avided Into triangles civen in fpecies. 

. Join BE, BD, and becaufe ABCDE is given in fpecies, the angle 
rfife is gi¥fen ■, and the ratio of BA to BE . *• 3- I>eft 

is ^ven • ; wherefore the triangle B AE is j^ \ 

gjren in fpecies ^, and the angle AEB Is » ^/^ \ ' ^' *♦• ^*- 
th^efore given •. but the whole angle -n >^ ^^^ \ ^^ 
AED is given, and therefore the remaining X^^T 7 

angle BED is given, and the ratio of AE {jv ^^^/p 
to EB is given, as alfo the ratio of AE 

to ED ; therefore the ratio of BE to ED is given ^i and the angle «• 9* Di^ 
BED is given, wherefore the triangle BED is given *> in fpeciesf. in 
the lame manner the triangle BDC is given in fpecies. therefore 
reftilineal figures which are given in (pedes arc divided into tri- , 
ingles giteti in fpecies. 

PROP- 
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48. PRO P. LH. 

F fwo triangles given in fpecies be defcribed upon ttd 
fame ftraight line ; they fhall have a given ratio tb 
one another. 



i 




Let the triangles ABC, ABD given in fpecies be defcribed npoo 
the fame ftraight Ifaie AB ; the ratio of the triangle ABC to the 
triangle ABD is givf n. 

Thro' the point C draw CE parallel to AB, and let it meet DA 
produced in £, and join BE. becaufe the triangle ABC is ffvtn in 
fpecies, the angle B AC, that is the angle ACE, is given ; and be- 
caufe the triangle ABD is given in fpecies, the aiig^e DAB, that is 
the angle AEC is given, tji r^ 

therefore the triangle 
ACE is given in fpecies; 
wherefore . the ratio of 
a. j.Dcf. E A to AC is given ', 
and the ratio of CA to 
AB is given, as alfo the 
ratio of B A to AD; 
h. 9. Dat. therefore ^ the ratio of EA to AD is given, and the triangle ACB 
c. 37. 1, is equal ^ to the triangle AEB, and as the triangle AEB, or ACB,- 
4. 1, tf. is to the triangle ADB, fo is <**tbe ftraight line EA to AD. but the 
ratio of EA to AD is given, therefore the ratio of the trian^e ACB 
to the triangle ADB is given. 

PROBLEM. 
To find the ratio of two triangles ABC, ABD given in fpedes^ 
and which are defcribed upon the fame ftraight line AB. 

Take a ftraight line FG given in pofition and magnitude, and be- 
caufe the angles of the triangles ABC, ABD are given, at the pdntt 
e. 13. 1. F, G of the ftraight line FG malce ^ the angles GFH, GFK equal to 
the angles BAC, BAD ; and the angles FGH, FGK equal to the 
angles ABC, ABD, each to each, therefore the triangles ABC, ABD 
are equiangular to the triangles FGH, FGK, each to each, thro* 
the point H draw HL parallel to FG meeting KF produced in L. 
and becaufe the angles BAC, BAD are equal to the angles G¥H, 
GFK, each to each ; therefore the angles ACE, AEC are equal to 
JHL, FLH, each to each, and the triangle AEC equiangular to the 
triangle FLH. therefore as £ A to AC, fo is LF to FH ; and as C A 
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toAB, foHFtoFG; andasBAtoAD, foGFloFK) wherefore, 
ex aequali, as £A to AD, fo is LF to FK, but, as was ihewn, the 
triangle ABC is to the triangle ABD, as the ftraight line £A to 
^D, that is as LF to FK. the ratio therefore of LF to FK has been 
found which is the fame with the ratio of the triangle ABC to the 
triangle ABD. 

■ 

P. R O P. LIIL 49. 

IF two reftilineal figures given in fpecies be dcfcribed sccN. 
upon the fame ftraight line; they ihall have a given 
ratio to one another. 

Let any two reftilineal figures ABCDE, ABFG which are pven 
in fpecies, be defcribed upon the fame ftraight line AB ; the ratio 
of them to one another is given. 

Join AC, At), AP ; each of the triangles AED, ADC, ACB, 
AGF, ABF is given * in fpecies. and becaufe the triangles AD£^ a. 51. D»t. 
ADC given in fpecies are dcfcribed 
upon the fame ftraight line AD, the 

ratio of E AD to DAC is given *> ; and, ^ _.--^''^'y^^^^\^ ^ ^- ^*- ^^* 
by compofition, the ratio of EACD to 
DAC is given ^. and the ratio of DAC \ /^^^^"'^''^ I c y. Dat. 




to CAB is given *>, becaufe they are de- 
faibed upon the fame ftraight line 
AC ; therefore the ratio of EACD to 

ACB is given «* ; and, by compofition, tt "^W ^i^"^ O ^" *• ^^' 
the ratio of ABCDE to ABC Is given. 

in the fame manner, the ratio of ABFG to ABF is given, but the 
ratio of the triangle ABC to the triangle ABF is given •> ; wherefore 
becaoie the ratio of ABCDE to ABC is given, as alfo the ratio of 
ABC to ABF, and the ratio of ABF to ABFG ; the ratio of the 
teftiiineal ABCDE to the reftilineal ABFG is given ^.' 

PROBLEM. 

To (ind the ratio of two redlilineal figures given in fpecies, and 
defaihed upon the fama ftraight line. 

l£t ABCDE, ABFG be two re<flilineal figures given in fpecieSi 
an4 defcrihid upon the fiime ftraight line AB, and join AC, AD, 
AF, tak^ 9 ftraight line HK given in pofition and magnitude, and 
by the 52. Dat. find the ratio of the triangle ADE to the triangle 
ADC, and ma)(^ the ratiQ of HK to KL the fame with it. find alio 

the 
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iKe ratio of the triatigle ACD to the triang^ ACB, and make t&e nT* 
fio of KL to LM the fame, alfo, find the ratio of the titaiig^ ABC 
to the triangle ABF, and make the ratio of LM to MN the &me. 
and laftly, finfd the ratio of the tr^gle AFB to the triaog^ 
tod mak6 the ratio of MN to NO the 
fame, then the ratio of A6CDE to 
ABFG is the fame with the ratb of 
HMtoMO. 

Becauie the trian^e E AD is to the 
triangle DAC» as the ftralght line HK 
to KL ; and as triangle DAC to 
C AB» fo is the ftraight line KL to LM; 

therefore by unngtompofition^oft^l ^j i *^ ^^ O 
tis the number of triangles fequifes» 

the rectilineal ABCDE is to die triangle ABC, as the. fthtight linef 
HM to ML. in like manner, becaufe triangle GAF is lo FAB, as 
ON to NM, by compofitibn, the reftilineal ABFG is to the triangle 
ABF, as MO to MN ; and, by inverfion, as ABF to ABFG, fo iff 
NM to MO. and the triangle ABC is to ABF, as LM to MN.' 
wherefore becaufe as ABCDE to ABC, fo is HM to ML ; and Mi 
ABC to ABF, fo is LM to MN ; and as ABF to ABFG, fo is MN to- 
MO ; ex aeqnali, a$ the reailineal ABCDE to ABFG, fo is tfa6 
ftraight line HM to MO. 
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SO- PRO P. LIV. 

F two ftraight lines have a given ratio to one aloother i 
the fimilar reftilineal figures defcribed upon them fi- 
milarly, ftiall have a given ratio to one another. 

Let the ftfaight lini^ AB, CD hsiVt a given nttiD to oac aaollMr^ 
and let the fimiiar and fimilarly placed reAilifical 6gHim E» F be de* 
fcribed upon them ; the ratio of E to F is given. 

To AB, CD let G be a third pro- 
portional ; therefore as AB to CD> fa 
is CD to G. and the ratio of AB to /.]g 
CD is given, wherefore the ratio of ^ 
CD to G is given; and confequendy A 
c. 9' Dtt. the ratio of AB to G is alfo pven •. H 

but as AB to G, fo is the figure £ to 
b. ». Cor. the figure ^ F. thocfore the ratio of E to F is given* 
»«• *• PRO 
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PROBLEM. 

To find the ratio of two fimllar rcftilinea! figures E, P fimilarly 
aeicribed upon ftraight lines AB, CD which have a giveil ratio to 
one another, let G be a third proportional to AB, CD. 

Take a ftraight line H given in magnitude ; and becaufe the ratio 
of AB to CD i^ given, make the ratio of H to K the fame with it ; 
and becaufe H is given, K is given, as H is to K, fo make K to L ; 
then the ratio of E to F is the fame with the ratio of H to L. for 
AB is to CD, as H to K, wherefore CD is to G, as K to L ; and, 
ex aequali, as AB to G, fo is H to L. but the figure E is to «> the ^' ** ^** 
figure F, as AB to G, that Is as H to L* 

P R O P. LV; jn 

TF two ftraight lines have a given ratio to one Another J 
* the Tcclilineal figures given in fpecies defcribed upoa 
them, (hall have to one another a givca ratio. 

Let AB, CD be two ftraight lines which have a given ratio to 
one another ; the reftilincal figures E, F given in fpecies and dc- 
ftdbed upon them, have a given ratio to one another. 

Upon the ftraight line AB defcribc the figure AG fimilar and fi^ 
ndiirij placed to the figure F ; and becanfe F is given in fpecies, AG 
is alfo given in fpecies. therefore 
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fince the figures E, AG which are 
given in fpecies, are defcribed upon x 
the fame ftraight line AB, the ratio 
of E to AG is given '. and becaufe . 
the ratio of AB to CD is given,and W 
upon them are defcribed the fimi- 
lar and fimibrly placed reftilineal figures AG, F, the ratio of AG to 
F ift ghnen ^. aad the ratio of AG to E is given ; therafors the ra- b. $4- t)a^. 
tio of ^ to F is given *. • «• 9. I>«t. 

PROBLEM. 

To fiod the ratio of two reftilincal figures E, F given in fpecies, 
and deiicribed upon the ftraight lines AB, CD which have a given 
ratio tb one another. 

Take a ftraight line H given in magnitude ; and becaufe the rcfti* 
lineal figures E, AG ^ven in fpecies are defcribed upon the fame 
ftraight line AB,find their ratio by the 53. Dat. and make the ratio 
of H to K the fame; K is therefore given, and becaufe the fimilar 

C c refti* 



I 
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re^ilineal figores AG, ¥ are defcribed npasx tfar ftra^t lines Afi« 
CD which have a ^vea ratio, find their ratio by the 54. Dae ani 
mak& the ratio of K to L the lame* the figure £ has to F the iame 
ratio which H has to L. for, by the eonfim^oa^ as £ is to AG, fo 
isHtoK; aodasAGloFi ibisKtoL; tbereforei cxacqualt, ty 
£ CO F, fo is H to L« 

52. PRO P. LVl. 

F a reAilineal figure given in fpecies be defcribed upcm 
a flraight line given in magnitude; the figure is givea 
in magnitude. 

Let the rcflllineal figure ABCDE given in fpecies be defcribed 
upofi the flraight line AB g^ven in magnitude \ the figure ABODE 
is given in magnitude. 

Upon AB let the fquare AF be defcribed ; therefore AF is p» 

ten in fpecies and magnitude, and becauie the reftifineat figures 

AKCDE, AF given in fpecies are defcri- p 

bed upon the fame ftraight line AB, the ra- 

I. S3- I>»t. tio of ABCDE to AF is given •. but the 

fquare AF is given in magnitude, there- TJ| 
b. I. Dat/ fore *> alfo the figure ABCDE is given in 
magnitude. 

P R O B. 

To find die magtiitude of a refHll^geal 
figure given in fpecies defcribed upon a 
flraight line given in magnitude. 



Take the flraight line GH equal to the 
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given ftrai2ht line AB, and by the 53. Dat. 
find the ratio which the fquare AF upon AB has to the figure 
ABCDE; and make the ratio of GH to HK the fame; and apoii 
GH dcfcribc the fquare GL, and complete the pafallelogram LHKM; 
the figure ABCDE is equal to LHKM. becaufe AF is to ABCDE, 
as the ftraight line GH to HK, that is, as the figure GL to HM? 
c, 14. i. and AF is equal to GL, therefore ABCDE is equal to HM •- 

PROP. LVH- 

IF two reAilineal figures are given in fpecies, and if a 
fide of one of them has a given ratio to a fide of the 
other; the ratios of the remaining fides to the remaining 
fid^s ihall be givco« Ut 
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Let Ad, DP be two reftilineal figures ffjtn hi fpecies, and let 
the ratio of the fide AB to the fide ITE be given ; the ratios of the 
remaining fides to the remaining fides are alfo given. 

Becauie the ratio of AB to DE is given, as alfo * the ratios of a. j. Dcf. 
AB to BC, and of DE to EF; the ratio of BC to EF is given »>. in b. 10. Daf , 
the £une manner, the ratios of the 
other fides to the other fides are gi- . ^^^^^^ D 

▼en. Ai 

The ratio \7hich B C has to E F 
may be fonnd thus; take a fti^aight B ' " ' U p% -rf 

line G given in magnitude, and be- 
cauie the ratk> of BC to 6 A is given^ 
make the ratio of G to H the fame ; 
and becaufe the ratio of AB to DE is G H K I4 
given, make the ratio of H to K the 
fiune ; and naakc the ratio of K to L the fame with the given rz'id . 
of DE to EF. fince therefore as BC to BA, fo is G to H ; and as 
BA to DE, fo is H to K ; and as DE to EF, fo is K to L ; ex ae- 
<Hiali, BC is to EF, as G to L, therefore the ratio of G to L has 
been found which is the fame with the ratio of BC to EF* 

PROP. Lvm. 0, 

TF two fimilar reflilineal figures haive a given ratio to ^* ^* _ 

one another; their homologous fides have alfo a given 
ratio to one another. 

'Let the tv^o fimilar reftilineal figures A, B have a given ratid to 
doe another ; "their homologous fides have alfo a given ratio. 

Let the fide CD be homologous to EF, and to CD, EF let the 
ftraight lin? G be a third proportional, as therefore * CD to G, fo "• *• ^^^^ 
is the figure A to B ; and the ratio of A^^ '^' ^* 

A to B is given, therefore the ratio. of / ^^ 
CD to G 15 given; and CD, EF, G are /A | ^^ 
proportionals, wherefore *> the rjttio of rj D E F G" ''•'J*^*^' 

CD to £F is given. 

The ratio of CD to EF may be ■ '» - ^ *._— . — -. 

fo«nd thite ; take a firaight line H gi- H Li K 

vcn in magnitude ; and becaiufe the ratio of the figure A to B is gi- 
*en, make the ratio of H to K the fame with it. and, as the 1 3 . Dat. 
dh-cfts tol)e done, find a mean proportional L between Hand K; the 

G c a rati<5^ 
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rr.tio of CD to EF is the fame with that of H to L. let G be « 
third proportional to CD, EF; therefore as CD to G, fo is (A to 
B, andfois) H to K. and as CD to EF, lb is H to L, asblhewn 
in the 13. Dat. 

PROP. LIX. 

T F two rectilineal figures given in fpccies have a given 
ratio to one another; their fides fiiall iikewife have 
given ratios to one another. 

Let the two rcftilineal figures A, B given in fpecies have a given 
ratio to one another ; their fides (hall alfo have given ratios to one 

aiiorhcr. 

If the figure A be fimilar to B, thtir homologous fides fliall ha^-e 

a ri\xn ratio to one another, by the preceeding Propofition ; and 

• btx'iiifc the figures are given in fpedes, the fides of each of them 

a. 3. Df''. iMve given ratios ■ to one another, therefore each fide of one of 

b. 9. Dat. (hem has ^ to each fiJe of the other a given ratio. 

Hut if tl:c fivTiHC A be not fimilar to B, let CD, EF be anv tvo 
of il:vir fnks ; hi id unon EF conceive the figure EG to be defcribed 
fimilar and fiiniiarly placed to 
the figiij e A, fo tliat CD, EF be 
hoino]o(/ous fides; therefore EG 
is given in fi^eics. and the fi- 
grre u is given in fpLcie.^,"where- 
c 53. Dat. fere ^ the* ratio of B to EG is gi- 
Vtn ; end the ratio of A to B is 
gi\ en, therefore ^ the raiio of the 




fi'nirc A to EG is given, and 



c 

H 
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i j8. Dat. A is fi.T.il:ir to FG, therefore ** the ratio of the fide CD to EFis gi- 
ven ; and confequentJy ^ the ratios of the remaining fides to Ac 
remaining fide? are given. 

The ratio of CD to EF may be found tlius ; take a ftraight Tmc 
H given in magnitude, and becaufe the ratio of the figure A to B is 
given, make the ratio of fl to K the fame with it. and by the 53. 
Dat. find the ratio of the figure B to EG, and make the ratio of K 
to L the dime ; between H and L find a mean proportional M ; the 
ratio of CD to EF is the fame with the ratio of H to M. becaufe 
the figure A is to B, as H to K ; and as B to EG, fo is K to L ; ex 
acquali, as A to EG, fo is H to L. and the figures A, EG are fimi- 
lar, 
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far, aod M IS a mean proportional between H and L ; therefore, as 
wa^fhewD in the prececding Propofition, CD is to EF, as H to M. 



PROP. LX. 
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TF a reftilineal figure be given in fpccies and magaitude, 
^ the fides of it fliall be given in magnitude. 

Let the reftillneal figure A be given in fpecies and magnitutle j 
Its fides are given in magnitude. 

Take a ftraight line BC given in poCtion and magnitude ; and 
upon BC defcribe* the figure D fimilar, and fimilarly placed, to the a. 
figure A, and let EF be the 
fide of the figure A homo- 
logous to BC the fide of D; ^ 
therefore the figure D is gi- 
ven in fpecies. and becaufe -^ 
upon the given ftraisht line 
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BC the figure D given in 
fpecies is defcribed, D is gi- 
ven *» in magnitude, and 

the figure A is given in magnitude, therefore the rario of A to D is 
given, and the figure A is fimilar to D\ therefore the ratio of the 
fide EF to the homologous fide BC is given ^, and BC is rrlvc^n, 
wherefore <J EF is given, and the ratio of EF to EG is givcn% there- 
fore EG is given, and, in the fame manner, each of tlie other fid^s 
of the figure A can be (hewn to be given. 

PROBLEM, 

To defcribe a reftilineal figure A fimilar to a given fi^^ire D, and 
equal to another given figure H. It is Prop. 2 5 . B. 6. hk ni. 

Becaufe each of the figures D, H is given, their ratio is r^ivcn, 
which may be found by making f upon the given ftraight line T>C ti.e f- c 
parallelogram BK equal to D, and upon its fi.le CK makiii^j f tl^e 
paralleIo;^ram KL equal to H in the angle KCL eqnal to the anr^;e 
M3C. therefore the ratio of D to H, that is of BK to KL is the 
fame with the ratio of BC to CL. and becaufe the fijjurcs D, A ai e 
fimilar, and that the ratio of D to A, or H, is the lame with tl^'c 
ratio of BC to CL; by the 58. Dat. the ratio of the homolur^oiis 
fides BC, EF is the fame with the ratio of BC to the mean pr(.»por- 
tional between BC and CL. find EF the mean proportional ; thtn 
EF is die fide of the figure to be defcribed, homologous to BC tlic 

Cc '3 



fa 56. Da', 



c. 5>J D ?, 
il. z. I), t. 



^r.4:.i. 



fuic 



Ao6 EUCLID'S ' 

fide of D, and the figure itielf can be deicribed by the 1 8 th Prop« 

B. 6. \vhich, by the cooftruAion, is fimilar to D. and becanfc D is 
g. ». Cor. ^^ ^^ ^5 g gQ ^Q Q£^ ^jj^j jg ^ jjjg gg^jj.^ 3j^ ^Q j^L ; and that D is 

h 14 5. ^^^^ ^P ^^» therefore *» A is equal to KL, that is to H. 




57- PRO P. LXI. 

Sec N. yp ^ parallelogram given in magnitude has one of its 
X fides and one of its angles given in magnitude; the 
other fide alfo is given. 

Let the parallcbgram ABCD given in magnitude, have the fide 

AB and the angle BAG given in magnitude; the other fide AC is 

given. 

Take a ftraight line EF given in pofition and magnitude; and 

becaufe the parallelogram AP is given 

in magnitude, a jcdlilineal figure equal 
a. I. Dcf. to it can be found '. and a parallclo- 

gi*am equal to this figure can be ap- 
b.Cor.45.i.plicd^ to the given ftraight line EF in 

an angle equal to the given angle BAG, 

let this be the parallelogram EFGH 

ha\ ip.u; the angle F E G equal to the 

angle BAG. and becaufe the parallelo- w H 

grams AD, EH are equal, and have the angles at A and E equal ; 
€• 14. tf. the fides about them are reciprocally proportional*, therefore as 

AB to EF, fo is EG to AC ; and AB, EF, EG are gh^en, therefore 
d. xa« tf. alio AC is given <>. Whence die way of finding AC is manifeft. 

H. . PROP. LXIL 

Sec N. TF a parallelogram has a given angle, the rfeSanglc con- 
X taincd by the fides' about that angle has a given ratio 
to the parallelogram. 

Let the parallelogram ABCD have the gi* 
ven angle ABC ; the reftangle AB, BC has a 
given ratio to the parallelogram AC. 

From tfie point A draw AE perpendicular B' 
to BC. becaufe the angle ABC is given, as 
alfo the angle AEB ; the triangle ABE is gi- 
«. 43. Dat. ven * in fpccies; therefore the ratio of BA to 
^- '• ^- AE is given, but as BA to AE, fo is »> the G K H 

reftangle 
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reftangle AB^ BC to the rcftangle AE, EC ; therefore the ratio of 

the reftangle AB, BC to AE, BC, that is* to the parallelogram c.as. i. 

AC is given. 

And it is evident how the ratio of the reftangle 1:0 the parallel 
Ic^ram may be found, by making the angle FGH equal to the givei> 
angle ABC, and drawing, from any point F in one of its fides, FK 
perpendicular to the other GH; for GF is to FK, as BA to AE, 
that is, as the reftangle AB, BC to the parallelogram AC. 

CoR. And if a triangle ABC has a given angle ABC, the reft- 66. 
angle AB, BC contained by the fides about that angle, ihall have a 
given ratio tp the triangle ABC. 

Complete the parallelogram ABCD ; therefore, by this Propofi- 
tion, the reftangle AB, BC has a given ratio to the parallelogram 
AC ; and AC has a given rado to its half the triangle ^ ABC. there- 4. 41 . i. 
fore the reftangle AB, BC has a given * ratio to the triangle ABC. «• 9- Dat. 

And the ratio of the refhmgle to the triangle is found thus ; make 
the triangle FGK as was flicwn in the Propofition ; the ratio of 
GF to the half of the perpendicular FK is the fame with the ratio of 
the reftangle AB, BC to the triangle ABC. becaufe, as was fhewn, 
QF is to FK, as AB, BC to the parallelogram AC ; and FK is to its 
half, as AC is to its half which is the triangle ABC ; therefore, ex 
aequali, GF is to the half of FK, as AB, BC reftangle is to the tri- 
angle ABC. 



PROP. LXIII. 

TF two parallelograms be equiangular, as a C4c of ihc 
firft to a fide of the fccond, fo is the other fide of the. 
fecond to the flraigfat line to which the crher fide of the 
firft has the fame ratio which the firfl: parallelogram has 
to the fcconi and confcquently if the ratio of the firft 
parallelogram to the fecond be given, the ratio of the 
Other fide pf the firfl; to that (Iraigbc line is given ; and if 
the ratio of the other fide of the firfl to that flraighc line 
be given, the ratio of the firfl; parallelogram to the fecond 
is given. 

Let AC, DF be two equiangular parallelograms, as BC a fide of 
the firft is to EF a fide of the fecond, fo is DE the other fide of the 

C c 4 fecond 
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fccond to the ftraight line to which AB the other fide of the &rft has 
the fame ratio which AC has to DF. 

Produce the ftraight line AB, and make a$ BC to EF, fo DE to 
BG ,and complete the parallelogram BGHC. 
therefore becaufe^BC, or GH is to EF, as 
DE to BG, the fides about tlie equal angles 
•. 14 ^. BGH, DEF are reciprocally proportional; 
wherefore ' the parallelogram BH is equal 
to DF. and AB is to BG, as the parallelo- 
gram AC is to B,H, that is to DF. as 
therefore B C is to E F, fo is D E to B G 
which is the ftraight line to which AB has 
the fame rajio that AC has to DF. 

And if the ratio of the parallelogram AC to DF be given, then 
the ratio of the ftraight line AB to BG is given ; and if the ratio of 
AB to the ftraight line BG be given, the ratio of the parallelogram 
AC to DF io dvcn. 

7^" '3- PROP. LXIY. 

,sec N. yp j^,Q parallelograms have unequal, but. given, angles, 

and if as a fide of the firft to a fide of fhc fccond, fo 
the other fide of the fecoad be mide to a certain ftraight 
line ; if the ratio of the firft parallelogram to the fccond 
be given, the ratio of the other fide of the firft to that 
ftraight line fliall be given, and if the ratio of the other 
fide of the firft to that ftraicifht line be ^iven, the ratio of 
the firft parallelogram to the fccond fiiall be given. 

Let A BCD, EFGH be t\vo parallelograms which have the uo- 
equal, but given, angles ABC, EFG; and as BC to FG, fomakc 
EF to the ftraight line M. if the ratio of the parallelogram AC to 
EG be given, the ratio of AB to M is given. 

At the point B of the ftraight line BC make the angle CBK equil 
to the angle EFG, and complete the parallelogram KBCL, and bc- 
a- 35- « • caufe the ratio of AC to EG is given, and that AC is equal ■ to the 
parallelogram KC, therefore the ratio of KC to EG is g^ven ; and 
p. 53. Dat-KC, EG are equiangular ; therefore as BC to FG, fo is *» EF to the 
ftraight line to which KB has a given ratio, viz. the fame which 
the parallelogram KC has to EG, but as BC to FG, fo is EF to the 
ftraight line M ; therefore KB has a given ratio to M. and the ratio 

of 
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pf AB to BK is given, becaufe the triangle ABK is given in fpccies*. c, 43.DMt. 
therefore the ratio of AB to M is given ^, ^ d. 9, Dtu 

And if the ratio of AB to M be given, the ratio of the paralle- 
logram AC to EG is given, for fince the ratio of KB to BA is given, 
as a]fb the ratio of AB to M, the ratio of 
KB to M is given ^. and becaufe the pa- 
rallelograms KC, EG are equiangular, as 

BC to FG, fo is ^ EF to the llraight line j^J ^^^^^f! **• «i.D«t. 

to which KB has the fame ratio \vhich the 

parallelogram KC has to EG. but as BC to 

FG, fo is EF to M. therefore KB is to M, 

as the parallelogram KC is to EG. and the 

ratio of KB to M is given, therefore the ratio of the parallelogram 

KC, that is of AC to EG is given. 

Cor. And if two triarigles ABC, EFG have two equal angles, 75, 
or two unequal, but given, angles ABC, EFG, and if as BC a fide 
of the firft to FG a fide of the fecond, fo the other fide of the 
fecond EF be made to a ftraight line M ; if the ratio of the triangles 
be given, the ratio of the other fide of the firfl to the ftraight Une 
M is given. 

Complete the parallelograms ABCD, EFGH ; and becaufe the 
ratio of the triangle ABC to the 'triangle EFG is given, the rado 
of the parallelogram AC to EG is given*^, becaufe the parallelograms «• '*• 5- 
are double f of the triangles, and becaufe BC is to FG, as EF to *"• ♦>• ■• 
IvI, the ratio of AB to M is given by the 63 . Dat. if the angles 
ABC, EFG are equal; but if they be unequal, but given angles, 
the mtio of AB to M is given by this Propofition. 

And if the ratio of AB to M be given, the ratio of the paralle* 
logram AC to EG is given by the fame Propofitions ; and therefore 
the ratio of the triangle ABC to EFG is given. 

PROP. LXV. 68. 

TF two equiangnlar parallelograms have a given ratio to 
one another, and if one fide has to one fide a given ra- 
tio ; the other fide ihall alfo haye to the other fide a gi- 
ven ratio. 

Let the two equiangular parallelograms AB, CD have a given ra- 
tio to one another, and let the fide £B have a given ratio to the fide 
FD ; the other fide A£ has alfo a given ratio to the other fide CF. 

Becaufe 
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Becaufe. the two ecpiiaiigiilar paralklognuns AB^ CD have a gin 
ven ratio to one another; as £B a fide of the firft is to FD a fide 

9. dj. DAt.of the fecondy fo is * FC the other fide pf the fecond to the ftraight 
• line to which A£ the other fide of the jfirft has the fame given nitia 
which the firfl parallelogram AB has to the other CD. let this 
ftraight line be EG ; therefore 

the ratio of AE to EG is given, a ^___.^ C y 1 — j 

and EB 1$ to FD, as FC to EG, l~~l I 

therefore the ratio of FC to EG £ / /g jp L Ijt 

is given, becaufe the ratio of EB 

to FD is given, and becaufe the ^ 

ratio of AE to EG, as alfo the H K 1 

ratio of FC to EG is pven ; the 

k. p. Dit. ratio of AE to CF is given"*. 

The ratio of AE to CF may be found thus j take a ilratght line 
H given in magnitude, and becaufe the rauo of the parailelograiQ 
AB to CD is given, make the ratio of H to K the fame with lU and 
becaufe the ratio of FD to EB is given, make the ratio of K to L th^ 
fame, the ratio of AE to CF is the fame with the ratio of H to L. 
make as EB to FD, {o FC to EG, therefore, by inverfion, as FD 
to EB, fo is EG to FC. and as AE to EG, fo is * (the parallelo- 
gram AB to CD, and fo is) H to K; but as EG to FC, fo is (FD 
to EB, and fb is) K to L; therefore, ex aequali, as AE to FC, fa 
is H to L. 

69. PROP. LXVI. 

IF two parallelograms have unequal, but given, angles, 
and a given ratio to (Hie another; if one fide has to 
one fide a given ratio^ the other fide has alfo a given ratio 
to the other fide. 

Let the two parallelograms ABCD, EFGH which have the given 
uneqtial angles ABC, EFG, have a given ratio to one another, and 
let the ratio of BC to FG be given ; the ratio alio of AB to £F is 
given. 

At the pomt B of the ftraight line BC make the angle CBK e- 

qual to the given angle EFG, and complete the parallelpgramBKLC. 

and becaufe each of the angles BAK, AKB is given, the triangle 

a. 43* Dat. ABK is given ' in fpedes ; therefore the rado of AB to BK is given. 

and becaufe, by the hypothefis, the rado of the parallelogram AC 

to 
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to EG is given, and that AC is equal *> to BL; therefore the ratio b. 3s. i. 
p( BL to EG is given, and becaufe BL is equiangular to EG, and 
by the hypothefis, the ratio of BC to FG is given ; therefore ^ the c. tfs- !>*«* 
ratio of KB to.EF is given, and the 
ptio of KB to BA is given ; the ra- 
tio therefore ** of AB to EF is given. \ \ a. 9. Dat, 

The ratio of AB to EF may be 
found thus ; take the ftraight line 
MN given in podtion and magnitude; 
and make the angle NMO equal to 
the given angle BAK, and the angle 
MNO equal to the given angle EFG 

pr AKB. and becaufe die parallelogram BL is equiangular to EG, 
and has a given ratio to it, and that the ratio of BC po FG is given ; 
find by the 65. Dat. the ratio of KB to EF ; and make the ratio of 
NO to OP the fame with it. then the ratio of AB to EF is the fame 
-with the ratio of MO to OP. for fince the triangle ABK is equi- 
angular to MON, as AB to BK, fo is MO to ON ; and as KB to EF, 
fo is NO to OP ; therefore, ex aequrli, as AB to EF, fo is MO 
to OP. 




PROP. Lxvn. 



70, 



TF the fides of two equiangular parallelograms have gi- scc n. 
^ ven ratios to one another ; the parallelograms fhall 
have a given ratio to one another. 



Let ABCD, EFGH be two equiangular parallelograms, and let 
the ratio of AB to EF, as alfo the ratio of BC to FG be given ; the 
ratio of the parallelogram AC to EG is given. 

Take a ilraight line K given in magnitude, and becaufe the ratio 
of AB to EF is given, make the t\ 17 XT 

ratio of K to L the fame with it; A . D Ki H 
therefore L is given *. and be- \ \ 

caufe the ratio of BC to FG is B^ ^ 

given, make the ratio of L to M IC 
the fame, therefore M is given*; L 
and K is given, wherefore *> the M 




a. %, Dit. 



b. I. Dat. 



the ratio of K to M is given, but the parallelogram AC is to the 
parallelogram EG, as the firaight line K to the ftraight line M, as 

is 
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is demonftrated in the 2 3 . Prop, of B. 6. Elcm. there&re the lado 
of AC to EG is given. 

From this it is plain how the ratio of two equiangular paralldo^ 
grains may be found when the ratios of their fides are given. 

70. PROP. LXVIir. 

sccN. TF the fides of two panillelograms which have unequal, 

but given, anc^lcs, have given ratios to one another; 

the parallelograms fliall have a given ratio to one another. 

Let two parallelo;^rams ABCD, EFGH which have the j^ven un- 
equal angles ABC, EFG have the ratios of their fides, viz. of AB 
to EF, and df BC to FG given ; the ratio of the parallelogram AC 
to EG is rjvcn. 

At the point B of the ftraight line BC make the angle CBK equal 

to the given angle EFG, and complete the parallelogram KBCL. 

and becaufe each of the angles B AK, BK A is given, the tri- 

*. 43. Dat. angle ABK is given* in fpecies. therefore the ratio of AB to BK 

b. 9. Dat. is giyen ; and tiie ratio of AB to EF is given, wherefore *> the ratio 

t ""V Vur rir • "•'^K A L D E H 

the ratio of BC to tG is gi- 
ven ; and the angle K B C is 
equal to the angle EFG; there- 

c. 67. Dat. fore ^ the ratio of the paralle- 

logram KC to EG is given. 
^' 35. 1, but KC is eqnaH to AC ; 

therefore the ratio of AC to EG is given. 

The ratio of the parallelogram AC to EG may be found thus ; 
take the ftraight line MN grven in pofition and magivitude, and 
make the angle MNO equal to the given angle KAB, and the angle 
NMO equal to the given angle AKB or FEH. and becaufe the ratio 
of AB to EF is given, make the ratio of NO to P the fame ; alfo 
make the ratio of P to Q^the fame with the given ratio of BC to 
FG. the parallelogram AC is to EG, a» MO to Q^ 

Becaufe the angle KAB is equal to the angle MNO, and the angle 
AKB equal to the angle NMO ; the triangle AKB is equiangular to 
NMO. therefore as KB to BA, fo is MO to ON; and a$ BA to EF, 
fo is NO to P ; wherefore, ex aequali, as KB to EF, fo is MO to P. 
and BC is to FG, as P to Q_, and the parallelograms KC, £G are 

equi- 
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ttjnJangular; therefore, as was fliewn in Prop. 67. the parallelo- 
gram KC, that is AC, is to EG, as MO to Q^ 

CoR. I . If two triangle's ABC, DEF have two equal angles, oj 7 i. 
two unequal, but given angles ABC, DEF, and if the ratios of the 
fides about thefe ahgles, viz. the ratios 
of AB to DE, and of BC to EF be gi- 
ven ; the triangles fhall have a given 
ratio to one another. 

Complete the parallelograms BG, ■« Q g p 

EH ; the ratio of BG to EH is given • ; 

and therefore the triangles which are the halves ^ of them have a ^ ^ 
given ^ ratio to one another. c. 15. g, 

CoR. 2. If the bafes BC, EF of two triangles ABC, DEF have 72. 
a given ratio to one another, and if alfo the ftraight lines AG, DH 
which are drawn to the bafes from the oppofite angles, either in 
equal angles, or unequal, but given, angles AGC, DHF have a given 
ratio to one another; the triangles 1? a T TI 

fhall have a given ratio to one ~~ 

another. 

Draw BK, EL parallel to AG, 
DH, and complete the parallel©- ^ vr Vj tL tl V 
grams KC, LF. and becaufc the angks AGC, DHF, or their equals 
the angles KBC, LEF are either equal, or unequal, but given ; and 
that the ratio of AG to DH, that is of KB to LE is given, as alfo the 
ratio of BC to EF; therefore ■ the ratio of the parallelogram kc*-^^^**''"*'- 
to LF is given, wherefore alfo the ratio of the triangle ABC to q' 
DEF is given i>. ^^5.]. 

PROP. LXIX. 61. 

IF ^ parallelogram which has a given angle be applied 
to one fide of a rcftilineal figure given in fpecies ; if 
the figure have a given ratio to the parallelogram, the pa- 
tallelogram is given in fpecies. 

Let ABCD be a redllineal figure given in fpecies, and to one 
fide of it AB let the parallelogram ABEF having the given angle 
ABE be applied ; if the figure ABCD has a given ratio to the pa* 
rallelogram BF, the parallelogram BF is given in fpecies. 

Thro' the point A draw AG parallel to BC, and thro' the point 
C daw CG parallel to AB, and produce CA, CB to the points H, 

K. be- 
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a. 3. Dcf. K. becaufe the angle ABC is given \ and the ration of AB to BC 

is given, the figure ABCD being given in fpedes ; diereifore the pa* 
rallelogram B G is given ^ in fpedes. and becaafe upon the £une 
fVraight line AB the two reftilineal figures BD, £G given in fpedes 

b. 5 J. Dat. are defcribed, the ratio of BD to BG is g^ven *>. and, by hypoAe- 
e. 9. Dat. fis, the ratio of BD to the.parallel(^am BF is pven; wherefore • 
d. 3$. I. the ratio of BF, that is<* of the paralldogram BH, to BG is given,' 
€.!.«. and therefore * the ratio of the ftraight line KB to BC is given, and 

the ratio of BC to BA is given, wherefore the ratio of KB to BA is 
given ^. and becaufe the togle ABC is given, the adjacent ang^e 
ABK is given ; and the angle ABE is given, therefore the remain- 
ing angle KBE is given* the angle EKB is alfo ^ven* becaufe it i$f 
equal to the angle ABK ; therefore the triangle BKE is g^ven in 
fpedes, and confequcntly the ratio of EB to BK is given, and the 
ratio of KB to BA is given, wherefore ^ thi ratio of EB to BA is 
given, and the angle ABE |\ 
is given, therefore the pa- 
rallelogram BF is given * in \ (3^ 
fpedes. 

A parallelogram fimilar 
to BF may be found thus ; 
take a ftraight line LM gi- rr 
Ven in poiition and magni- - 
tude ; and becaufe the angles ABK, ABE are given, make the abgle 
NLM equal to ABK, and the angle NLO equal to ABE. and bccanft 
t&e ratio of BF to BD is given, make the ratio of LM to P the fame 
with it ; and becaufe the ratio of the figure BD to BG is ^ven, find 
this ratio by the 53. Dat. and make the ratio of P to Qjthc fame, 
alfo, becaufe the ratio of CB to B A is given, make the rado of Qjo 
R the fame, and take LN eqUal to R, thro* the point M'dravOM 
parallel to LN, and complete the paralldogram NLOS ; then diis t$ 
fimilar to the parallelogram BF. 

Becaufe the angle ABK is equal to NLM, and the angle ABE to 
NLO ; the angle KBE is equal to MLO. and the angles BKE, LMO 
are equal, becaufe the angle ABK isequal to' NLM. therefore the 
triangles BKE, LMO are equian^lar to one another, wherefore a? 
BE to BK, fo is LO to LM. and becaufe as the figure EF to BD, 
fo is the ftraight line LM to P ; and as BD to BG, fo is P to Q^; et 
aeqnall, as BF, that is ^ BH, to BG, fo is LM to Q^ but BH is to* 
BG, as KB toJBC ; as therefore KB to BC| lb is LM to Q^ and 

. becanfii 
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becanrc BE is to 6K, as LO to LM; and as BK to BC, fo is LM 
to Q^; aod as EC to BA, fo Qjvas made to R ; therefore, ex ae- 
quaU> as BE to BA» fo is LO to R, that is to LN. and the angled 
AB£» NLO are equal; therefore the parallelogram BF is fimilar 
to LS, 

PROP. LXX. 62. 7 »^ 

IF two ftraigbt lines have a given ratio to one another, see n. 
aad upon one of them be defcrib^d a reftilineal figure 
given in fpecies, and upon the other a parallelogram hav-* 
ing a given angle; if the ngure have a given ratio to the 
parallelogram, the parallelogram is given in fpecies. 

Let the two fb-aight lines AB, CD have a given ratio to one ano- 
ther, and upon AB kt the figure AEB given in fpecies be defcribed, 
and upon CD the parallelogram DF having the given angle FCD ; 
if the ratio of AEB to DF be given^ the parallelogram DF is given 
in fpecies. 

Upon the ftralght line AB conceive the parallelogram AG to be 
defcribed fimilar and flmilarly placed to FD. and becaufe the ratio 
of AB to CD is given, and upon them are defcribed the fimilar refti- 
lineal figures AG, FD ; the ratio of „ 

AG to FD is given ■. and the ratio of ^..^^rK f? ». J4. Dit. 

FD to AEB Is given ; therefore »> the A(^^*^^ — \B V \ b. p. Dm^ 

ratio of AEB to AG is given ; and the \ \ \ -A 

angle ABG is given, becaufe it is equal ^ " — ^G w U 

to the angle FCD. becaufe therefore j^ i -i 

the parallelogram AG which has a jgL- \ -^^ 1 I 

ven angle ABG is applied to a fide AB tf K 1 

of the figund' AEB given ia ipecies^and 

the ratio of AEB to AG is given, the parallelogram AG is given ^ in c ^$. Oitf* 

fpecies. but FD is fimilar to AG ; therefore FD is given in fpecies. 

A parallelogram llmilar to FD may be found thus ; take a ftraight 
Bne H given in magnitude ; and becaufe the ratio of the figure AEB 
to FD b given, make the ratio of H to K the fame with it. alfo be- 
caufe the ratio of the flraight line CD to AB is ^ven, find by the 
54* Dat. the ratio which the figure FD defcribed upon CD has td 
die figure AG defcribed upon AB fimilar to FD ; and make the 
rado of K to L the fame with this ratio, and becaufe the ratios of 
H to K> and of K to L are given, the ratio of H to L is given ^4 

becaufe 
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* 

beeaufe therefore as AEB to FD, fo is H to K ; and as YD to AGy 
fo is K to L ; ex aequali, as AEB to AG, fo is H to L ; therefore 
the ratio of AEB to AG is given, and the figure AEB is given 
an fpecies, and to its fide AB the parallelogram AG is applied in 
the given angle ABG, therefore by the 69. Dat. a parallelogram 
may be found fimilar to AG. let this be the parallelogram MN ; MN 
alfo is fimilar to FD. for, by the canftru<5lion, MN is fimilar to AG, 
and AG is fmiilar to FD ; therefore the parallelogram FD is fimilar 
toMN. 

81. PRO P. LXXL 

TF the. extremes of three proportional ftraight lines 
have given ratios to the extremes of other three pro- 
portional ftraight lines ; the means (hall alfo have a gi?ea 
ratio to one another, and if one extreme has a given ratio 
to one extreme, and the mean to the mean; likewife the 
other extreme ftiall have to the other a given ratio. 

Let A, B, C be three proportional ftraight fines, and D, E, F 
three other ; and let the ratios of A to D, and of C to F be given, 
then the ratio of B to E is alfo given. 

Beeaufe the ratio of A to D, as alfo of C to F is given, the ratio 

a. 67. Dat. of the rcftangle A, C to the rcdlangle D, F is given *. but the 

b. 1 7. 6. fquare of B is equal *> to the re(^angle A, C ; and the fquare of E 

to the reftangle *> D, F. therefore the ratio of the fquare of B to 

c. 58. Dat. the fquare of E is ^ven ; wherefore ^ alfo the ratio of 

the ftraight line B to E is given. 

Next, let the ratio of A to D, and of B to E be gi- 
ven; then the ratio of C to F is alfo given. AB C 
Beeaufe the ratio of B to E is given, the ratio of the "D "E F^ 
4. 54. Dat. fquare of B to the fquare of E is given <*. therefore ^ the I | 
ratio of the reftanglc A, G to the rec>angle D, F is given. | 
and the ratio of the fide A to.the fide D is given ; there- 
e. «!. Dat. fore the ratio of the other fide C to the other F is given •. 

Cor. And if the extremes of four proportionals have to the ex- 
tremes of four other proportionals given ratios, and one of the 
means a given ratio to one of the means ; the other mean (hall have 
a given ratio to the other mean, as may be (hewn in the fimie man- 
ner as in the foregoing Propofition. 

PROP. 
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PROP. LXXII. 

IF four ftraight lines be proportionals ; as the firft is to 
the ftraight line to which the fecond has a giv^h i-atio; 
Co is the third to the ftraight line to which the fourth has 
a given ratio. 

Let A, B, C, D be four proportiohd ftraight lines, viz. as A td 
By lo C to D ; as A is to the ftrdight line to which B has a giveif 
ratio, fo is C to the ftraight lii^ to which D has a given ratio. 

Let £ be the ftraight line to which B has a given ra- 
do, and as B to £, fo make D to F. the ratio of B to E 
is given ■, and therefore the ratio of D to F. and be- 
caufe ds A to B^ ib is C toTD ; and as B to £, fb D to F; 
therefore, ex aeqnali, as A to £, fo is C to F. and £ is A. B Ei 
the ftrdght line to which B has a ^ven ratio, and F that ^ , » 
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to which D has a given ratio; therefore as A is to the 
ftraight line to which B has a given ratio, lb is C to that 
to which D has a given ratio. 
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PROP. LXXIII. ^^; 

TF four ftraight lines be proportionals ; as the firft is to see rf. 

the ftraight line to which the fecond has a given ratio, 
fo is the ftraight line to which the third has a given ratio 
to the fourth. 

Let the ftra^ht line A be t6 B, a^C to D ; as A to the ftraight 
Ifaie to which B has a given ratio, fo is the ftraight line 
to which C has a g^ven ratio to D. 

Let £ be the ftraight line to which B has a g^ven ra- 
tio, and as B to £, fo make F tb C; becaufe the rado 
of B to £ is given, the ratio of C to F is given, and be- A Bt B 
omfe A is to B, as C to D ; aiid as B to £, fo F to C; p C D 
therefore, ex acquali in proportioiie perturbata *, A is ^ ^^ ^\ 

to £, as F to D ; that is A is to £ to which B has a gi- 
ven ratio, as F, to which G has a given ratio, is to D. 
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I 64. PROP. LXXIV. 
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IF a triangle has a given pbtufe angle; the excefs of tke 
fquare of the fide which fubtends the obtufe angle a- 
bove the fquares of the fides which contain it, ihail hafe 
a given ratio to the triangle. 

Let the triangle ABC have a given obtufe angle ABC ; and pro^ 
duce the ftraight line CB, and from the point A draw AD perpen^ 
dtcular to 6C. the excefs of the fquare of AC above the fquares 
of AB, BC« that is* the double of the rectangle contsdned by DB, 
BC, has a given ratio to the triangle ABC. 

Bccaufe the angle ABC is given, the angle ABD is aUb given; 
h. 4a. Dat.and the angle ADB is given, wherefore the triangle ABD is given * 
ia fpecies ; and therefore the ratio of AD to DB is pven, and as 
c. I. 6. AD to DB, fa is^ the rcftaiigle AD, BC to the reftangle DB, BC^ 
wherefore the ratio of the reftangle AD, BC to the reftangle DB| 
BC is given, as alfo the ratio of twice the reftanglc DB, BC to the 
reOangle AD, BC. but die ratio of the reft- 
angle AD, BC to the trian'gle ABC is given, 
d. 41. 1, becaufe it is double <* of the triangle; there- 
fore the latio of twice the reftanglc DB, BC 
e. p. Dat. to the triangle ABC is given ^. and twice the 
rectangle DB, BC is the excefs * of the fquare 
of AC above the fquares of AB, BC. there- 
fore this excefs has a given ratio to the triangle ABC. 

And the ratio of this excefs to the triangle ABC may be fband 
thus ; take a flraight line EF given in pofition and magnitude ; and 
becaufe the angle ABC is given, at the poitat F of the ftraight line 
, EF make the aug!e EFG equal to the angle ABC ; produce GF, and 

draw EH perpendicular to FG. then the ratio of the cxce&of the 
fquare of AC above the fquares of AB, BC to the triangle ABC is 
the fame wiih the ratio of quadruple the ftraight line HF to HE. 

Becaufe the angle ABD is equal to the angle EFH, and the 

angle ADB to EHF, each being a right angle ; die triangle ADB is 

f- 4. <5- equiangular to EHF, therefore f as BD to DA, fo FH to HE ; and 

g.Cor. ih s^as quadruple of BD to DA, fo is « quadruple of FH to HE. but as 

twice BD is to DA, fo is * twice the reftangle DB, BC to the rcft- 

h. C. s, angle AD, BC ; and as^ DA to the half of it, fo is ^ the reftan^*J 

AD, BC to its half the triangle ABC } therefore, ex aequali, as tmct 

BD 
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^ntotim half of DA, that is, as quadrnple of fiD k, to DA, 
that is, m quadrapleaf FH to HE, fois twice the refbngle DB, BC 
to the triangk ABC. 

PROP. L<XV. 6.fi 

I' 
F a triangk has a giren acutfc angle ; the fp^ce by ^hich 

the fquare of the fide ftibtending the. acute angle is lefs 

than the fqoares of the fides which contain it, fhatl have 

a given ratio to the triangle. 

Let the triangle ABC have a ^ven acute angle ABC, and draW 
AD perpendicular to BC ; the fpace by which the fquare of AC is 
leis than the fquares of AB, BC, that is ^ the double of the re£bangle g. 13, *} 
contained by CB, BD, has a ^ven ratio to the triangle ABC 

Becaufe the angles ABD, ADB are each of them given, the tri- 
angle ABD is given in fpecies ; and therefore the ratio of BD to . 
DA is given, and as BD to DA, fo is the reft- : 

angle CB, BD to the reftarigle CB, AD ; there- ^ 

fore the ratio of thefe refhingles is given, as alio 
the ratio of twice the ref^angle CB, BD to the 
reftangle CB, AD. but the reftangle CB, AD 
has a given ratio to its half the triangle ABC, ^ T\ i^ 

therefore *» the rado of twice the reftangleCB, JJ Kj ^^ ^ ^^j 

BD to the triangle ABC i? given, and twice the redlangle CB« BD 
Is* the fpace by which the fquare of AC U lefs than the fqaares of 
AB, BC ; therefore the ratio of this fpace to the triangle ABC is 
g^Ten. and the ratio may be fotmd as in the preceding Propofitidn. 

LEMMA. 

IF from the vertex A of an Ifofceles triangle ABC, any ftraight 
line ADl)e dra^ to the bafe BC ; the fquare of the fide AB is 
equal to the feAangte BD, DC of the fegments of the bafe togetfaei* 
with the fquare of AD* but if AD be drawn to the bafe produ<*ed^ 
the fquare of AD Is equal to the re^angle BD, DC together with 
the fquare of AB. 

Cas. 1 . BifeA the bafe BC in E, and jdn Al 

AE which voll be perpendicular ■ to B C ; , /mS. ** ** ** 

tifherefore the fquare of AB is equal »> to the x/l I \ ^' ^"^^ ^' 
fquares of AE, £B. but the fquare of EB is yA / / I \ 
equal ^ to the rectangle BD, DC together t% 1% f\ -p p <• !•' *^ 
with the fquare of DE. therefore the fquare •*' ***^'*^ ^ ^ 
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b. 47. 1, of AB is equal to the fquares of A£, ED, that is to <> the fq^are df 

i^^ together with the re6Ungle BD, DC. the other cafe is ihewQ 
in the fame way by 6. 2. Elem. 

67. PROP. LXXVI. 

TF a triangle have a given angle^ the cxcefs of the fquare 
of the (Iraight line which is equal to the two fides that 
contain the given angle, above the fquare of the third 
fide, (hall have a given ratio to the triangle. 

Let the triangle ABC have the given angle BAC, the excels of 
the flraight line which is equal to BA, AC together above the 
fquare of BC, (hall have a given ratio to the triangle ABC. 

Produce BA, and take AD equal to AC, join DC and produce 
It to E, and thro' the point B draw BE parallel to AC ; join AE, 
and draw AF perpendicular to DC. and becaufe AD is equal to 
AC, BD is equal to BE ; and BC is drawn from the vertex B of the 
Ifofceles ti langle DBE, therefore, by the Lemma, the fquare of BD, 
that IS of BA and AC together, is equal to the redangle DC, CE 
together with the fquare of BC ; and therefore the fquare of BAy 
AC' together, that is of BD is greater 
than the fquare of BC by the reAaogle 
DC, CE ; and this reAangle has a given 
ratio to the uiangle ABC. becaufe the 
angle BAC is given, the adjacent angle 
CAD is given; and each of the angles ^^M 

ADC, DC A is given, for each of them is €\x^ ri. 

J , J . & 3 » . I . the half * of the given angle BAC ; there- ^"^ xr 

1. 43. Dat.fore the triangle A D C is given *> in fpe- 

cks ; and AF is drawn from its vertex to the bafe in a given angle, 

c. 50. Dat. wherefore the ratio of AF to the bafe CD is given *^. and as CD 

^. 1. tf. to AF, fo is ^ th^ reftangle DC, CE to the reftangle AF, CE ; and 

c. 41. 1, the ratio of the reAangle AF, CE to its half ^ the triangle ACE is 
given ; therefore the ratio of the reftangle DC, CE to the triangle 
ACE, thai' is f to the triangle ABC is given «. and the re£huigle DC, 
CE is the excefs of the fquare of BA, AC together above the fquare 
of BC ; therefore the ratio of this excefs to the triangle ABC is given. 

The ratio which the redangle DC, CE has to the triangle ABC 
is found thus, take the ftraight line GH given in poiition and m^- 
Aitude, and at the point G in Gii mako the angle HGK equal to 

the 
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the ^veo angle CAD, and take GK equal to GH, join KH, and 
d.raw GL perpendicular to it. then the ratio of HK to the half of 
GL is the iame vnth the ratio of the reftangle DC, CE to the tri- 
angle ABC. becaufe the angles HGK, DAC at the vertices of the 
Ifofceles triangles GHK, ADC are equal to one another, thefe tri- 
angles are finiilar, and becaufe GL, AF are perpendicular to the 
bafes HK, DC, as HK to GL, fo is »» (DC to AF, and fo is) the reft- h. 5 
angle DC, CE to the reftangle AF, CE ; but as GL to its half, fo 
is the reftangle AF, CE to its half which is the triangle ACE, or 
the triangle ABC; therefore, ex aequali, H K is to the half of 
the (Iraight line GL, as the reftangle DC, CE is to the triangle 
ABC. 

Cor. And if a triangle have a given angle, the fpace by which 
the fquare of the ftraight line which is the difference of the :. ,^ 
which contain the given angle is lefs than the fquare of the third 
/ide, fhall have a given ratio to the triangle, this is demonArated the 
lame way as the preceeding Proportion, by help of the iecond cafe 
of the Lemma. 
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PROP. LXXVII, I. 

TF the perpendicular drawn from a given angle of a tri- sce n. 

angle to the oppofite fide, or bafe, has a given ratio to 
the bafe; the triangle is given in fpecies. 

Let the triangle ABC have the given angle BAC, and let the per- 
pendicular AD drawn to the bafe BC, have a given rado to it j the 
triangle ABC is given in fpecies. 

If ABC be an Ifofcelcs triangle, it is evident * that if any one of*, s.^- j* i. 
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its angles be giyen, the reft are alfo given ; and therefore the tir- 
angle is given in fpecies, without the confideraiion of the ratio of 
the perpendicular to the bafe, which in this cafe is given by Prop 50. 
But when ABC is not an Ifofceles triangle, take any ftraight lino 
EF given in poff tion and magnitude, and upon it defcribe the fcg- 
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ment of a ctrde EGF comtainiog an angle equal to the^ven anj^ 
BAC ; draw GH bifeaiog £F at right angles, and join EG, GF. 
then fmoe the angle EG F is equal to the angle BAC, and that 
EGF is an Ifofceles triangle and ABC is not, the angle FEG is not 
equal to the angle CBA. draw EL making the angle FEL equal to 
the angle CBA, join FL, and draw LM perpendicular to EF. then 
becaufe the triangles El^F, BAC are equiangular, as alfo are the tri- 
angles MLE, DAB, as ML to LE, fo is DA to AB ; and as LE to 
EF, fo is AB to BC ; wherefore, ox aequali, a» LM to EF, fo is 
AD to BC. and bec^ui^ the ratio of AD to BC is given, therefore 

|>» %. Dtt. the ratio of LM to EF is given ; and EF is given, wherefore *> LM 
alfo is given, complete the parallelogram LMFK, and becaufe LM 
is given, FK is given in mag^tnde ; it is alio g^ven in pofition, and 

c. 30. Dat. the point F is given, and confequen'tly * the point K •, and becaufe 
thro* K the ftraight line KL is drawn parallel to EF which is given ia 

]^ 1 1 . Dat. pofition, therefore ^ KL is given in pofition ; and the curcumferencp 
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I>at« ELF is pven in pofition, therefore the point L is given ^. and bc^ 

caufe the points L, E, F are given, the ftraight lines LE, EF, FL 

Dat. are given f in magnitude ; therefore the triangle LEF is given in 

Dat. fpecics «. and the triangle ABC is fimilar to LEF, wherefore alfo 

ABC is given in fpecies. 

Becaufe LM is lefs than GH, the ratio of LM to EF, that is the 
given ratio of AD to BC muft be lefs than the ratio of GH to EF 
which the ftrai^t line, in a foment of a circle containing an angk 
equal to the given angle, that bifefts the bafe of the fegment at 
right angles, has unto the bafe. 

Cor. I. If two triangles ABC, LEF have one angle BAC equal 
to one angle ELF, and if the perpendicular AD be to the bafe BC, 
«is the perpendicular LM to the bale EF ; the triangles ABC, LEF 
are fimilar. 

Defcribe the circle EGF about the triangle ELF» and draw LN 
parallel to EF, join EN, NF, and draw NO perpendicular to EF. 
becaufe the angles ENF, ELF are equal, and that the an^e EFN is 

equal 
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equal to the alternate a&gle FNL, that is to the angle FEL in the 
fame fegment, therefore the triangle N£F is fimilar to LEF. and in 
the iegment EGF there can be no other triangle upon the bafe £F 
which has the ratio of its perpendicular to that bafe the fame with the 
ratio of LM or NO to EF, becaufe the perpendicular muft be greater 
or lefs than LM or NO. but, as has been (hewn in the preceeding 
demonftration, a triangle iimilar to ABC can be defcribed in the feg- 

* ment EGF upon the bafe £F, and the ratio of its perpendicular to 
the bale is the lame, as was there (hewn, with the ratio of AD to 

- BC, that is of LM Xo £F. therefore that triangle muft be either 
LEF, or NEF, which therefore are fimilar to the triangle ABC. 

CoR. 2. If a triangle AbC has a given angle BAC, and if the 
ib-aight line AR drawn from the given angle to the oppofite fide 

' BC, in a given angl^ ARC, has a given ratio to BC ; the triangle 
ABC is pven in fpecies. ^ 

Draw AD perpendicular to BC ; therefore the triangle ARD is 
given ]n fpecies ; wherefore the ratio of AD to AR is given ; and the 
ratio of AR to BC is given, anfl confequently ^ the ratio of AD to !>• 9- Dat. 
BC is ^v^ ; and the triangle ABC is therefore given in fpecies *. ». 77. t)*t. 

CoR. 3. If two trWngles ABC, LEF have one angle BAC equal 
to one angle ELF, and if ftraight lines drawn from thefe angles to 
the bales, making with them given and equal angles, have the fame 
ratio to the bales, each to each ; then the triangles are fimilar. for, 
having drawn perpendiculars to the bales from the equal angles, as 
one perpendicular is to its bafe, fo is the other to its bafe ^. where- k, ^ * 
fore, by Cor. i . the triangles are fimilar. 

' A triangle fimilar to ABC may be found thus ; having defcribed ♦ 

the fegment EGF and drawn the ftraight line GH as was dirc6^ed in 
the Rropofition, find FK which has to EF the given ratio of AD to 
BC ; and place FK at right angles to EF from the point F. then be- 
caufe, as has been Ihewn, the rado of AD to BC, that is of FK to EF, 
muft be lefs than the ratioof GHtoEF; therefore FK is lefs than GH; 
and confequendy the parallel to EF drawn thro' the point K muft 
meet the circumference of the fegment in two points, let L be either 
of them, and join EL, LF, and draw LM perpendicular to EF. then 
becaule the angle BAC is equal to the angle ELF, and that AD is 
to BC, as KF, that is LM to EF, the triangle ABC is fimilar to tri- 
angle LEF, by Cor I . 
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jBo. PROP. LXXVUI. 

TF a triangle have one angle given, and if rhe ratio of 

'^ the reftangle of the fides which contain the given 
angle to the fquare of the third fide be given; the tri- 
angle is given in fpecies. 

Let the triangle ABC have the given angle BAC, and let the ra- 
tio of the reftangle B A, AC to die fquare of BC be given ; the tri- 
angle ABC is given in fpedes. 

From the pcnnt A draw A D perpendicular to BC ; the reft- 

*. 41. «. angle AD, BC has a given ratio to its half* the triangle ABC. and 

becaufv the angle BAC is given, the ratio of the triangle ABC to 

J». Cor. 6%. xh^ reAangle BA, AC is given *> ; and, by the hypothefis,' the ratio 

^*'' of the reftangle BA, AC to the fquare of BC is given, therefore ^ 

j^^* ^ ' the ratio of the reftangle AD, BC to the fquare of BC, that is ^ the 

ratio of tlie ftraight line AD to BC is given, wherefore the tri- 

€.77. Dae. angle ABC is given * in fpecies. 

A triangle funilar to ABC may be found thus ; take a flraight 
line £F given in pofition and magnitude, and make the angle FEG 
equal to tlie given angle BAC, and draw FH perpendicular to EG, 
and BK perpendicular to AC ; therefore the triangles ABK, EFH 
are fimilar. and the reft- 
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angle AD, BC, or the reft- 
angle BK, AC, which is e- 
qual to it, is to the reft- 
angle^ BA, AC, as the 



flraight line BK to B A, that -[ ' ' , 
isasFHtoFE; let the gi-** ^ ^ 



C F G 

ven ratio of the reftangle BA, AC to the fquare of BC be the fame 
with the ratio of the ftraight line £F to FL ; therefore, ex aequali, 
the ratio of the reftangle AD, BC to the fquare of BC, that is the 
ratio of the ftraight line AD to BC, is the feme with the ratio of 
HF to FL. and becaufe AD is not greater than the ftraight line MN 
in the fegment of the circle deicribed about the triangle ABC, which 
bifefts BC at right angles ; the ratio of AD to BC, that is of HF 
to FL, muft not be greater than the ratio of MN to BC. let it be 
fo, and by the 7 7 . Dat. find a triangle OPQ^which has one of its 
angles POQjjqual to the given angle BAC, and the ratio of the pcr^- 
pendicular OR, drawn from tl^at i^ngle, to the bafe PQ^ the fame 
'ivith the ratio of HF to FL. then the triangle ABC is fimilar to 

OPCL 
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/9PQ^ becanfe, as has been fliewn, the ratio of AD to BC is the 
(ame with the ratio of (HF to FL, that is, by the conftruftion, with 
the ratio of) OR to PQ_; and the angle BAG is equal to the angle 
POQ^ therefore the triangle ABC is fimilar ^ to the triangle POQ^ ^- '" ^• 

Otherwife, 

Let the triangle ABC have the given angle BAC, and let the ra- 
tio of the reAangle BA, AC to the fqoare of BC be ^ven ; the trir 
angle ABC is given in fpecies. 

Becaufe the angle BAC is given, the excefs of the fqnare of both 
the fides BA, AC together above the fquare of the third fide BC has 
41 given ^ ratio to the triangle ABC. let the figure D be equal to a. 7^. Iht. 
• this excefs; therefore the ratio of D to the triangle ABC is gi- 
ven ; and thp ratio of the triangle ABC to the redangle BA, 
AC is given ^, becaufe BAC is a given angle ; and the rectangle BA,^- ^^- ^»« 
AC has a given ratio to the fquare of . r~-~^ ^'' 

BC ; wherefore * the ratio of D to the -^ c 10. Dat. 

fquare of BC is g^ven. and, by compo- / \ D 

fition <*, the ratio of the fpace D together ^ ., \* I I d. 7. Dat. 

with the fquare of BC to the fquare B C 

of B C is given, but D together with the fquare of B C is c- 

qoal to the fquare of both B A and AC together ; therefore the 

ratio of the fquare of BA, AC together to the fquare of BC is given ; 

and the ratio of BA, AC together to BC is therefore given ^. and c 5^. Dat. 

the angle BAC is given, wherefore^ the triangle ABC is given in f. 48- Dat. 

fpedes. 

The Qompofition of this which depends upon thofe qf the 7 6. 
and 48. Propofitions is more complex than the preceeding compofi- 
tjoo which depends upon that of Prop. 7 7 . which is eafy. 

PROP. LXXIX. K. 

TF a triaogle have a given angle^ and if the ftraight line see n. 
^ drawn from that angle to the bafe> making a given 
angle with it, divides the bafe into fegments which have 
a given ratio to one another ; the triangle is given in 
fpecies. ' ' 

Let the triangle ABC have the given angle BAC, and let the 
ftraight line AD drawn to the bafe BC making the ^ven angle 
ADB, divide BC into the fegments BD, DC which have a given ra- 
tio to one another ; the triangle ABC is |^ven in fpecies. 

Defcribc 
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a. I* 4. De&ribe * the circle BAG about the triangle, aad from its ceB« 

ter £ draw EA, £B» £C, ED. becaufe the angle BAG is giTcn, 

b. so. 3. the aiigie BEG at the center, which is the double ^ of it, is ^tcd. 

and the ratio of BE to EG is given, becaufe they are equal to ooe 
e. 44* Dat. another ; therefore ^ the triangle BEG is given in fpedes, and the 

d. 7. Dat. ratio of EB to BG given, affb the ratio of GB to BD is given <>, be- 

caufe the ratio of BD .to DG is given ; therefore the ratio of EB to 

e. p. Die. BD is given ^. and the angle £BG is given, wherefore the triangle 

EBD is given ^ in fpecies, and the ratio of EB, that is of £A to ED 
is therefore given, and the angle EDA is given, becaufe each of the 

f. 47. Dit. angles BDE, BDA is given, therefore the triangle AED is given ^' 

in fpecies, and the angle AED given ; al(b 
the angle DEG is given, .becaufe each of the 
angles BED, BEG is given ; therefore the 
aogle AEG is ^ven. and the ratio of EA to 
EC, which are equal, is given; and the tri- 
angle AEG is therefore given ^ in fpecies, 
and the angle EGA g^ven. and the angle 
EGB is given, wherefore the angle AGB is ^ven. and the angle 
f . 4|. D«t. BAG is alfo given ; therefore « the triangle ABG is given in fpecies. 
A triangle fimilar to ABG may be found, by taking a ftraigbt 
line given in pofition and magnitude, and dividing it in the given ra- 
tio which the f^;ments BD, DG are required to have to one ano- 
ther ; then if upon tliat fbaight line a fegment of a cirple be deicri- 
bed containing an angle equal to the given angle BAG, and a 
ftraight line be drawn from the point of divifion in an angle e^ 
qual to the given angle ADB, and from the point where it meets 
the circumference, ftraight lines be drawn to the es^tremity of the 
firJd line, thefe together with the firft line (hall contain a triangle £• 
jnilar to ABC, as may eafily be (hewn. 

TheDdnonftration may be alfo made in the manner of that of die 
j77«Prop. aodthatof the 77 .may be made in the manner of this. 

L. PROP. LXXX. 

IF the fides about an angle of a triangle have a given ra* 
tio to one aoochcr, and if the perpendicular drawn 
from that angle to the bafe has a given ratio to the bafe ; 
the triangle is given in fpecies. 

Let 
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Let the fides BA, AC, about the angle BAC of the triangle ABC 
ba^e a given rado to one another, and let the perpendicular AD have 
I given ratio to the bale BC ; the triangle ABC is given in fpecies. 

Firft, let the fides AB, AC be equal to <»e another, therefore the 
perpendicular AD bifefls * the bafe BC. and the 
ratio of AD to BC, and therefore to its half DB is 
given ; and the angle ADB is given, wherefore 
^e triangle * ABD and confequently the triangle 
ABC is given ^ in fpecies. 

But let the fides be unequal, and BA be greater than AC ; and 
make the angle CAE equal to the angle ABC. becaufe the angle 
A£B is common to the triangles AEB, C£A, they are fimilar ; 
therefore as AB to B£, (p is CA to A£, and, by permutation, as 
B A to AC, fo is BE tq E A, and fo is EA to EC. and the ratio of 
B A to AC is given, therefore the ratio of BE to EA, and the ratio 
of E A to EC, as alfo the ratio of BE to EC is given *^; wherefore c 9- D*t* 
the ratio of EB to BC is given ^. and the ra- A *^* ^* ^^ 

tio of AD to BC is given by the Hypothefis, 
dierefore * th^ ratio of AD to BE is given j and 
the ratio of BE to EA was (he^^n. to be given ; 
wherefore the xatiocrf AD to AE is given, andB FC E D 
AD£ is a right angle, therefore the triangle ADE is given * in fpe- e. 4^ . Hat. 
des, and the angle AEB given; the ratio of BE to EA is likewife 
given» therefore *> the triangle ABE is given in fpecies, and confc- 
iqoently the angle EAB, as alfo the angle ABE, that is the angle 
CAE is given ; therefore the angle BAC is given, and the angle 
ABC being alfo given, the triangle ABC is given f in fpecies. f. 43. Dac. 

How to find a triangle which (hall have the things which are 
Bientioned to be given in the Propofition, is evident in the firft cafe. 
and to find it the more eafily in the other caje, it is to be obferved 
that if the Araight line EF equal to £ A be placed in EB towards B, 
the point F divides the bafe BC into the fegments BF, FC which 
have to one another the ratio of the fides BA, AC. becaufe BE, £A» 
or £F, and EC were (hewn to be proportionals, therefore * BF it * tg.^* 
to FC, as BE to EF, or EA, that is as BA to AC. and AE cannot 
be leis than the altitude of the triangle ABC, but it may be equal to 
it ; which if it be, the triangle, in this cafe, as alfo the ratio of the 
fides, may be thus found, having given the ratio of the perpendi- ^ 
colar to the bafe. take the ftraight line GA given in pofition and 
fiag^itadey for the bafe of the triangle to be found ; and let the 

given 
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given ratio of the perpendicular to the bafe be tliat of the ftraight 
line K to GH, that is, let K be equal to the perpendicular ; and fap^ 
pofe GLH to be the triangle which is to be found. . therefore ha?* 
ing made the angle HLM equal to LGH, it is required that LM be 
perpendicular to GM and equal to K. and becaufe GM» ML, N^ 
are proportionals, as was (hewn of B£, EA, EC, the reAangle GMB 
is equal to the fquare of ML. add the common fquare of NHy 

t' ^' ^* (having bifeA^ GH in N) and the fquare of NM is equal < to the 
fquares of the given ffaraight lines NH and ML, or E. therefore the 
iquare of NM, and its fide NM, is giveB, as alfo the point M, ra. 
by taking the ftralght line NM the fquare of which is equal to the 
fquares of NH, ML. draw ML equal to K, at right angles to GM* 
and becau(e ML i^ given in pofition and magnitude* therefore dd 
point 1/ is given ; join LG, LH, then the triangle LGH is tUI 
which was to be found, for the fquare of NM is equal to thi 
fquares of NH and ML, and taking away the coaimon fquarc of 
NH, the reftangle GMH is 

equal « to the fquare of j;^ ^~ y^ iuk r^ x c 

ML ; tjierefore as G M to ^"^ '^ ^^ 

ML, fo is ML to MH, and 

h. 0. tf . the triangle LGM is ^ there- 
fore equiangular to HLM, 
and the angle HLM equal 
to the angle LGM, and the 
ftraight line LM, drawn from the vertex of the triangle making the 
angle HLM equal to LGH, is perpendicular to the bafe and equal to 
the given ftraight line K, as was required, and the ratio of the fides 
GL, LH is the fame with the ratio of GM to ML, that is \nth the 
ratio of the ftraight line which is made up of GN the half of the 
given bafe and of NM the fquare of which is equal to the fquares 
of GN and K, to the fbaight line K. 

And whether this ratio of GM to ML is greater or lefs than the 
ratio of the fides of any other triangle upon the baie GH, and of 
which the altitude b equal to the ftraight line K, that is, the vertei 
of which is in the parallel to GH drawn thro' the point L, maybe 
thus found. Let OGH be any fuch triangle, and draw OP makii^ 
the angle HOP equal to the angle OGH \ therefore, as before, GP, 
« PO, PH are proportionals, and PO cannot be equal to LM, becade 
the reftangle GPH, would be equal to the reftangle GMH, which is 
HDpoiTible, for the point P cannot fall upon M, becaufe O wodi 

thci 
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tell fall on L ; nor can PO be lefs than LM, therefore It is greater ; 
Dd confequently the reftangle GPH is greater than the reftangle 
SMH, and the flraight line GP greater than CM. therefore the 
iuio of CM to MH is greater than the ratio GP toPH^ and the ra- 
io of the fquare of GM to the fquare of ML is therefore * greater '• *' ^^' 
ban the ratio of the fquare of GP to the fijuare of PO, and the *°* 
pdo of the flraight line GM to ML, greater than the ratio of GP 
D PO. but as GM to ML, fo is GL to LH; and as GP to PO^ fd 
I GO to OH ; therefore the ratio of GL to LH is greater than the 
atio of GO to OH ; wherefore the ratio of GL to LH is the 
^eateft of ail others ; and confequently the ^ven ratio of the 
greater fide to the lefs xftufl not be greater than this ratio. 
. But if the ratio of the fides be not the fame with this greateft ra- 
tio of GM to ML, it muft neceflarily be lefs than it. Let any lefs 
patio be given, and the fame things being fuppofed, viz. that GH is 
^e bafe, and K equal to the altitude ofthe triangle, ic may be found 
is ft>llo\rs. Divide GH in the point Q^, fo that the ratio of GQja 
QH may be the fame with the given ratio of the fides ; and as 
DQ^to QH, fo make GP to PQ^, and fo will f PQ^be to PH ; f- »^l- 
therefore the fquare of GP is to the fquare of PQ^ as ^ the flraight 
Bne GP to PH. aiid becaufe GM, ML, MH are proportionals, the 
(qnare of GM is to the fquare of ML, as < the ftraight line GM to 
MH. but tlie ratio of GQjto QH, that is the rado of GP to PQ_, 
is le(s than the ratio of GM to ML ; and therefore the ratio of the 
iquare of GP to the fquare of PQjs lefs than the ratio of the fquare 
of GM to that of ML ; and confequently the ratio of the ftraight 
line GP to PH is lefs than tlie ratio of GM to MH, and, by divifion, 
the ratio of GH to HP is lefs than that of GH to HM ; wherefore k k. lo. 5. 
the ftraight line HP is greater than HM, and the reflangle GPH, 
that is the fquare of PQ^, greater than the reAangle GMH, that is 
th^ the fquare of ML, and the ftraight line PQJs therefore greater 
than ML. draw LR parallel to GP, and from P draw PR at right 
angles to GP. becaufe FQjs greater than ML, or PR, the circle 
deicribed frofn the center P» at the diftance PQ^» muft neceflarily 
cut LR in two points ; let thefe be O, S, and join OG, OH ; SG, 
SH ; each of the triangles OGH» SGH have the things mentioned 
to be given in the Propofition. join OP, SP ; and becaufe as GP to 
PQ^, or PO, fo is PO to PH, the triangle OGP is equiangular to 
HOP ; ai, therefore, OG to GP, fo is HO to OP, and, by permu- 
tttiosi asGOtoOH, foisGPtoPO, orPQ^, andfoisGCLto 

QH. 
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QH. therefore the triangle OGH has die ratio of its fides CO, Oi^ 
the fame with the given ratio of GQjKo QH ; and die perpendicubr 
has to the bale the given rado of It to GH, becaofe the pcrpe!idjai« 
lar is equal to LM, or K. the like ojiay be tbewa in the &^ way of 
the triangle SGH. 

This ccmftruftion by which the triangle OGH is found, b fliorter 
than that which would be deduced from the DemonAration of the- 
Datum ; by re^on that the bafe GH is given in poiidon and magu* 
tude, which was not fuppofed in the Demonfhadon^ the fame thii^ 
is fio be observed in the next Proportion. 

M. PROP. LXXXI. 

IF the fides about an angle of a triangle be unequal and 
have a given ratio to one another, and if the ^rpcn- 
dicular from that angle to the bafe divides it into fegmcnis 
that have a given ratio to one another ; the triangle i& 
given in fpecies. 

Let ABC be a triangle the fides of which about the ang^e BAG 
are unequal and have a given ratio to one another, and let the per- 
pendicular AD to the bafe fiC divide it into the i^;ments BD, DC 
which have a given ratio to one another i the triangle ABC is ffvai 
in fpecies. 

Let AB be greater than AC, and make the angle CAE equal to 
the angle ABC ; and becaufe the angle AEB is common to the tri- 

a. 4* <• angles ABE, CAE, they are * equiangular to one another, there*^ 

' fore as AB to BE, ib is CA to AE, and, by ^^ . 

permutadon» as AB to AC^ to BE to £A, ^X'ltv 

and fo is EA to EC. but the ratio of B A to ^^^ t \V 

AC is given, therefore the ratio of BE to ]g J}(^ £^ 

EA, as alfo the ratio of EA to EC is given ; Mi 

b. 9. Dtt. -therefore «> the ratio of BE to EC, as alfo « ^^ 

* Sr ^' *^ ^^^ ^^ ^^ ^^ ^^ '^ Pven. and the m- ^x^WJVV 
L 7. Pat. ^^ ^^ ^^ ^ CD is given «>, becaufe the ra- vq^ ' ^y Vr t^ 
do of BD to DC is given ; therefcMre * the G" KLH N 
r^tio of EC to CD is given, and confequendy ^ the ratio of D£ to 
EC. and the ratio of EC to EA was (hewn to be g^ven, therefore^ 
the ratio of DE to EA is given, and ADE is a rig^ angle, where- 
•. 4«. Dat. fore * the triangle ADE is given in fpecks, and the .angle AI^ gn 
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Vcb. and the rktio of C£ to £A is given, therefor^ f the triangle f. 44. Dau 
AEC is given in fpecies; and confequently the angle ACE is given» 
as alfo the adjacent angle ACB. in the fame manner, becanfe the 
ratio of BE to EA is given, the triangle BEA is given in fpecies» 
and the angle ABE is therefore given, and the angle ACB is ^ven ; 
^irheFefore the triangle ABC is given < in fpecies. g. 4]. Duu 

But the ratio of the greater fide BA to the other AC muft be 
lefs than the ratio of the greater fegment BD to DC. becaufe the 
fquare of BA is to the fqnare of AC, as the iqnares of BD, DA to 
the fquaresof DC, DA; and the fquares of BD, DA have to the 
fquaresof DC, DA a lefs ratio than the fquare of BD has to the 
Iquare of D C f , becaufe the fquare of B D is greater than the 
fquare of DC ; therefore the fquare of B A has to the fquare of AC 
a lefs ratio than the fquare of BD has to that of DC. and confe- 
quently the ratio of BA to AC is lefs than the ratio of BD to DC. 

This being premifed, a triangle which (hail have the things men^ 
tioned to be given in the Propofition, and to which the triangle 
ABC is fimilar, may be found thus, take a ih^ight line GH given 
in poiition and magnitude, and divide it in K fo that the ratio of 
GK to KH may be the fame with the given ratio of B A to AC ; di* 
Vide alfo GH in L fb that die ratio of GL to LH may be the fame with 
the given ratio of BD to DC, and draw LM at right angles to GH. 
and becaufe the ratio of the fides of a triangle is lefs than the ratio 
of the fegments of the bafe, as has been'fliewn, the ratio of GK to 
KH is lefs than the ratio of GL to LH, wherefore the point L muft 
fell betwixt K and H. alfo make as GK to KH, fo GN to NK, and 
fo (hall fc NK be to NH. and from the center N, at the diftancc h« «^« J* 
NK defcribe a circle^ and let its circumference meet LM in O, and 
join OG, OH $ then OGH is the trimgle which was to be defcribed* 
becaoie GN is to NK, or NO, as NO to NH, the triangle OGN is 
equiangular to HON ; therefore as OG to GN, fo is HO to ON» 
and« by permutation, as GO to OH, fo is GN to NO, or NK, that 
is as GK to KH, that is in the given ratio of the fides, and, by the 



f 1£ A be greater than B, and C any 
third magnitn^e; then A and C toge- 
ther have to B and C together a lefs ra- 
lio than A has to B. 

Let A be to B at C to D, and becanfe 
A is greater than B, G is greater than 



D. but as A is to B, lb A and C to B 
and D; and A aod C have to B and C a 
lefs ratio than A and C have to fi and D» 
becaufe C is greater than D. therefor* 
A and C have to B and C a lefs ratio than 
A to B< 

conftrudion, 
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coiiflni6^bii, GL, LH have to one another the given ratio of tte 
fegments of the bafe. 

60. PROP. LXXXIL 

TF a parallelogram given in fpecies and magnitude be en- 
-*• creafedy or diminiflied by vL gnomon given in magni- 
tude; the fides of the gfiomon are given in magnitude. 

Firft, let the pandlelogram AB gi^en in fpecles and magnitude 
be eocreafed by the given gaonion ECBDFG ; each of the ftnug^t 
lines C£» DF is given. 

Becaofe AB is given in fpedes and magnitiide, and that the gno- 

mon ECBDFG is given, thereft»e the whole fpace AG is given in 

4 < » tnd^'^'^*^'** bnt AG is alfo given in {pedes, becaufc it is (Imilar • to 

^ *4. tf. AB ; therefore the fides of AG arc given *►. eath of the ftraight lines 

b.tfo. Dae. A£» AF is therefore given ; and each of the p ^ 

i. 4. JOac. ftraight lines CA, AD is g^ven \ therefore each 

of the remainders EC, DF is given ^. 

Next, let the parallelogram AG given in fpe- 
ties and magnitude be diminifhed by the given 
gnomon ECBDFG ; each of the ftraight lines 
CEy DF is ^en. 

Becaufe the parallelogram AG is given, a$ alfo 
its gnomon ECBDFG ; the remaining fpace AB is given in magni- 
tude, but it is aUb given in fpecies ; becaufe it is fimilar * to AG ; 
therefore ^ its fides CA, AD are given, and each of the ftraight 
lines EA, AF is g^en ; therefore EC, DF are each of them ^ven. 

The gnomon and its fides CE, DF may be found thus in the firft 
cafe, let H be die given fpace to which the gnomdn muft be made 
4. %5- tf. equal, and find <> a parallelogram fimilar to AB and equal to the 
figures AB and H together, and place its fid^ AE, AF from the 
point A, upon the ftraight lines AC, AD, and compete th^paralle- 
t. %s. s. logram AG, wliich is about the fiune diameter * vrlttr 'AB. becaufe 
therefore AG is equal to both AB and H, take away the comnxao 
part AB^ the remaining gnomon ECBDFG is eqtial to the remain- 
ing figure H. therefore a gnomon equal to H, and its fides CE, DF 
are found, and in like manner they ihay be f6lind in the other cafe, 
in which the given figure H muft be Ids than the %ure FE fi-om 
which it is to be taken. 

PRO^ 
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PROP. Lxxxra. V 58- 

IF a parallelogram equal to a given fpace be applied to 
a given ftraight line, deficient b;^ a parallelogram gi-^ 
Yen in fpecies ; the fides of the defeft are given. 

Let the paralleiogram AC equal to a given fpace be applied to 
the given firaght line AB, deficient by the pandlelogram BDCL 
given in fpecies ; each of the ftraight Unes CD, DB are given. 
' Biie^lABinE; therefore £B is ^ven in magnitude. uponEB 
deicribe * the parallelogram EF fimilar to DL and Cnuhrlj placed; *• '^' ^^ 
therefore £F is g^ven in fpecies, and is a- 

bout the lame diameter »> with DL ; let G H F ' *• ***^* 

BCG be the diameter^ and conftruA the 
figure, therefore becaufe the figure EF gi- 
ven in fpecies is defaibed upon the given 

ftraight line EB^ EF is given * in magnitude, a^ p^TliR * *^ ^' 
and the gnomon ELH k equaH to the gi- . j . an 

Ten figure AC, therefore ^ fince EF is dimmfflied by the g^ven gno^ «. 8a. Dat< 
mon ELH, the fides EK, FH of the gnomon are given, but £K is 
equal to DC, and FH to DB ; wherefore CD, DB are each of them 
given. 

This Demonftration is the Analyfis of the Problem in the 28. 
Prop, of Book 6. the conftruAion and Demonftration of wiiich 
Propofition is the Compofition of the Analyfis. and becaufe the gi* 
Fen fpace AC or its equal the gnomon ELH is to be taken from the 
figure EF defaibed upon the half of AB fimilar to BC, therefore 
AC muft not be greater than EF, as is Ihewn in the 27 . Prop. B. 6; 

1> k O P. LXXXIV. 5c^, 

IF a ptrallelogram equal to a given fpace be applied to a 
given ftraight Ime^ exceeding by a paralleiogram gt- 
Yen in fpecies; the fides of the excefs are given. 

Let the parallelogram AC equal to a ghren fpace be applied to 
the gjvcn ftraight line AB, exceeding by the parallelogram BDCL 
given in fpecies ; each of the ftraight lines CD, DB are g^ven. 

Biie£l AB in E ; therefore EB is given in magnitude, upon £B 
deicribe* the parallelogram EF fimilar to LD, and fimilarly placed ; a. id. 6* 
therefore EF is given in fjpecies, and is about the fame diameter^ with h,x6. 4s 

Ee LD. 
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LD. let CBG be the diameter, and con- 
ftruft the figure, thcnrfore becanfe the fi- 
gure £F given in fpecies is defcribed upon m 

the given ftraSght line EB, EF is given m**T 

KT.H is ft. L 
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PH 
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t. ss. Dat.jj^gnitude ^. and the gnomon ELH is c- v i r^ 

^•s^-^^ qual to the given figure <* AC ; wherefore Iv J-i C 

fince EF is encreafed^by the given gnomon ELH, its fides EK, FH 
: 8«. Dat. are given *. but EK is equal to CD, and FH to BD ; therefore CD, 
DB are each of them given. 

This Demonftration is the Analyfis of the Problem in the 19. 
Prop. Book 6. the conftruftion and Demonftraticm of which is th£ 
Compofition of the Analyfis. 

Cor. If a parallelogram g^cfl in fpecies be applied to a given 
ftraight line, exceeding by a parallelogram equal to a g^en fpace; 
the fides of the parallelogram are given. 

Let the parallelogram ADCE given in fpedes be applied to the gi- 

ten ftrarght line AB exceeding by the parallelogram BDCG equal to 

a given fpace ; the fides AD, DC of the parallelogram are gben. 

Draw the diameter DE of the parallelogram AC, and conftruft 

«• 45- « • the figure, becaufe the parallelogram AK is equal • to BC which if 

given, therefore AK is given, and BK is ^^ ^-% 

ir\ %4. ^. fimilar *> to AC, therefore BK is given in E GO 

fpecies. and fince the parallelogram AK 
given in magnitude is applied to the given « 
ftraight Hne AB, exceeding by the paralle- 
logram BK given in fpecies, therefore, by 
this Propofition, BD, DK the fides of the 
exccfs are given, and the ftraight line AB is given, therefore tht 
whole AD, as alfo DC to which it has a given ratio is given. 

P It O B. 
To apply a paraltelogrmn funilar to a given one to a given ftraig^ 
line AB, exceeding by a parallelogram equal to a given fpace. 
«. %^. 0. To the given ftraight line AB apply * the parallelogram AK c* 
qual to the given fpace, exceedmg by the parallelogram BK fimilar 
to the one given, draw DF the diameter of BK, and thro' the point 
A draw AE parallel to BF meetbg DF produced in E, and com- 
plete the parallelogram AC. 

The parallelogram BC is equal * to A^, that Is to the gjvcff 
fpace ; and the parallelogram AC is fimilar ^ to BK. therefore did 
paraUebgram AC is applisd to the firaigbc line AB jfimilar to the 





6rie giren tod escc^ding by the parallelogram BC which is equal to 
the given ipace. 

PROP. IXXXV. 841 

IF two ftraight lines cont^m a parallelogram given in 
magQimdey in a given angle; if the difference of the 
ftraight lines be given, they fhall each of them be given. 

. Le^ AB, BC contaia the parallelpgram AC given in magnitude,* 
in the ^ven angle ABC, and let the excefs of BC above AB be gi^ 
veoi ; each of the flraight lines AB, BC is given. 

Let DC be the given excefs of BC above BA, A E 
therefore the rei&ainder BD is equal to BA. 
comflete the parallelogram AD^ and bccauie 
AR is equal to. BD„ the ratio of AB to BD i»- 
given, and the angle ABD is given, therefore ■" U O 

the parallelogram AD is given in fpedes. and becaufe the given pa- 
raUebgram AC is applied to the given Araight line DC,'exceeding by 
the por^elogram AD given in fpecies, the fides of the excefs are 
given * ; therefore BD is given, and DC is given, wherefore the «• A4> &^< 
whole BC is given, and AB is given^ therefore AB, BC ^e each of 
them given. 

PROP. LXXXVI. 

IF two flraight lines contain a parallelogram given in *' 
magnitude, in a given angle; if both of them toge- 
ther be given, they fhall each of them be given. . . 

Let the two ffa*aight lines AB, BC contain the parallelogram AC 
ffv^ in magnitude, in the given angle ABC, and let AB, BC to^ 
gether be given ; each of the flraight lines AB, BC is given. 

Produce CB and make BD equal to BA, and complete the pa^ 
talklogram ABD£. becaufe DB is equal to BA, and the angle ABD 
^ven, becaufe the adjacent angle ABC is g^ven; fj jj^ 
the parallelogram AD is given in fpedes. and ' '"" 

becaufe AB, BC together are given, and AB Is 
equal to SD ; therefore DC is given, and be- 
caufe the given parallelogram AC is applied to U B C 
the gjlven ftraight line DC, deficient by the parallelogram AD given 
in fpecies, the fides AB, BD of the defeA are given ^. and DC is >. ii- Sii4 
given, wherefore the remainder BC is given ; and each of the 
itiaj|^t lines AB^ BC it therefore given^ 

Ee ^ PROP. 




43<J fi U C L I D'S 



1 



87. ^ PROP. Lxxxvn. 

F two ilraighc lines contain ^ parallelogram^ given id 
magnitude, in a given angle; if the excefs of the 
fqnare of the greater above the fquare of the leffer be gi- 
ven, each of the ftraight lines ftiall be given. 

Let the two ftraight lines AB, BC contain the g^ven parallelo^ 
gfam AC in the given angle ABC ; if the excefs of the fquare of 
BC above the fquare of BA be given ; AB and BC are each of 
them given. 

Let the given excefs of the fquare of BC above the fquare of BA 
be the reftanglc CB, BD ; take this from the fquare of BC, the re- 

a. ». s. mainder, which is * the refiangle BC, CD is equal to the fqnare of 

AB. and becaufe the angle ABC of the parallelogram AC is given, 
the latio of the -rectangle of the fides AB, BC to the paraUelognim 

b. tf». Dat. AC is given *» ; and AC is given, therefore the reftangle AB, BC is 

given ; and the reftangle CB, BD is given ; therefore the ratio of 

e. I. «. the reftangle CB, BD to the reftangle AB, BC, that is "" the ratio 
i. 54* Dat.of the ftraight line DB to BA is given ; therefore <» the ratio of the 

fquare of DB to the fquare of BA is given, 
and the fquare of BA is equal to the reft- 
angle BC, CD ; wherefore the ratio of the 
reftangle BC, CD to the fquare of BD is 
given, as alfo the ratio of four timtes the reft- JJ a U C 
0. 7. Dat. angle BC, CD 16 the fquare of BD ; and, by compofition *, thera-' 
tlo of f60r times' the reftangle BC, CD together with the fquare of 
BD to the fquare of BD is given, but four times the re<5tangle BCy 

f. s. ». CD together with the fquaic of BD is equal f to the fquare of the 

ftraight lines BC, CD taken together ; therefore the ratio of the 
fquare of BC, CD together to the fquare of BD is pven; where- 

g. sS.Dat. fore « the ratio of the ftraight line BC together with CD to Bjp is 
given, and, by compofiitiqu, th^ratio-ofBC together with CD and 
DB, that is the ratio of twioc BC to BD is given 9 therefore the ra- 
tio of BC to BD is given, rr$ alio ^ the ratio of the fquare of BC to 
the reftangle CB, BD. ^qt the re(5langie CB^ BD is given, being 
the given exocfs of tb^ £:][uarcs of BC» B A ; therefore the iquare of 
BC, and the ftraight; iinc BC i? given, and the ratio of BC to BD^, 

h, f, Dat. as alfo of BD toBA has »bpea fhewn^to be^giren ; therefore ^ the 
ratio of BC to BA is giveuT ^d BC h given^ wjicrcfore BA is 
given. The 
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The preceedlng Demonftration is the Analyfis of this Problem, 
Viz. 

A parallelogram AC which has a given angle ABC being given 
in magnitude, and the excefs of the fqnare of BC one of its fides 
above the fquare of thcother BA being g^ven ; to find the fides, and 

The Compofition is as follows. 

Let EFG be the given angle to which the angle ABC is required 
to be equal, and from any point E in FE draw EG perpendicular 
to FG ; let the reftangle EG, GH be 
the given fpace to which the paralle- 
logram AC is to be made equal ; and 
the reftangle HG, GL be the given 
excefs of the fquares of BC, BA. 

Take, in the ftraight line GE, GK p /* j" O HN 
equal to FE, and make GM double of 

GK ; join ML, and in GL produced take LN equal to LM, bifeft 
GN in O, and between GH, GO find a mean* proportional BC, as 
OG to GL, fo make CB to BD ; and make the angle CBA equal to 
GFE, and as LG to GK, fo makcDB toBA; and complete the pa- 
rallelogram AC. AC is equal to the reftangle EG, GH, and the ex- 
cefs of the fquares of CB, BA is equal to the re^angle HG, GL, 

Becaufe as CB to BD, fo is OG to GL, the fquare of CB is to 
the reftangle CB, BD, as • the reftangle HG, GO to the reftangle ». i. tf. 
HG, GL. and the fquare of CB is equal to the rcftangle HG, GO, 
becaufe GO, BC, GH are proportionals ; therefore the reftangle 
CB, BD is equal «> to HG, GL. and becaufe as CB to BD, fo is b. 14. |. 
OG to GL, twice CB is to BD, as twice OG, that is GN, to GL; 
and, by divifion, as BC together with CD is to BD, fo is NL, that 
is LM, to LG. therefore *= the fquare of BC together with CD is c. »». 6. 
to the fquare of BD, as the Iquare of ML to the fqnure of LG. , 
but the fquare of BC and CD together is eqtial ^ to four times the d. 8. ». 
•feftaagle BC, CD together with the fquare of BD ; therefore four 
times the reftangle BC, CD together with the fquare of BD is to 
the fquare of BD, as the fquare of ML to the fquare of LG. and, 
by divifion, four times the reftangle BC, CD is to the fquare of BD, 
as the fquare of MG to the fquare of GL ; wherefore the reftangle 
BC, CD is to the fquare of BI), as (the fquare of KG the half of 
MG to the fquare of GL, that is as) the fquare of AB to the fquare 
of BD, becaufe as LG to GK, fo DB was made to BA. therefore ^ 
the'reftangle BC, CD is equal to the fquare of AB ; to cacli of thcfe 
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add the rcfbngle CB» BO, and the fqnare of BC becomes e^val td 
the fquare of AB together with the rcftangle CB, BD. therefore 
this reAangle, that is the given reftangle HG» GL is dte exotfs of 
the fquares of BC, AB. from the f)oint A draUr AP perpem&uiar 
to BC, and becaufe the angle ABP is equal to the angle EFG, tbe 
triangle ABP is equiangular to EFG. and f>B was made to BA, as 
LG to GK, therefore as the reftanglc CB, BD to CB, B A, fo is the 
re£bngle HG, GL to HG, CK ; and as the rectangle CB, BA tq 
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AP, BC, fo is (the ftraight line BA to AP, and fo is FE or GK to 
EG, and fo is) the rqftangle HG. GK to HG, GE ; therefore, ex 
aequali, as the re(5Vangle CB, BD to AP, BC, fo is the re^hmgle 
HG, GL to EG, GH. and the rcftangle CB, BD is equal to HG, 
GL, therefore the rectangle AP, BC, that is the parallelogram AC 
is equal to the given reAangle EG, GH. 

N. PROP. JLXXXVin. 

TF two ftraight lines contain a parallelogram given m 
•^ magnitude, in a given angle ; if the fum of ihe fquares 
of its fides be giTen, the fides {hall each of them be gi- 
ven. 

Let the two ftraight lines AB, BC contain the par^elogram 
ABCD given in magnitude in the given angle ABC, and let the fum 
of the fquares of AB, BC be given ; AB« BC are each of them 
^iven. 

Firft, let ABC be a right angle ; and becaufe twice the rectangle 
contained by nvo equal ftraight lines is equal to both their fquares; 
but if two ftraight lines are unequal, twice the reft- ^ |^ 

angle contained by them is lefs than the fum of their **j r^ 
fquares, as is evident from the 7 . Prop. B. 2. Elem. -p i \ y% 
therefore twice the given fpace, to which fpace the . 
reAangle of which the fides are to be found, is equal, muft not be 
greater than the given fum of the fquares of the fides, and if rynqp 
' that 
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diat fpace be equal to the given fam of the fquares, the nde$ of the 
refbtngle muft aeceflarily be equal to one another, therefore in this 
cafe defcribe a fquare ABCD equal to the given rectangle, and its 
iides ABy BCare thofe which were to be found, for the redlangle 
AC is equal to the given fpace, and the fum of the fquares of its 
fides AB, BC is equal to twice the reflangle AC, that is, by the 
hypotheiis, to the given fpace to which the fum of the fquares was 
required to be equal. 

But if twice the given reAangle be not equal to the given fum 
of the fquares of the fides, it muft be lefs than it, as has been 
fiiewn. Let ABCD be the reAangle, join AC and draw BE 
perpendicular to it, and complete the re£hmgle A £ B F, and de- 
fcribe the circle ABC about the triangle ABC ; AC is its dia-aCor.5.4. 
meter *. and becaufe the triangle ABC is fimilar ^ to A£B^ as AC b. 8. 6. 
toCB, fo is AB to BE ; therefore the reftangle AC, BE is e- ' 
qual to A B, B C ; and the reftangle A B, B C is given, wherc-r 
fore AC, BE is given, and becaufe the fum of the Squares of AB, 
BCls given, the fquare of AC which is equal * to that fum is gi- c. 47. i. 
ven ; and AC itfelf is therefore given in magnitude, let AC be like- 
wife given in pofition, and the point A ; y^ 1^ 
therefore AF is given ^ in pofition. and the >r\iK^ I ^. 3*-I^at' 
redlangle AC, BE is g^ven, as has been 

(hewn, and AC is given, wherefore ^ BE is rjk^/ "^"^ — «• ^»* ^*'* 
given in magnitude, as alfo AF which is B 
equal to it ; and AF is alfo given in pofi- 
tion, and the point A is given ; wherefore f -; jt \^\ ^' ^^' ^**' 

the point F if given,, and the ftraight line x JL J-« 

FB in pofition «. and the circumference ABC is given in pofition, g- 3«- Dat. 

wherefore >» the point B is given, and the points A, C are given ; *^»8. Dat. 

therefore the (braight lines AB, BC are given » In pofition and mag- >• »p- Dat. 

oitude» 

The fides AB, BC of the reAangle may be found thus ; let the 
l-eAangle GH, GK be the given fpace to which the reftangle AB, 
BC is equal ; and let GH, GL be the given rectangle to which the 
fum of the fquares of AB, BC is equal, find ^ a fquare equal to k. 14. *• 
the reffamgle GH, GL, and let its fide AC be given in pofition ; 
upon AC as a diameter defcribe the femicircle ABC, and as AC to 
6H, fo make GK to AF, and from the point A place AF at right 
angles to AC. therefore the reftangle CA, AF is equal ^ to GH, i- i*- tf- 
GK.} andj by the bypothefis, twice the redangle GH, GK is kfs 
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thzn GH, CL, that is tfian the fqaare of AC ; wherefore twice die 
reftangle CA, AF is lefs than the fquare of AC, an^ the refbn^e 
CA, AF itfelf lefs than half the fqaare of AC, that is than the red- 
angle contained by the diameter AC and its a yj 
half; wherefore AF is kfs than the femidia* ~ 
meter of the circle, and confequently the 
ftraight line drawn thro* the point F paral- ^4 
lei to AC mufl meet the circumference in 
two points, let B be either of them, and 
join AB, BC and complete the reftangle _7" 
ABCD; ABCD is the reftangle which was " 
to be found, draw BE perpendicular to AC; therefore BE is c- 
m. 34. t. qual " to AF, and bccaufe the angle ABC in a {emicircle is a right 

b. 8. tf. angle, the reftangle AB. BC is equal b to AC, BE, that is to the 

reftangle Cx^i, AF which is equal to the glvetf reftangle GH, GK. 

c. 47. I. and the fquares of AB, BC are together eqwl *^ t» the fquarc of AC, 

* 

that is to the given reftangle GH, GL. 

But if the given angle ABC of the paraUel<^am AC be not a 
right angle, in this cafe becauie ABC is a given angle, the ratio of 
the reftangle contained by the fides AB, BC to the parallelogram 
ji. tfi. Dat. AC is given « ; and AC is given, theiefore the reftaiigte AB, BC is 
given, and the fum of the f<jiiares of AB, BC is given ; therefore 
the fides AB, BC are grren by the proceeding oife. 

The fides AB, BC and the parallelogram AC may,be found thii$. 
let EFG be the given an^e of the parallelogram, and from any 
point E in FE draw EG perpendicular to FC. "ad let the reftao^ 
EG, FH be the given fpace to which the paraUelogFW is to be made 
equal, and let EF, Fit be tie given rj^ftanglo A' T% 

to which the fum of the fquares of the Ades is 
to be equal, and, by the preccediog ca^, ; find 
the fides of a reftangle which is equal to the 
' given reftangle EF, FH, and the fqoares of the 
fides of which ar^ tgge^er- equal to tbiq given 
reftangle £F, FK, therefore, as was ihewn in 
^hat cafe, twice the reftangle.EF, FH muft not 
be greater than the reftangle EF, FK ; let it be 
fo,^ and let AB, BC be the fides cf the refta&gle 
joined in the angle ABC equal to the given 
angle EFG; and complete the parallelogram ABCD, whicfawiUfce 
that which was to be found, (kaw 4J^ perpendicular to BC^ and 

becaufe 
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iiecaiife the angle ABL isf equal to EFG, the triangle ABL is equi; 
angular to EFG. and the paraUelbgram AC, that is the reAangle 
AL, EC is to the reftangle AB, BC as (tlie ftraight line AL to AB, 
that is as EG to EF, that is as) the reftangle EG, FH to EF, FH, 
and, by the coiiftniftion, the reftangle AB, BC is equal to EF, FH, ' 
therefore the rectangle AL, BC, or, its equal, the parallelogram AC 
is equal to the given re&angle EG, FH. and the fquares of AB, BC 
are together equals by conftruAion, to the given rectangle EF, 
FK. 

PROP. LXXXIX. 86, 

TF two flraight lines contain a givicn parallelogram in a . 

given anglc^ ^9d if the excefs of the fquare of one of 
ch^m aboye ^ given fpace has a given ratio to the fquare 
of the other; e&ch of the ftraight Imiss (hail be given. 

Let the two Araight lines AB, BC contain tfie given parallelogram 
AC ifl the given angle ABC, and let the excefeof the fquare of BC 
above a given fpace have a given ratio to the fquare of AB ; each of 
the fh^ight lines AB, BC is given. 

Becaufe the excef$ of the fquape of BC above a given fpacfe has a 
given ratio to the fquare of BA, let the rcftangle CB, BD be the 
given f^»ace ; take this from the fquare of BC, the remainder, to wit, 
the redhmgle * BC, CD has a given ratio to the fquare of B A. draw 
AE perpendicular to BC, and let the fquare of BF be ^quol to the 
refiaogle BC, CD. then becaufe the angle ' -p 

A9C as alfo BEA is ghttn, the triangle ABE i^ j^ 

given ^ in fpcdes, and the ratio of AE to AB / y 



a. ». »< 
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given, and becaufe the ratio of the reftangte 

BC, CD; that is of die fqusro of BF to the B ED C 
fquare of BA h given, the ra^ of the ftraight line BF to BA is gi- 
ven *. znd the ratio of AE to* AB is given, wherefore <* the ratio of ^ '*• P*'* 
AE to BF is given, as alio the ratio of the reftangle AE, BC, that ^' ** ^^^ 
is « of the parallelogram AC to the refVangle FB, BC ; and AC is «• 3S* << 
g^ven, wherefore the reAangle FB, BC Is given, and the excefs of 

the fquare of BC above the fquare of 'BF, that is above the reA- 
anglie BC, CD is given, fcM: it is equal * to the given redbngle CB, 

BD. therefore becaufe the reAangle contained by the ftraight lines 
FB, BC is g^ven, and alfo die cxoefs of the fquare of BC above the 

fquare 
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r. %f. Du. fquare of BF; FB, BC are each of them ^veQf. and the ntioof 
FB.to BA is giveo ; therefore AB, BC are g^ven. 

The Compofitioa is as follows. 
Let GHK be the given angle to which the angle of the paralldo- 
gram is to be made equal, and from any point G in HG draw GK 
perpendicular to HK ; let GK, HL be the -^ 
reftangle to which the parallelogram is to be -JV 
made equal, and let LH, HM be the reAangle, y 



equal to the given fpace which is to be taken 
fron^ the fquare of one of the fides ; and let the H IvM li 

ratio of the remainder to the fquare of the other fide be the fame 
with the rado of the fquare of the given ftraight line NH to the 
fquare of the given ftraight line HG. 

By help of the 87 . Dat. find two ftraight lines BC, BF which 
contain a reAangle equal to the given reAangle NH, HL, and fuch 
that the excefs of the fquare of BC above the p 
fquare of BF be equal to the given reflangle A / 



LH-, HM ; and join CB, BF in the angle FBC / 7 

equal to the given angle GHK. and as NH to / *• » / 



HG, fo make FB to B A, and complete'the pa- B E D C 
rallelpgram AC, and draw A£ perpendicular to BC. then AC is 
equal to the reAangle GK, FIL ; and if from the fquare of BC, the 
given reAangle LH, HM be taken, the remainder fliall have to the 
fquare of BA the fame ratio which the iquare of NH has to the 
fquare of HG. . 

Becaufe, by the conftrufHon, the iquare of BC is equal to the 
fquare of BF together with the reAangle LH, HM; if from die 
Iquare of BC there be taken the re^fbangle LH, HM, there remains 

t* M* <• ^c fquare of BF which has ^ to the fquare of BA the (ame rado 
which the fquare of NH has to the iqnare of HG, becauie as NH to 
HG, fo FB was made to B A ; but as HG to GK, foisBAtoAE, 
becaufe the triangle GHK is equiangular to ABE ; therefore, ex ae- 

K i. «. quali, as NH to GK, fo is FB to A£. wherefore ^ the reftao^e 
NH, HL is to the reAang^e <GK, HL, as the redfamgle FB, BC to 
A£, BC. but, by the conftnidlioD, the redaogle NH, HL is equal 

fc.14.5. loFB, BC; therefore k the reftangLe GK, HL is equal to the reft- 
angle A£, BC, that is to the parallelogram AC. 

The Analyfis <^ this Problem might have been made as in the 
86. Prop, in the Greek, and the compofitioQ of i^ Biajr be made as 
Chat which is in Prop. 87* of this Editkxi. 

PROP. 
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P R O P. XC. d. 

F two ftraighc lines contain a given parallelogram in a 



given angle, and if the fquare of one of them be given 
together with the fpacc which has a giveb ratio to the 
fqaare of th^ other ; each of the ftraighc lines {hall be 
given. 

Let the two ftraight lines A6, BC contain the givte |iaraUelogram 
AC In the given angle ABC, and let the fqaare of BC be g^ven to- 
gether with the fpace which has a given ratio to the fquare of AB ; 
AB, BC are each of them given. 

Let the fquare of BD be the fpace which has die given ratio to 
the fquare of AB ; therefore, by the hypothefis, the fquare of BC 
together with the fquare of BD is g^^'en. from the point A draw 
AE perpendicular to BC, and becaufe the angles ABE, BEA are gi- 
ven, the triangle ABE is given ■ in fpedes; thdtfole the ratio of •• 4j. Di*» 
BA to AE is ^ven. and becaufe die ratio of the fquare of BD to 
.the fquare of B A is given, the rado of the ftraight line BD to B A is 
given *> ; and the ratio of BA to AE is given, th^efore ^ the ratio of '*• *'• ^*" 
AE to BD is given^ as alfo die ratio of die reftangle AE, BC> diat ^' ^' ^^' 
18 of the parallelogram AC to the reftangle DB, BC. and AC is gi- 
ven, therefore the reftangle DB, BC is given •, a^d the iquare of BC 
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together with the fquare of BD is given, therefore ^ becaufe the 4» ••• !>*• 
reftangle contained by the two ftraight lines DB, BC is given, and 
the fum of their fquares is given ; the ftraight lines DB, BC are 
vadi of diem g^ven. and the ratio of DB to B A is given; therrfore 
AB, BC are given. 

The Compofition is as fcdlows. 
Let FGH be the g^ven angle to which the angle of the parallelo- 
gram is to be made equal, and from any point F in OF draw FH 
perpendicular to GH ; and kt the reftangle FH, GE be that to 
which the paralklo^ram is to be made equal ; and let the reftaagle 
KG^ GL be the iQpace to which the (quare of one of the fides of the 

paraUelo* 
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parallelogram together with the fpace which has a given ratio to the 
fquare of the other fide, is to be made equal ; and let this givoi ra- 
tio be the fame which the fquare of the given (fa*aight line MG has 
to the fquare of GF. 

By the 88. Dat. find two ftraight lines DB, BC which contain a 
rectangle equal to the given re£langle MG, GK» and fuch that the 
fum of their fquares is equal to the given reftangle KO, GL. there- 
fore, by the determination of the Problem in that Proportion, twice 
the re6langle MG; GK muft not be greater than the redlangle KG, 
GL. let it be fo, and join the ftraight lines DB, BC In the angle 
DBC equal to the given angle FGH. and as MG te GF, fo make 
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DB to BA, and complete the parallelogram AC. AC is equal to 
the reftangle FH, GK ; and the fquare of BC together with the 
fquare of BD which by the conftruftion has to the fquare of BA 
the given ratio which the fquare of MG has to the fquare of GF, is 
equal, by the conftruAion, to the given reftangle KG, GL. Draw 
AE perpendicular to BC. 

Becaufe as DB to B A, fo is MG to GF ; and as B A to AE, fo 
GF to FH ; ex aequali, as DB to AE, fo is MG to FH. therefore 
as the reftangle DB, BC to AE, BC, fo is the rcftangle MG, GK 
to FH, GK. and the reftangle DB, BC is equil to the reiJlanglc 
MG, GK ; therefore the reftangle AE, BC, thit is the parallelo- 
gram AC, is equal to the reftangle FH, GK. 

88. PROP. XCL 

IF a ftraight line drawn within a circle given in magni« 
tude cuts off a fegment which contains a given angle ; 
the ftraight line is given in magnitude. 

In the circle ABC given in magnitude, let the ftraight lipe AC 
be drawn cutting t>fr the fegment AEC which contains the ^ven 
angle AEC; the ftraight line AC is given in in^ignitude» 
«*i-3. Take D the center of the drck % join AD and prodooe it to E» 

and 
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%nd join EC. the angle ACE bdng a right ^ 
angle is given ; and the angle AEC is given ; 
therefore ^ the triangle ACE is given in fpe- 
cies, and the ratio of EA to AC is therefore 
^ven, and EA is given <* in magnitude, be- AJ 
caufe the circle is given in magnitude; AC is 
therefore given * in magnitude. 

PROP. XCIt. 89 

TF a {traight lln^ given, in magnitude be draWa within a 
-■^ circle given in magtiitudt ; it {hall cut off a fcgmcnt 
containing a given angle. 

Let the (Iraight line AC given in magnitude be drawn within the 
drde ABC given in magnitude ; it ihall cut off a fegment contain- 
ing a given angle. 

Take D the center of the circle, join AD jj 
and produce it to £, and join EC. and be- 
caufe each of the ftraight lines EA, AC is gi- / D. 
ven, thdr ratio is given ■ ; and the angle ACE 
is a right angle, therefore the triangle ACE is ^ 
given *» in fpecies^ and confequently the angle 
AEC is given. 




a. I. Dat^ 
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• PROP; XCIII. 90, 

TF from any point in the circumference of a circle given 
in pofition two ftraight lines be drawn meeting the 
circumference. and containing a given angle; if the point 
in which one of them nncets the circumference again be 
given, the point in which the other meets it is alfo given. 

From any point A in the circuihference of a circle ABC given in- 
pofition, let AB, AQ be drawn to the circuniferexKe making thcgjir 
Tea angle B AC ; if the point B be given, the 
point C is alfo given. 

Take D the center of the circle, and join 
BDi DC. and becaufe each of the points B, 

D is given, BD is given • in pofidon. and be- 'w^^^^^'^^jC *' *^* ^^ 
caufe the angle BAC is given, the angle BDC 

hffvmK therefore becaufe the Ihraight line ^^^ "" ^^ b.»o.s. 

' DC 
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DC is drawa to the givea poiot D ift die ftn^ght lioeBD ^Mofld 
c ift. Dat. po/itioQ In the given angle BDC» DC i$ givee ^ in pofiUoii. and iho 
4. sc Dit.circuoiferenoe ABC is given in pofition, therefore ^ diia pdnt C ift 

given. 



r 




91. PRO P. XCIV. 

F from a given point a ftraight line be drawn touching 
a circle given in pofition ; the ftraight line is given in 
pofition and magnitude. 

Let the ftraight line AB be drawn from the given point A touch* 
ing the circle BC ^ven in pofition ; AB is given in pofitioQ and 
magnitude. 

TakfiDtheoentcrof thedrde,«idjoiaDA,DB. becaufeeack 

r 

of the points D, A is given, the ftraight 

«. %9. DtLliae AD is given * in pofition and magni- 

b. iS. 3. tude. and DBA is a right ^ angle, where- 

t.Cor. 5. 4. fore DA is a diameter ^ of the circle DBA 

defcribed about the triangle DBA; and 
4 €, Drf. that circle is therefore given ^ in poiidon. 

and the circle BC is ^ven in pofition, there- 
«. >t. Dtf.fore the point B is ^ven *. the pcrint A is alfo given; therefcxc the 

ftraight Ime AB is given * in pofition and magnitude. 

92. PROP. XCV. 

TF a ftraight line be drawn from a given point without i 
circle given in pofition ; the re&angle contained by 
the fegments betwixt the point and the drcumfercnce of 
the circle is given* 

Let the ftraight line ABC be drawn from the given point A wi^ 

dot the circle BCD ^ven in pQfitieB> <ut^ 

ting it iix B, C ; the re£faa^ BA« AC h 

given. 
4. tt. t- Froni the pdnt A draw ' AD touching C| 
1. 94. Dat. the circle ; therefore AD is given ^ in pofi- 

don and magnitude, and becaufe AD ia 
€. 5tf. Bit. given, xh& fquare of AD is gjucn ^ which is 
^3tf«3* equal <^ to the reftangie BA« AC. tllfl(e<m ^ Itifi8li(|^ B 

PROF. 
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PROP, XCVIi 93. 

TF a ftraight line be drawn thro' a given point withm a 
circle given in pofition, the reftangle contained by the 
fegments betwixt the point and the circumference of the 
circle is given. 

Let the ftraight line B AC be drawn thro' the given point A with- 
in the circle BCE given in pofition ; the rectangle BA, AC is ^ven. 

Take D the center of the circle, join AD 
and prodaoe it to the points E, F. becaufe 
the points A, D are given, the ftraight line 

AD is given • in pofition ; and the circle BEC [ 1^ )_ a. ty. Dgi. 

IS given in pofition ; therefore the points E, 

F are given *>. arid the point A is given, |?< ^ ^ ^ b. &8. Dit« 
therefore EA, AF are each of them given • ; 

and the reftangle EA, AF is therefore given ; and it is equal * to c. ||. $. 
the reOangle BA, AC which confequendy is given. 




PROP. XCVII. 

IF a ftraight line be drawn within a circle given in mag- 
nitude cutting off a fegmcnt containing a given angle; 
If the angle in the fegmcnt be bifefted by a ftraight line 
produced till it meets the circumference, the ftraight lines 
Ivbich contain the given angle ftiall both of them together 
have a given ratio to the ftraight line which bifeds the 
angle, and the reftangle contained by both thefe lines to« 
gether which contain the given angle, and the part of the 
bifeding line cut o^ below the bafe of the fegment, £hall 
be given. 

Let the ftraight Une BC be drawn within the cirde ABC g^vcA 
fa magnitude cutting ofFa fegmeat containihg the g^ven angk BAC^ 
and let the angle BAC be bifefted by thejp 
ftraight tioe AD ; B A together widi AC 
has a g^Ven ratio to AD ; and the reft* 
angle conouned by BA and AC together^ 
and the ftraight Ime ED cut elF from AD l^lfcr^^' — '^C 

bdow BC die bafe ef the fi^Hiac&ti isgt^ 
Yen. 

Jok 
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Join BD ; and becaufe BC is drawn mAin the circle ABC giveft' 
in magnitude cutting ofT the fi^gment BAC oontaining the g^ven 
m. 91. Dae. angle BAC ; BC is given * in magnitude* by the lame reafon BD 
h. I. Dtt. is given ; therefore ^ the rado of BC to BD is given, and becaufe 
c. 3. 6. the angle BAd is bifcded by AD, as BA to AC, fo is * BE to EC; 
4. ix. 5. and, by permutation, as AB to BE, fo is AC to C£ ; wherefore ^ 
as B A and AC tpgether to BC, fo is AC to CE. and becaufe the 
angle BAE is equal to EAC, and the^ 
e.»i.3. angle ACE to* ADB; the triangle ACE 
' is equiangular to the triangle ADB; 
therdbre as AC to CE, fo is AD to DB. 
but as AC to CE, fo is BA together with 
AC to BC; as therefore BA and AC ta 
BC, fo is AD to DB ; and, by permuta- 'O 

tion, as BA and AC to AD, ib is BG to BD. and the ratio of BC 
to BD is given» therefore the ratio of BA together with AC to AD 
is given. 

Alio the reAang^e contained by BA and AC together, and D£ is 
given. 

Becaufe the triangle BDE is equiangular to the triangle ACE, a9 
BD toDE, fois AC toCE; andasAC toCE, fo is B A and AC to 
BC ; thefefore as BA and AC to BC, fo is BD to DE. wTierefore 
the refbngle contained by BA and AC together, and DE is equal to 
the reftanglc CB, BD. but CB, BD is given ; therefore the reft- 
angk contained by B A and AC together, and DE is given. 

Otherwife.' 
Produce C A and make AF equal to AB, and join BF. and be* 
«.f .ana3».cau{e the angle BAC is double * of each of the angles BFA, BAD, 
'* the angle BFC is equal to BAD ^ and the angle BCA is equal to 
BDA, therefore the triangle FCB is equiangular to ADB. as there- 
fore FC to CB, fo is AD to DB, and, by permutation, as FC, that 
is BA and AC t<^ther to AD, fo is CB toBD. and the ratio of CB 
to BD is giveuy thertfcx-e the ratio of BA and AC to AD is g^ven. 

And becaufe the angle BFC is equal to the angle DAC, that is 
to the angle DBC, and the angle ACB equal to the angle ADB ; 
the triangle FCB is equiangular to BDE^ as therefore FC to CB, fo 
b BD to DE ; therefore the reAangld contained by FC, that is 
BA and AC together, and DE is equal to the refbngle CB, BD 
which is given, and therefore the reAafijgle contained by BA, AC 
together, and DE is ffvea. 

PROF. 
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PROP. xcvm. p. 

IF a ftraight line be drawn within a circle given in mag- 
nitude cutting off a fegment containing a given angle; 
if the angle adjacent to the angle in the fegment be bi- 
fcftcd by a ftraight line produced till it meet the circum- 
ference again and the bafe of the fegment j- the excefs of 
the ftraight lines which contain the given angle fiiall have 
a given ratio to the fegment of the bifeftirig line which is 
within the circle ; and the rcflangle contained by the 
fame excefs and the fegment of the bifefting line betwixt 
the bafc produced and the point where it again meets the 
circumference, fliall be given* 

Let the ftraight line BC be drawn within the circle ABC given 
lA magnitude cutting oiTa fegment contaioing the given angle BAC» 
and let the angle CAF adjacent to BAC be bifefted by the ftraight ' 
line Dx^E meeting the circumference again in D, and BC the bafe 
of the fegment produced in £ ; the excefs of BA> AC has a given 
ratio to AD ; and the re^angle which is contained by the fame ex- 
cels and the ftraight line ED, is given. 

Join BD, and thro' B draw BG parallel toDE meeting AC pro- 
duced in G. and becaufc BC cuts off from the circle ABC given in 
magnitude the fegment BAC contain- 
ing a given angle, BC is therefore gi- 
ven * in magnitude, by the fame rea- / / ^^^^^^"^ ** ^'* ^**' 
fon BD is given, becaufe the angle 
BAD is equal to the given angle ^ 
EAF; therefore the ratio of BC ta^ 
BD is ^ven. and becaufe the angle 
CAE is equal to EAF, of which "^G 
CAE is equal to the alternate angle AGB, and EAF to the in-» 
terior and oppofite angle ABG ; therefore the angle AGB is^ 
equal to ABG, and the ftraiglu line AB equal to AG ; fo that 
G C is the excefs of B A, AC. and becaufe the angle B G C is 
equal to GAE, that is to EAF, or the angle BAD ; and that the 
angle BCG is equal to the oppofite interior angle BDA of the qua- 
drilateral BCAD in the circle j therefore the triangle BGC Is cqui- 

F i angular 
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angular to BDA. therefore as GC to CB, fois AD toDB, and, by 
permutation, as GC, which is the cxcefs of BA, AC to AD, lb is 
CB to BD. and the ratio of CB to BD 
is given ; therefore the ratio of the cx- 
cefs of BA, AC to AD is given. 

And becaufe the angle GBC is equal 
to the alternate angle DEB, and the 
angle BCG equal toBDE; the tri-^ 
angle BCG is equiangular to BDE. 
therefore as GC to CB, fo is BD to 
DE, and confequcntly the reftangle GC^ DE is equal to the reft- 
angle CB, BD which is given, becaufe its fides CB, BD are given, 
therefore the reftangle contained by the excefs of B A, AC and the 
ftraight line DE is given. 

55- PRO P. XCIX. 

TF from a given point in the diameter of a circle given in 
pofition, or in the diameter produced* a ftraight line 
be drawn to any point in the circumfere,nce, and from 
that point a ftraight line be drawn at right angles to the 
firft, and from the point in which this meets the circum- 
ference again, a ftraight line be drawn parallel tothefirftj 
the point in which this parallel meets the diameter is gf- 
Ten; and the rcftangle contained by the two parallels is 
given. 

In BC the diameter of the circle ABC given in pofition, or in 
BC p;-oduced, let the given point D be taken, ami from D Ict^a 
ftraight line DA be drawn to any point A in the circumference, snd 
let AE be drawn at right angles to DA, and from the point E where 
it meets the circumference again let EF be drawn parallel to DA 
meeting BC in F; the point F b given, as alfo the reftanglc AD, 
EF. 

Produce EF to the circumference hi G, and join AG. becasfe 

•. Cor. s« 4'GEA is a right angle, the ftraight line AG is' * the diameter of the 

drcle ABC ; and BC is alfo a diameter of it ; therefore the point H 

where they meet is the center of the circle, and confequently H is 

given, and the point D is given, wherefore DH is ^ven in magni* 

tude« 
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tttde. and becanfe AD is parallel to FG, and GH eqnal to HA ; DH 

is eqod ^ to HF, and AD equal to GF. and DH is given, thers« b. 4. ^. 





fere HF is given in magnitude ; and it is alfo given In pofition» and 

the point H is given, therefore ^ the point F is givenl c. 30. ]>b& 

And bccaufe the ftraight line EFG is drawn from a given point 
|F without or within the circle ABC given in pofitlon, therefore^* ^ 9S- 0/ 
ithe rcftangle EF, FG is given, and GF is equal to AD, wherefore ^^' ^^ 
[the rejlangle AD, EF is given. 



P R O P. C. 

TF from a given point in a ftraight line given in pofition, 
a ftraight line be drawn to any point in the circumfe- 
rence of a circle given in pofition ; and from this point a 
ftraight line be drawn making with the firft an angle e- 
qnal to the difference of a right angle and the angle con* 
tained by the ftraight line given in pofition, and thtf 
ftraight line which joins the given point and the center of 
the circle; and from the point in which the fecond line 
meets the circumference again, a third ftraight line be 
drawn making with the fecond an angle equal to that 
which the firft makes with the fecond. the point in which 
this third line meets the ftraight line given in pofition is 
given ; as alfo the reftangle contained by the firft ftraight 
line and the fcgment of the third betwixt the circumfe* 
rencc and the ftraight line given in pofition, is given. 

■ Let the ftraight line CD be drawn from the given point C in the 

' ftraight line AB given in pofition, to the circumference of the circle 

DEF given In pofition of which G is the center ; join CG, and 

F f a fren! 
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from the point D let DF be drawn making the angle CDF equd 
to the difference of a right angle and the angle BCG, and from the 
point F let FE be drawn making the ang^e DFE equal to CDF, 
meeting AB in H. the point H is given ; as alfo the reftangle CD, 
FH. 

Let CD, FH meet one another in the 

point K from which draw KL perpendi-? 

cuJar to DF ; and let DC meet the cir- 

. cumference again in M, and let FH meet 

the fame in E, and join MG, GF, GH. 

Bccaufe the angles MDF, DFE are c- 
qua! to one another, the circumferences 

a. 15.3. MF, DE are equal*; and adding or 

taking away the common part ME, the 
ckcu;nference DM is equal to EF ; there- 
fore the ftraight Ikie DM is equal to the 
ftraight line EF, and the angle GMD to 

b. t. f . the angle ^ GFE ; and the angled GMC, 

GFH are equal to one another, becaufe 
they are cither the fame with the angles 
GMD. GFE, or adjacent to them, and 
becaufe the angles KDL, LKD are toge- 

c. 3». f. ther equal* to a right angle, that is, by 

the hypothefis, to the angles KDL, GCB; 
the angle GCB or GCH is equal to the A C HB 

angle (LKD, that is to the angle) LKF or GKH. therefore the 
points C, K, H, G are in "the circumference of a circle ; and the 
angle GCK is therefore equal to the angle GHF ; and the angle 

i. 45. 1. GMC is equal to GFH, and the ftraight line GM to GF ; therefore* 
CG is equal to GH, and CM to HF. and becaufe CG is equal to 
GH, tlic angle GCH is equal to GfIC ; but the angle GCH Is given, 
therefore GHC is given ; and confequently the angle CGH is given. 

«. i%, Dat and CG is given in pofition, and the, point G ; therefore * GH is 
given in pofition ; and CB is alfo given in pofition, wherefore the 
point H is given. 

And becaufe HF is equal to CM, the reftangle DC, FH is equal 

t f ?.or ptf to DC, CM. but DC, CM is given f, becaufe the point C is given; 
^*'* therefore the reftangle DC, FH is given. 
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DEFINITION II. 

THIS is made more explicit than in the Greek text, to pre* 
vent a miflake which the Author of the fecond Demonftra- 
don of the 24th Propofition in the Greek Edition has fallen into, 
lof thinking that a ratio is given to which another ratio is (hewn to 
be equal, tho* this other be not exhibited in given magnitudes. See 
the Notes on that Propofition which is the 13th in this Edition, 
befides by this Definition, as it is now g^ven, ibme Propofitions are 
demonflxatedy which in the Greek are not fo well done by help of 
Prop. 2. ' 

D E F. IV. 
la the Greek text Def. 4. is thus ** Points, lines, fpaces and 
" angles are faid to be given in pofition which have always the fame 
" Situation." but this is imperfeA and ufclefs, bccaufe there are in- 
numerable cafes in which things may be given according to this De* 
finitioo, and yet their pofition cannot be found, for inflancc, let 
the triangle ABC be g^ven in pofition, and let it be propofed to 
draw a (Iraight line BD from the angle at /^ 

B to the oppofite fide AC which fhall cut 
off the angle DBC which fhall be the fe- 
venth part of the angle ABC. fuppofe this -^ ^ 

is done, therefore the flraight line BD is *^ ^ 

invariable in its pofition, that is, has always the fame fituatlon ; for 
any other flraight line drawn from the point B on either fide of BD 
cuts off an angle greater or leffcr ihan the feventh part of the angle. 
ABC; therefore, according to this Definition, the flraight line BD 
is given in pofition, as alfo ^ the poir^t D in which it meets the a. tS. Dae, 
Araight line AC which is given in pofition. but from the things 
here given, neither the ftraight line BD nor the point D can be 

F f 3 found 
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found by the help of Euclid's Elements only, by which every thing 
in his Data is (iippofed may be found, this Definition is therefore of 
no ufe. we have amended it by adding *' and which are either ac- 
f* tually exhibited or can be found;" for nothing is to be reckoned 
given, which cannot be found, or is not adlually exhibited. 

The Definition of an angle given by pofition is taken out of tha 
4 th, and given more difUnfUy by itfelf in the Definition marked A. 

P E F. XL XII. XIII. XIV. XV. 
The 1 1 th and 1 2 th are omitted becaufe they cannot be given ia 
Englifti fo as to have any tolerable fenfe, and therefore wherever the 
terms defined occur, the words which exprds their meaning are 
made ufc of in their place. 

The 13. 14. 15. are omitted as being of no ufe. 
It is 'to be obferved in general of the Data in this book, that 
they are to be underftood to be given Geometrically, not always i 
Arithmetically, that is, they cannot always be exhibited in numbers; I 
for inftance, if the fide of a fquare be given, the ratio of it to its ! 
b. 44. Dat. diameter is given ^ geometrically, but not in numbers ; and the dia- 
p. i, Dae. meter is given ^, but tho* the number of any equal parts in the fid( 
be given, for example i o, the number of them in the diameter can- 
not be given, and the like holds in many other cafes. 

PROPOSITION I. 
In this it is (hewn that A is to B, as C to D, from this that A i$ 
to C, as B to P, and then by permutation ; but it follows direilly, 
without thefe two fleps, from 7.5. 

PR O P. IL 

The limitation added at the end of this Propofition between tiie 
inverted commas is quite necefTary, becauie without it the Propofi- 
tion cannot always be demonlbated. for the Author having faid ♦ 

1. 1. D*f. '* becaufe A is given, a magnitude equal to it can be found *, kt 
*' this be C ; and becaufe the ratio of A to B is given, a ratio 

b. \. Dcf. *' which is the fame to it can be found *> " adds, ** let it be found, 
** and let it be the ratio of C to 4." Now from the (econd Definiti- 
on nothing more follows than that fome ratio, fuppofe the ratio of 
E to Z, can be found, which is the fame with the ratio of A to B ; 
and when the Author fuppofes that the ratio of C to A, which is 

* See Dr. Gregory's S^tkn of the Sau. 

alio 
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alfo the fame with the ratio of A to B, can be found, he neccflarily 
fuppofes that to the three magnitudes £, Z, C a fourth proportio- 
nal A may be found ; but this cannot always be done by the Ele- 
ments of Euclid ; from which it is plain Euclid muft have under- 
ftood the Propofiiion under the limitation which is now added to 
his text. An Example will make this 
clear ; let A be a given angle, and B 
another angle to which A has a given 
ratio, for inftance, the ratio of the given 
ftraight line E to the given one Z, then, 
having found an angle C equal to A, 
how can the angle A be found to which 
C has the fame ratio that £ has to Z ? 
certainly no- way, until it be (hewn how 
to find an angte to which a given angle 
has a given ratio, which cannot be done by Euclid's Elements, nor 
probably by any Geometry known in his time. Therefore in Jtll 
the Propofitions of this book which depend upon this fecond, the 
above mentioned limitation muft be underftood, tho' it be not ex* 
plicitly mentioned. 

P R O P. V. 

The order of the Propofitions in theGreek text between Prop. 4. 
and Prop. 2 5. is now changed into another which is more natural, 
by placing thofe which are more fimple before thofe which are 
more complex ; and by placing together thofe which are of the 
iame kind, fome of which were mixed among others of a different 
kind, thus Prop, 12. in the Greek is now made the 5. and thofe 
which were the 2a . and 2 3 . are made the 1 1 . and 1 2. as they are 
more fimple than the Propofitions concerning magnitudes the excefs 
of one of which above a given magnitude has a given ratio to the 
other, after which thefe two were placed ; and the 24. in the Greek 
text is, for the fame reafon, iofiade the 13. 
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PROP. VI. VII. 

. Thefe are univerfally true, tho* in the Greek text they arc de- 
aionftrated by Prop. 2 . which has a limitation ; they are therefore 
iK)w iheWD without it. 

F f 4 . PROP. 
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PROP. XII. 
In the 23. Prop, in the Greek text, which here is the 1 2. tbe 
words •* /MM Tiic oMiii \k " are wrong tranflated by Claud. Hardy in 
his Edition of Euciid*$ Data printed at Paris Ann. 1 62 5 » which was 
the fiift Edition of the Greek text ; and Dr. Gregory follows him 
in tranflating them by the words " ctfi non eafdem,'* as if the 
Greek had been ei ^ /u« twc «/rwc as in Prop. 9. of the Greek text. 
Euclid'? meaning is that the ratios mentioned in the Propofition 
muft not be the fame ; for if they were, the Propofition would not 
be true, whatever ratio the whole has to the whole, if the ratios of 
the parts of the firA to the parts of the other be the fame with this 
ratio, one part of the fiiA may be double, tiiplc, &c. of the other 
part of it, or have any other ratio to it, and confequently cannot 
have a given ratio to it. wherefore iliefe words muft be rendered 
by '' non autem caidem," but not the fame ratios, as Zambertus has 
tfanfl^ted them in his Edition, 

PROP. XIII. 
$ome very ignorant Editor has given a fecond Demonftration of 
this Propofition in the Greek text, which has been as' ignorantly 
kept in it by Claud. Hardy and Dr. Gregory, and has been retained 
in the tranflations of Zambertus and others; Carolus Renaldinns 
gives it only^ the author of it has thought that a ratio was given 
if another ratio could be (hewn to be the fame to it, tho' this lall 
ratio be not found, but this is altogether abfurd, becaufe from it 
would be deduced tiiat the ratio of the fides of any two fquares is 
given, and the ratio of the diameters of any two circles, &c. and 
it is to be obier^ed that the moderns frequently take given ratios, 
and ratios that are alway$ the fiime for one and the fame thing, ^ and 
Sir Ifaac Newton has fallen into this miflake in the 1 7 th Lemma of 
his Principia, Ed. 1713. and in other places, but this fiiottld be 
carefully avoided, as it may lead into other errors. 

P R.O P. XIV. XV. 

Euclid in this book has fereral Propofitions concerning magni* 
tudes, the excefs of one of which above a given magnitude has a 
given ratio to the other ; but he has given none concerning magni- 
tudes whereof one together with a given magnitude has a given ra- 
tio to the other; tho' thefe lad occur as frequently in the folution 
of Problems as the firft. the reafon of which is, that the lafl may be 

aU 
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^ demonftrated by help of the iirft; for if a magnitude togedier 
with a ^veQ niagnitude has a given ratio to another magnitude ; the 
^cefs of this oiher above a given magnitude fhall have a given ratio 
to the lirft, and on the contrary ; as we have demonftrated m Prop. 
14. and for a like reafon Prop, i f. has been added to the Data, 
one example will make the thing dear ; fuppofe it were to be de- 
monftrated, That if a magnitude A together with a given magni- 
tude has a given ratio to another magnitude B, that the two magni- 
tudes A and B, together with a given magnitude have a given ratio 
to that other magnitude B ; which is the. fame Propofition with re- 
fpc<5l to the laft kind of magnitudes above mentioned, that the iirft 
part of Prop. 1 6. in this Edition is in refpeft of the firft kind, this^ 
is fliewn thus; from the hypothefis,and by the firft part of Prop. 1 4. 
the excefs of B above a given magnitude has unto A a gi\i2n ratio ; 
and therefore, by the Iirft part of Prop, 1 7 . the excefs of B above a 
given magnitude has unto B and A together a given ratio; and by 
the fecond part of Prop. 1 4. A and B together with a given mag- 
nitude has unto B a given ratio; which is the thing that was to be 
demonftrated. in like manner the other Propofitions concerning the 
laft kind of magnitudes may be fliewn. 

PROP. XVI. XVII. 
In the third part of Prop. 10. in the Greek text, which is the 
X 6. in this Edition, after the ratio of EC to CB has been fliewn to 
be pven ; from this, by inverfion and converfion, the ratio of BC 
to BE is demonftrated to be given ; but, without thefe two ftcps, 
the condufion fliould have been made only by dting<the 6. Propofi- 
tion. and in like manner, in the firft part of Prop. 1 1 . in the Greek, 
which in this Edition is the 17. from the ratio of DB to BC being 
given, the ratio of DC to DB is fliewn to be given, by inverfion 
and Compofition, inftead of citing Prop. 7 . and the fame fault oc- 
curs in the fecond part of the iame Prop. 11. 

PROP. XXI. XXII. 

Thefe are now added, as being wanting to complete the fubjeft 
treated of in the four preceeding Propofitions. 

PROP. XXIII. 
This which is Prop. 20. in the Greek text, was feparated from 
Propp. 1 4. 1 5. X 6. in that text^ after which it ihould have been imr 

mediately 
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mediately placed, as b«ng of the fame kind, it is now pnt into its 
proper place, but Prop. 2 1 . in the Greek is* left out, as being the 
fame with Prop. 1 4. in that text, which is here Prop. 1 8. 

PROP. XXIV. 
This, which is? Prop. 1 3 . in the Greek, is now put into its pro- 
per place, having been disjoined from the three following it in this 
Edition, which are of the fame kind. 

PROP. XXVUI. 
This which in the Greek text is Prop 25. and feveral of the 
following Propofitions, are there deduced from Def. 4. which is not 
fuffident, as has been mentioned in the Note on that Definition; 
they are therefore now ihewn more explicitly. 

PROP. XXXIV. XXXVI. 
Each of thefe has a Determination, which is now added, which 
occafions a change in their Demonftrations. 

PROP. XXXVn. XXXIX. xl. xli. 
The 35. and 3 6. Propofitions in the Greek text are joined ioto 
one, which makes the 39. in this Edition, becaufe the feme Eduh- 
tiation and Demonflration ferves both, and for the iame realbn 
Propp. 37. 38. in the Greek arc joined into one which here is 
the 40. 

Prop. 3 7 . is added to the Data, as it frequently occurs in the fo- 
Xion of Problems, and Prop. 4 1 . is added to complete the red. 

PROP. XLIL 
This is Prop. 3 9. in the Greek text, where the whole conftruftion 
of Prop. 22. of Book i . of the Elements is put without need into 
the Demonftration, but is now only cited. 

PROP. XLV. 
This is Prop. 42. in the Greek, where the three ftraight lines 
^ made ufe of in the conftruAion are iaid, but not (hewn, to be 
foch that aay two of them is greater than the third, which is sow 
done. 

PROP. XLVII. 
. This is Prop. 44. in the Greek text, but the Demonffaation of 
it is changed into another wherein the ieveral cafes of it are ihewn, 
which, tho' neceHary, is not done in the Greek. 

PROP. XLVm. 
There are two cafes in this Propofition, arifing from the two 
cafes of the 3d part of Prop. 47. on which the 48. depends, aod 
io the Compofition thefe two cafes are explicttly ff^tu. 

PROP. 
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PROP. LII. 
TKc (3onftruftion and Demonftradon of this which is Prop. 48. 
in the Greek, are made fomethiog fhorter than in that text* 

PROP. Lin. 
Prop. 63 . in the Greek text is omitted, being onlj^ cafe of 
Prop. 49. in tiiat text, which is Prop. 53 . in this Edition. 

PROP. LVIII. 
This is not in the Greek text, but its Demonftratibn is con- 
tained in that of the firft part of Prop. 54. in that text ; which 
Projwfition is concerning figures that are given in fpccies ; this 5 8, 
is true of fimilar figures, tho' they be not given in fpecies, and as 
it frequently occurs, it was neceffary to add it. 

PROP, LIJC. LXI. 
This is the 54. in the Greek ; and the 7 7 . in the Greek, being 
the very fame with it, is left out. and a ftiorter Demonftration is 
given of Prop. 61. 

PROP. LXII. 
This which is moft frequently ufeful is not in the Greek, and is 
neceffary to Propp. 87. 88. in this Edition, as alfo, tho' not men- 
tioned, toPropp. 86. 87, in the former Editions. Prop. 66. in 
the Greek text is made a Corollary to it. 

PROP. LXIV. 
This contains both Prop. 74. and 7 3. in the Greek text ; the 
firft cafe of the 7 4. is a repetition of Prop. 5 6. from which it is fe- 
parated in that text by many Propofitions ; and as there is no order 
in thefe Propofitions, as they ftand in the Greek, they are now put 
into the order which feemed moft convenient and natural. 

' The Demonftradon of the firft part of Prop. 7 3 . in the Greek is 
grofsly vitiated. Dr. Gregory fays that the fentenccs he has inclofed 
betwixt two ftars are fuperflupus and ought to be cancelled ; but he 
has not obferved that what follows them is abfurd, being to prove 
' that the rado [fee his figure] of AF to TK is given, which by the 
Hypothefis at the beginning of the Propofidon is exprefly given ; 
(b diat the whole of this part was to be altered, which is done ia 
this Prop. 64. 

PROP. Lxvn. Lxvin. 

Prop. 70. in the Greek text is divided into thefe two, for the 
lake of diftinAnefs ; and the Demonftradon of the 67 . is rendered 
ihorter than that of the firft part of Prop. 70. in the Greelp by 
means of Prop» 23 . of Book 6. of the Elements. 

PROP. 



46o N O T.E SON 

PROP. LXX. 

This is Prop. 62 ia the Greek text; Prop. 7 8. in that text is 
only a particular cafe of it, and b therefore omitted. 

Dr. Gregory in the DemonflratioQ of Prop. 62. cites the 49. 
Prop. Dat. to prove that the ratio of the figure AEB to the paral- 
lelogram AH is given, whereas this was fticwn a few lines before ; 
and befides the 49. Prop is not applicable to thefe two figures, be- 
caufc AH is not given in fpecies, but is, by the ftep for which the 
citation is brought, proved to be given in fpecies. 

PROP. LXXIIi. 

Prop 83. in the Greek text is neither well enuntlated norde- 
monflrated. the 7 3 . which in this Edition b put in place of it, is 
really the fame, as will appear by confidering [fee Dr. Gregory s 
Edition] tl^at A, B, T, E in the Greek text are four proportionals, and 
that the Propoiition is to fliew that A, which has a given ratio to 
£, is to r, as B is to the ftraight line to which A has a given ratio ; 
or, by inverfion, that V is to A, as the ftraight line to which A has 
a given ratio is to B ; that is, if the proportionals be placed in this 
order, viz. r, E, A, B, that the firft r is to A to which the fecond 
£ has a given ratio, as the ftraight line to which the third A has a 
given ratio is to the fourth B ; which is the Enuntiation of this 73. 
and was thus changed that it might be made like to that of Prop. 7 2. 
in this Edition, which is the 82. in th^ Greek text, and the De* 
monftration of Prop. 7 3. is the fame with that of Prop. 7 2. only 
making uie of Prop. .23. inftead of Prop. 22. of Book 5. of the 
Elements. 

PROP. LXXVII. 

This is put in place of Prop. 79. in the Greek text which is not 
a Datum, but a Theorem premifed as a Lemma to Prop. 80. in 
that text, and Prop 79. is made Cor. i . to Prop. 7 7 . in this Edi- 
tion. CI. Hardy in his Edition of the Data takes notice^ that, in 
Prop. 80. of the Greek text, the parallel KL.in the figure of Prop. 
77. in this Edition muft meet the circumference, but does not de- 
monftrate it, which is done here at the end of Cor. 3. of Prop. 77. 
in the Conflru<Slion for finding a triangle fimilar to ABC. 

PROP. LXXVIII. 

The Demonftration of this which is Prop. 80. in the Greek is 
rendered a good deal fhorter by help of Prop. 77. 

PROP. 
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PROP. LXXIX. LXXX. LXXXI. 

Thefe arc added to Euclid's Data, as Propofitions which arc of- 
ten ufeful in the folution of Problems. 

PROP. LXXXII. 

This which is Prop. 60. in the Greek text is placed before the 
83. and 84. which in the Greek aie the 58. and 59, becaufe the 
Demonftration of theie two in this Edition is deduced fr6m that of 
Prop. 8a. from which they naturally follow. 

PROP. LXXXVIII. XC. 

Dr. Gregory in his preface to Euclid's Works which he publifhed 
at Oxford in 1703, after having told that he had fupplied the de* 
fefts of the Greek text of the Data in innumerable places from fe- 
veral Manufcrlpts, and correfted CI. Hardy's tranflation by Mr. Ber- 
nard's, adds, that the 86. Theorem '* or Propofition," fcemed to 
be remarkably vitiated, but which could not be reftored by help of 
the Manufcripts ; then he gives three different tranflations of it in 
Latin, according to which he thinks it may be read ; the two firft 
have no diftinft meaning, and the tliird which he fays is the bcft, 
tho* it contains a true Propofirion which is the 90. in this Edition, 
has no connexion in the leaA with the Greek text, and it is Arange 
that Dr. Gregory did not obfcrve, that if Prop. 86. was changed 
into this, the Demunftration of the 86. muft be cancelled, and ano- 
ther put in its place, but, the truth is, both the Enuntiation and the 
Demonftration of Prop. 86. are quite entire and right, only Prop. 
87 . which is more fimplc, ought to have been placed before it ; and 
the deficiency which the Doftor juftly obferves to be in this part of 
Euclid's Data, and which no doubt is owing to the careleflhefs and 
ignorance of the Greek Editors, (hould have been fupplied, not by 
changing Prop. 86. which is both entire and neceflary, but by adding 
the t\vo Propofitions which are the 8 8. and 90. in this Edition. 

FRCP. XCVIII. C. 

Thefe were coqununicated to me by two excellent Geometers, , - 
the firft of them by the Right Honourable the Earl Stanhope, and 
the other by Dr. Matthew Stewart ; to which I have added the De- 
monftrations. 

Tho' the order of the Propofidons has been in many places chan- 
ged from that in former Editions, yet this will be of little difadvan- 
tage, as the antient Geometers never dte the Data^ and the Mo- 
dems very rarely* 

AS 
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AS that part of the Compoflcioa of a Probkm which is it9 
Conftruftion may not be (b readily dedncod from the Ana- 
lyfis by beginners ; for their fake the following Example is g^« 
▼en in which the derivaiion of the feveral parts of the Conftmdi- 
on from the Analyfis is particularly (hewn» that they may be aflifted 
to do the like in other Problems. 

PROBLEM. 

Haying given the magnitude of a parallelogram, the angle of 
which ABC is given* and ai£> the excefs of the fquare of its fide 
BC above the fquare of the fide AB; To* find its fides and de« 
Ibibe it. 

The Analyfis of this is the fame with the Demonftration of the 
S7 . Prop, of the Data, and the Conftruf^ion that is given of the 
Problem at the end of that Propofition, is thus derived from the 
Analyfis. 

Let EFG be equal to the given angle ABC, and becanfe in the 
Analyfis it is faid that the ratio of the re^hngle AB, BC to the pa* 
rallelogram AC is given by the 62. Prop. Dat. therefore from a 
point in FE, the perpendicular EG is drawn to FG, as the ratio of 
F£ to EG is the ratio of the reftangle AB, BC to the parallelogram 
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AC by what is (hewn at the end of Prop. 62. Next the magnitude 
<^ AC is exhiUted by making the re6bngle EG, GH equal to it, 
and the given excefs of the fquare of BC above the fquare of BA, 
to which excefs the reAangle CB, BD is equal, is exhibited by the 
reftangle HG, GL. then in the Analyfis the reftangle AB, BC b 
faid to be given, and this is equal to the reAangle FE, GH, becauie 
the reftangle AB, BC is to the parallelogram AC, as (FE to EG, 
that is as the reftangle) FE, GH to EG, GH ; and the parallelo- 
gram AC is equal to the reftangle EG, GH, therefore the reftangle 
AB, BC is equal to FE, GH. and confequently the ratio of the reft- 
angle CB, BD, that is of the reftangle HG, GL, to AB, BC, that 
it of the ftraight line DB to B A, is the fame with the ratio (of the 

reftan^e 
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rcfhngle GL, GH to FE, GH, that is) of the ftraight line GL to 
FE, which ratio of DB to BA is the next thing faid to be given in . 
the Anaiylis. from this it is plain that the fquare of FE is to the 
fquare of GL, as tl:^ fqaare of BA which is equal to the reAangle . 
BC, CD is to the iquare of BD, the ratio of which fpaces is the 
Dext thing faid to be given, and from this it follows that four times 
the fquare of FE is to the fquare of GL, as four times the rc6hngle 
BC, CD is to the fquare of BD ; and, by Compofltion, four times 
the fquare of FE together with the fquare of GL is to the fquare of 
GL, as four rimes the reftangle BC, CD together with the fquare 
of BD, is to the fquare of 'BD, that is [8. 6.] as the fquare of the 
flraight lines BC, CD taKen together is to the fquare of BD, which 
ratio is the next thing faid to be given in the Analyfis. and becaule 
four times the fquare of FE and the (quare of GL are to be added 
together, therefore in the perpendicular EG there is taken KG equal 
to FE, and MG equal to the double of it, becauie thereby the 
fquarcs of MG, GL, that is, joining ML, the fquare of ML is equal 
to four times the fquare of FE and to the fquare of GL. and be- 
caufe the fquare of ML is to the Iquare of GL, as the fquare of the 
ftraight line made up of BC and CD is to the fquare of BD, there- 
fore [2 2. 6.] ML is to LG, as BC together with CD Is to BD, - 
and, by Compofltion, ML and LG together, that is, producing GL 
to N, fo that ML be equal to LN, the ftraight line NG is to GL, as 
twice BC is to BD ; and by taking GO equal to the half of NG, 
GO is to GL, as BC to BD the ratio of which is faid to be given in 
the Analyfis. and from this it follows, that the reflangle HG, GO 
ts to HG^Cf^ as the fquare of DC b to the reAangle CB, BD 
which is equal to the reAaogle HG, GL, and therefore the fquare 
of BC i^eqttal to the reftangle HG, GO, and BC is confequently 
found by taking a 'mean proportional' betwixt HG and GO, as is (aid 
In thfe Conftruftion. and becaufe it was fliewn that GO is to GL, 
as BC to BD, and that now the three firft are found, the fourth BD 
is found by 1 2 . 6. it was likewife fliewn that LG is to FE, or 
GK, as DB to BA, and the three firft are now found, and thereby 
the fourth BA. make the angle ABC equal to EFG, and comj^ete 
the pttralleiogram of which the fides are AB, BC, and the conftruc* 
tionls finifhed; the rtft of the Compofition contains the Demon* 
firatkin« 

AS 
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AS the Prc^fitions from the 1 3 . to the 2 8. may be thought by 
beginners to be lefs ufeful than the reft, becaufe they cannot 
ib readily fee how they are to be made ufe of in the folution of Pro- 
blems ; on this account the two following Problems are added, to 
' (hew that they are equally ufeful with the other Propofitions, and 
from which it may eaHly be judged that many other Problems de- 
pend upoi^ thefe Propofitions. 

PROBLEM I. 

•T^O find three ftraight lines fuch, that the ratio of the 
"*• firft to the fecond is given ; and if a given ftraight 
line be taken from the fecond, the ratio of the remainder 
to the third is given ; alfo the re£tangle contained by the 
firft and third is given. 

Let AB be the firft ftraight line, CD the fecond, and EF the 
third, and becaufe the ratio of AB to CD is given, and that if 2 
given ftraight line be taken from CD, the ratio of the remainder to 

». 14. Dit. EF is given ; therefore ' the excefs of the firft AB above a given- 
Araight line has a given ratio to the third EF. Let BH be that gi- 
ven ftraight line, therefore AH the excefs of . LI R 
AB above it has a given ratio to EF ; and ^ | 

k I. d. confequently ^ the reftangle B A, AH has a 

given ratio to the reftangle AB, EF, which C G D 
laft reftangle is given by the Hypothefis; jj j^ 

e. ». Dat. therefore ^ the reftangle BA, AH is given, — — 

and BH the excefs of its fides i« given; where- K NML O 

d. 8i.DftC.fore the fides AB, AH are given <*. and be- 
caufe the ratios of AB to CD, and of AH to EF are given ; CI> 
and EF are ^ given. 

" The Compofition. 
Let the g^vcn ratio of KL to KM be that whidi AB is required 
to have to CD ; and let DG be the given ftraight line which is to 
be taken from CD, and Jet the given ratio of KM to KN be diat 
which the remainder muft have to EF ; alfo, let the given reftangle 
NK, KO be that to which the reftangle AB, EF is required ta 
be equal, find the given ftraight line B H which is to be taken 
from AB» which is done, as plainly appears from Prop. 24. Dat. 

by 
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by making as KM to KL, fo GD to HB. to the given ftraight Une 
6H apply ^ a reAangle equal to. LK, KO exceeding by a fquare, and e. »p. tf «' 
let B A, AH be its fides, then is AB the firft of the ftraight lines re- 
quired to be found, and by making as LK to KM, fo AB to DC, 
DC will be the fecond. and laftly, make as KM to KN, fo CG to" 
• EF, and EF is the third. 

For as AB to CD, fo is HB to GD, each of thefc ratios being 
the fame with the ratio of LK to KM ; therefore f AH is to CG, ^« »s^- ii 
as ( AB to CD; that is, as) LK to KM ; . and as CG to EF, fo is 
KM to KN ; wherefore, ex aequali, as AH to EF, fo is LK to KN. 
and as the /eftangle BA, AH to the reftangle bA, EF, fo is « the. g. t. d. 
reftanglc LK, KO to the reftangle KN, KO. and^ by the Conftruc- 
tion, the reftangle BA, AH is equal to LK, KO, therefore »» the h. 14. {{ 
reftangle AB, EF is equal to the given reftangle NK, KO. and AB 
nas to CD the given ratio of KL to KM ; and from CD the given 
ftraight line GD being taken, the remainder CG has to EF the gi« 
▼en ratio of KM to KN. Q^ E. D. 

P'R O B. n. 

' I ^O find three ftraight lines fuch, that the ratio of the 

firft to the fecond is given; and if a given ftraight 

i line be taken from the fecond, the ratio of the remaindet 

to the third is given; alfo the fum of the fquares of the 

"^firft and third is given. 

, • . . * ■ 

Let AB be the firft ftraight line, BC the fecond, and BD the 
third* and becaufe the ratio of AB to BC is given, and that if a gi- 
ven ftraight line be taken from BC, the ratio of die remainder to 
BD is given ; therefore ■ the excefs of the firft AB above a given a^ »4. ba^' 
ftraight line has a given ratio to the thir4 BD. let AE be that gi- 
ven ftraight Ime, therefore the reminder EB has a given ratio to 
BD. let BD be placed at right angles to EB, and join DE, then 
the triangle EBD is •» given in fpecies; wherefore the angle BED b.44. Dati 
is given, let AE which is glvea in magnitude be given alfo in por- 
tion, and the ftraight line ED will be given ' in pofition. join AD, c. 3». Dtt.. 
and becaufe the fum of the fquares of AB, BD, that is J, the fquare <*• 47. i. 
of AD is given, therefore the ftraight line AD is given in magni- 
tude; and it is alfo given* in pofition, becaui^ from the given «. 34. ttf^ 
point A it is drayrn to the ftraight line ED given in pofition. there- 
fore th* point D in which the two ftraight lihes KD^ £D given in 

G g* pofition 
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f. %B. Dat. pofition cut one another is given ^ and the ftraight line DB which 

g. 33. Dat. is at right angles to AB is given ^ in pofition, and AB is given in 

pofiiion, therefore f the point B is given, and the points A, D are 
h.»9. Dat. given, wherefore** the ftraight lines AB, BD arc given, and the 
«. 1. Dat. ratio of AB to BC is given, and therefore * BC is given. 

The Compofition. 

Let the given ratio of FG to GH be that which AB is reqnircd 

to have to BC, and let HK be the given ftraight line which is to 

be taken from BC, and let the ratio which the remainder is required 

p have to BO be the given ratio of HG to GL, and place GL at 
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fight angles to FH, and join LP, LH. Next, as HG is to GF, fb make 
ilK to AE ; produce AE to N fo that AN be the ftraight line to the 
Square of which the furti of the fquares of AB, BD is required to 
be equal ; and make the angle NED equal to the angle GFL. from 
the center A at the diftance AN defcribe a circle, and let its circum- 
iference meet ED in D, and draw DB perpendicular to AN, and 
DM maklng.the angle BDM equal to the angle GLH. laftly, pro- 
duce BM to C fo that MC be equal to HK. then is AB the firft, 
BC the fecond and BD the third of the ftraight lines that were to 
|>e found. 

For the triangles EBD, FGL, as alfo DBM, LGH being cqui- 
angular, as £B to BD, fo is FG to GL; and as DB to BM, fb is 
LG to GH ; therefore, ex aequali, as EB to BM, fo is (FG to GH, 
tc. X*. |. and fo is) AE to HK or MC ; wherefore ^ AB is to BC, as AE to 
HK, that is, as FG to GH, that is, in the given ratio, and from the 
^raight line BC taking MC which is equal to the given ftraight line 
pre, the remainder BM has to BD the given ratio of HG to GL^ 
and the fumof the fquares of AB, BD is equal <> to the fquare of 
I. AD or AN which is the given fpace. Q^ E. D, 

I believe it would be in vain to try to deduce the preceeding Con- 
ftruftion from an Algebraical Solution of the Problem. 

FINIS. 
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